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ABSTRACT 

 A simple connected graph G  is Hamiltonian laceable if there exists a Hamiltonian path between 

every pair of distinct vertices at an odd distance in it. G is Hamiltonian-t-laceable( *t -laceable) if there 

exists a Hamiltonian path in G between every pair (at least one pair) of vertices u  and v  in G  with the 

property .1,),( diamGttvud  In this paper we explore the Hamiltonian laceability properties of the 

Middle graph of the Cubic Graph nGc 2)( and the )( ,,1 kW n graph for .1k  

Keyword: Connected graph, Middle graph, Hamiltonian- t -laceable graph, Hamiltonian- *t -laceable 

graph, t -laceability number. 

 

1. Introduction 

 All graphs considered in this paper are finite, simple, connected and undirected. Let u  and v  be 

two vertices in a graph .G The distance between u  and v  denoted by ),( vud is the length of a shortest u

- v  path in .G G is a Hamiltonian- t -laceable if there exists in it a Hamiltonian path between every pair of 

vertices u and v with the property ,1,),( diamGttvud  where t  is a positive integer. If this 

property is achieved for at least one pair of vertices u and v, the graph G  is termed Hamiltonian- *t -

laceable. If G is Hamiltonian- *t -laceable for all t such that diamGttvud  1,),(  then G is called a 

*t -connected graph. Various results on Hamiltonian laceability properties in graphs are available in [4], 

[7], [8], [9], [10], [11] and [13]. In [12] the authors have discussed laceability properties of the Middle 

graph of the Gear graph ,nG  the Fan graph ,,1 nF the Wheel graph ,,1 nW the Path graph nP  and the Cycle

.nC In this paper we explore the Laceability properties of the Middle graph of the Cubic graph nGc 2)( and 

)( ,,1 kW n graphs for .1k  

 

Definition 1 

 The Middle graph of G  denoted by )(GM  is defined as follows.  

 The vertex set of )(GM  is ).()( GEGV   Two vertices yx,  in the vertex set of )(GM  are 

adjacent in )(GM in case one of the following holds: 
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i) yx,  are in )(GE   and yx,  are  in adjacent in .G  

ii) x is in )(GV , y is in )(GE   and yx,  are incident in .G  

 Figure 1 below illustrates the Middle graph of a cubic graph G. 

 

S  

Fig1: A Graph and its Middle Graph 

 

Definition 2 

 The graph nGc 2)( (which is a Cubic graph) is obtained by replacing the central vertex of Wheel

nW ,1  by a cycle of length n . 

 Figure 2, below illustrates the Wheel graph 8,1W  and Cubic Graph 16G . 

 

Fig2: The Wheel graph 8,1W  and the corresponding Cubic Graph 16)(Gc  
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Definition 3 

 Consider the Wheel graph nW ,1 .The graph ),( ,1 kW n  is obtained from nW ,1  as follows. 

 Denote the vertices of nW ,1  by
ia , ni 1  and the central vertex as .0a ),( ,1 kW n is obtained by 

taking the disjoint union of k copies of cycle kC with the vertices ,
1ka ,

2ka ,.......... ,
)1( nka .

nka  The edges 

of ),( ,1 kW n are obtained as follows: 

(i) If ,1k for ,1 ni  draw an edge connecting vertices 
ia of nW ,1 to 1a  

(ii) If ,2k starting from 2k proceed recursively by joining the vertices )1( ka to 
1ka  by an 

edge for .1 ni   

 Figure 3 below illustrates the )2,( 6,1W graph.
 

 

Fig3: The Graph )2,( 6,1W  

 

Definition 4 

 Let P  be a path from the vertices ia to ja  in a graph G  and let P  be a path from ia to .ka Then 

the path PP  is the path obtained by extending the path P from ia to ja  to ia to ka

through the common vertex ja  (i.e., if ji aaP ......: and ,......: kj aaP then :PP  )........ kji aaa  
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 In [14], Girisha obtained the following results. 

 

Theorem 1: The Graph nGc 2)(  is Hamiltonian-t*-laceable for odd ,3n where .41  t  

Theorem 2: The Graph nGc 2)(  is Hamiltonian-t*-laceable for even ,4n where .42  t  

Theorem 3: The Graph ),,( ,1 kWG n ,3n 1k  is Hamiltonian- *t -laceable for .31  t  

 

 We now prove the following results. 

 

2. Results 

Theorem 4: The Graph nGcMG 2)(  is Hamiltonian- *t -laceable for 1t 2, and 3 if n is odd, .5n  

Proof: Let  },......,,{))(( 212 nn aaaGcV },......,,{ 21 naaa  and  

 }1:{))(( 2 nibGcE in }1:{}{}11:{ nibcnic ini  where ib  is the edge ,1iiaa ic is 

the edge ,iiaa 
nc is the edge nnaa  and ib is the edge .1


nnaa By the definition of Middle graph,

 )))(()))((( 22 nn GcVGcMV )))(( 2nGcE  }1:{ niai  }1:{ niai  }1:{ nibi  

 }1:{ nici }.1:{ nibi 
 

We have the following cases. 
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Fig 4: The Middle graph ))(( 10GcM  

Case (i): 1t  

In 1),(, 11 badG and the path 

),(: 1 nbaP ),( nn ab  ),( 1nn ba  ),( 11 nn ab  ................),( 21 nn ba ),( 33 ab ),( 23 ba

),( 22 ab ),( 22 ca ),( 12 bc  ...................),( 21 ab  ......................),( 33 bc 
 ),( )3()3( nn ca


 ),( )3()3( nn bc 

 ...............),( )2()3( nn ab 
 ),( )1()1( nn ca 

 ),( )1()1( nn bc 
 ),( )1( nn ab  ),( nn ca

 ),( nn bc  ),( 1abn
 ),( 11 ca ),( 11 bc is a Hamiltonian path between the vertices 1a and 1b .  Hence G  

is Hamiltonian-1*-laceable.  

 

Fig 5: Hamiltonian path from the vertex 1a to 1b  in the Middle graph ))(( 10GcM  

Case (ii): 2t  

In 2),(, 21 aadG  and the path,  

),(: 1 nbaP ),( nn ab  ),( 1nn ba  ),( 11 nn ab  ................),( 21 nn ba ),( 33 ab ),( 23 ba

),( 22 cb ),( 12 bc  .........),( 21 ab  ......................),( 33 bc 
 ),( )3()3( nn ca 

 ), )3()3( nn bc


 .....................),( )2()3( nn ab 

 ),( )1()1( nn ca 
 ),( )1()1( nn bc 

 ),( )1( nn ab  ),( nn ca  ),( nn bc

 ),( 1abn
 ),( 11 ca ),( 11 bc ),( 21 ab  is a Hamiltonian path between the vertices 1a and 2a . Hence G  is 

Hamiltonian-2*-laceable.  
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Fig 6: Hamiltonian path from the vertex 1a to 2a  in the Middle graph ))(( 10GcM  

Case (iii): 3t  

In 3),(, 31 aadG and the path 

),(: 1 nbaP ),( nn ab  ),( 1nn ba  ),( 11 nn ab  ................),( 21 nn ba ),( 55 ab ),( 45 ba

),( 33 ab ),( 44 ab ),( 34 ba ),( 23 bb ),( 22 ab ),( 12 ba ),( 21 cb  ),( 22 bc  ),( 22 ab

 ),( 12 ba  ),( 11 ab  ),( 11 ca  ),( 1 nbc  ),( nn cb  ),( nn ac 
 ),( 1nn ba 

 ),( 11 nn cb 
 ),( 11 nn ac


 ),( 21 nn ba 

 ),( 22 nn cb 
 ),( 22 nn ac 

 ),( 32 nn ba 
 ..................),( 33 nn cb  ),( 55 cb

 ),( 55 ac  ),( 45 ba  ),( 44 cb  ),( 44 ac  ),( 34 ba  ),( 33 ab  ),( 33 ca ),( 33 ac  is a Hamiltonian 

path between the vertices 1a and 3a . Hence G  is Hamiltonian-3*-laceable.  

Hence the proof. 
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Fig 7: Hamiltonian path from the vertex 1a to 3a  in the Middle graph ))(( 10GcM  

 

3. Remark 

 For n=3, the diameter of G is 2. In this case G is t*-connected. This is proved below. 

 

Theorem 5: The Graph ))(( 2nGcMG   is t*-connected. 

Proof: We have the following two cases. 

Case (i): 1t  

In 1),(, 11 badG , and the path,  

),(: 31 baP ),( 33 ab ),( 23 ba ),( 22 ab ),( 22 ca ),( 12 bc  ),( 21 ab  ),( 22 ba  ),( 32 ab

 ),( 33 ca ),( 33 bc  ),( 13 ab  ),( 11 ca ),( 11 bc  is a Hamiltonian path between the vertices 1a and 1b

.HenceG is Hamiltonian-1*-laceable. 

 

Fig 8: Hamiltonian path from the vertex 1a to 1b  in the Middle graph ))(( 6GcM  

 

Case (ii): 2t  

In 2),(, 21 aadG , and the path,  

),(: 31 baP ),( 33 ab ),( 23 ba ),( 22 cb ),( 12 bc  ),( 21 ab  ),( 22 ba  ),( 32 ab  ),( 33 ca

),( 33 bc  ),( 13 ab  ),( 11 ca ),( 11 bc ),( 21 ab  is a Hamiltonian path between the vertices 1a and 2a

.HenceG is Hamiltonian-2*-laceable.  

Hence the proof. 
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Fig 9: Hamiltonian path from the vertex 1a to 2a  in the Middle graph ))(( 6GcM  

  

 Using the same vertex and edge set specified in Theorem 4, we now prove the following 

 result. 

 

Theorem 6: The Graph nGcMG 2)(  is Hamiltonian- *t -laceable for 1t 2, and 3 if n is even and 

.4n  

Proof: We have the following cases. 

Case (i): 1t  

In 1),(, 11 badG and the path 

),(: 1 nbaP ),( nn ab  ),( 1nn ba  ),( 11 nn ab  .............),( 21 nn ba ),( 33 ab ),( 23 ba

),( 22 ab ),( 22 ca  ),( 22 ac  ),( 22 ba  ),( 32 cb  ),( 33 ac  ..............),( 33 ba 
 ),( 33 nn ac


 ),( )3()3( nn ba 

 .......),( )2()3( nn cb  ),( nn ac  ),( nn ba  ),( 1abn
 ),( 11 ba  ),( 11 cb ),( 11 bc is a 

Hamiltonian path between the vertices 1a and 1b . Hence G  is Hamiltonian-1*-laceable.  
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Fig 10: Hamiltonian path from the vertex 1a to 1b  in the Middle graph ))( 12GcM  

Case (ii): 2t  

In 2),(, 21 aadG  and the path 

),(: 1 nbaP ),( nn ab  ),( 1nn ba  ),( 11 nn ab  .........),( 21 nn ba ),( 33 ab ),( 23 ba

),( 22 cb ),( 12 bc  ),( 21 ab  ...........),( 22 ba 
 ),( )3()3( nn ca 

 ..........),( )3()3( nn bc


 ),( )1()2( nn ab 

 ),( )1( nn ca 
 ),( )1(nn bc 

 ),( )1( nn ab  ),( nn ca  ),( nn bc  ),( 1abn
 ),( 11 ca

),( 11 bc ),( 21 ab is a Hamiltonian path between 1a and 2a . Hence G  is Hamiltonian-2*-laceable.  

 

 

Fig 11: Hamiltonian path from the vertex 1a to 2a  in the Middle graph ))(( 12GcM  
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Case (iii): 3t  

In 3),(, 31 aadG and the path 

),(: 1 nbaP ),( nn ab  ),( 1nn ba  ),( 11 nn ab  ................),( 21 nn ba ),( 55 ab ),( 45 ba

),( 33 ab ),( 44 ab  ..............),( 34 ba  ),( 22 ba  ),( 12 bb  ),( 11 ab  ),( 11 ca  ),( 1 nbc

 ),( nn ab  ),( nn ca 
 ),( 1nn bc 

 ),( 11 nn ab 
 ..........),( 11 nn ca  ),( 55 ab  ),( 55 ca  ),( 45 bc

 ),( 44 ab  ),( 44 ca ),( 34 bc  ),( 33 ab  ),( 33 ca ),( 33 ac is a Hamiltonian path between 1a and
3a

.Hence G  is Hamiltonian-3*-laceable.  

Hence the proof. 

 

Fig 12: Hamiltonian path from the vertex 1a to 3a  in the Middle graph ))(( 12GcM  

Theorem 7: The Graph 1),,( ,1  kkWMG n is Hamiltonian- *t -laceable for 1t 2, and 3  if n is odd and

.3n  

Proof: Let  },......,,{}{)),(( 112110,1 nn aaaakWV },......,,{ 21 naaa and  

 }1:{)),(( ,1 nibkWE in }1:{}{}11:{}{}11:{ 1 niabnibania inini 

where ib  is the edge ),1(0 niaa i  ia is the edge ),1(1 niaa ii  na is the edge ),1(1 niaan  ib is 

the edge ),1()1( niaa iii  nb is the edge )1(1 niaa nn  and ia1
 is the edge .)1( 


iiiaa

 

By the definition of Middle graph  )),(()),((( ,1,1 kWVkWMV nn )),(( ,1 kWE n  }1:{ 1 nia i

 }1:{ niai  }1:{ nibi }.1:{}1:{}1:{ 1 nianibnia iii   

 We have the following cases. 
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Fig 13: The graph ),( ,1 kWM n  

Case (i): 1t  

In ,G 1),(
11


kk aad and the path  

:P  ),(
1 nkk aa  ),(

1 nkk aa 


),(
)1(nn kk aa 


....................),(

)2()1( nn kk aa  ),(
33 kk aa  ),(

23 kk aa

 ),(
22 kk aa  ),( 12 ab  ),( 21 aa ),( 22 ba  ),( 22 ab  ),( 32 ba  ),( 33 ab ),( 33 ba  ),( 32 ba

 ),( 33 ab 
 ),( 13 nba 

 ............),( 11 nn ab  ),( nn aa ),( nn ba ),( 0abn ),( 10 ba ),( 11 ab

),( 11 ba ),(
11 kab   is a Hamiltonian path between the vertices

1ka and
1ka .  Hence G is a Hamiltonian-1*-

laceable.  
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Fig 14: Hamiltonian path from the vertex 11a to 11a  in the graph )1,( 5,1WM  

Case (ii): 2t  

In ,G 1),(
21
kk aad and the path  

:P  ),(
1 nkk aa  ),(

nn kk aa 


),(
)1(nn kk aa 


......),(

)1()1( nn kk aa  ),(
33 kk aa  ),(

23 kk aa  ),(
22 kk aa

 ),(
12 kk aa  ),( 11

bak
),( 11 ba  ),( nn ba  ),( nn ab ),( nn ba 

 ),( 1nn ab 
 ...........),( 11 nn ba

 ),( 33 ba  ),( 33 ab ),( 33 ba ),( 03 ab ),( 20 ba  ),( 22 ab  ),( 22 aa ),( 12 aa  ),( 21 ba

),(
22 kab is a Hamiltonian path between the vertices

1ka and
2ka . Hence G is a Hamiltonian-2*-laceable.  
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Fig 15: Hamiltonian path from the vertex 11a to 12a  in the graph )1,( 5,1WM  

 

Case (iii): 3t  

In ,G 3),( 01
aad k and the path  

:P  ),(
1 nkk aa  ),(

nn kk aa 


),(
)1(nn kk aa 


...................),(

)1()1( nn kk aa  ),(
33 kk aa  ),(

23 kk aa

 ),(
22 kk aa  ),(

12 kk aa  ),( 11
bak

 ),( 11 ab ),( 11 ba  ),( nn ba  ),( nn ab ),( nn ba 
 ),( 1nn ab


 ..............),( 11 nn ba  ),( 33 ba  ),( 33 ab ),( 33 ba  ),( 23 ab  ),( 22 ba  ),( 22 ab ),( 12 aa

 ),( 21 ba ),( 02 ab is a Hamiltonian path between the vertices
1ka and 0a .  Hence G is a Hamiltonian-3*-

laceable. Hence the proof. 
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Fig 16: Hamiltonian path from the vertex 11a to 0a  in the graph )1,( 5,1WM  

  

 Using the same vertex and edge set specified in Theorem 7, we now prove the following result. 

 

Theorem 8: The Graph 1),,( ,1  kkWMG n , is Hamiltonian- *t -laceable for t=1,2 and 3 if n is even and 

4n . 

Proof: We have the following cases. 

Case (i): 1t
 

In ,G 1),(
11


kk aad and the path  

:P  ),(
1 nkk aa  ),(

nn kk aa 


),(
)1(nn kk aa 


......),(

)2()1( nn kk aa  ),(
44 kk aa  ),(

34 kk aa  ),(
33 kk aa

 ),(
23 kk aa  ),(

22 kk aa  ),( 22
bak  ),( 22 ab ),( 22 ba  ),( 22 ab  ),( 32 ba  ),( 33 ab

.......),( 33 ba 
 ),( 22 nn ab  ),( 22 nn ba 

 ),( 22 nn ab 
 ......),( 12 nn ba 

 ),( 13 nba

),( 0 nba 
 ),( 1nn ab 

 ),( 1 nn aa  ),( nn ba  ),( nn ab  ),( 1ban
),( 11 ab ),( 11 ba ),(

11 kab   is a 

Hamiltonian path between the vertices
1ka and

1ka .  Hence G is a Hamiltonian-1*-laceable.  
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Fig 17: Hamiltonian path from the vertex 11a to 11a  in the graph )1,( 4,1WM  

Case (ii): 2t
 

In ,G 2),(
21
kk aad and the path  

:P  ),(
1 nkk aa  ),(

nn kk aa 


),(
)1(nn kk aa 


......),(

)1()1( nn kk aa  ),(
44 kk aa  ),(

34 kk aa  ),(
33 kk aa

 .......),(
23 kk aa ),( 11 ba  ),( 1 nab  ),( nn ba  ),( nn ab ),( nn ba 

 ),( 1nn ab


 .....),( 11 nn ba  ),( 23 aa  ),( 32 ba  ),( 33 ab ),( 33 ba ),( 03 ab 

 ),( 1 nn aa ),( 20 ba

),( 22 ab  ),( 22 ba ),(
22 kab  is a Hamiltonian path between the vertices

1ka and
2ka .  Hence G is a 

Hamiltonian-2*-laceable.  

 

Fig 18: Hamiltonian path from the vertex 11a to 12a  in the graph )1,( 4,1WM
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Case (iii): 3t  

In ,G 3),( 01
aad k and the path  

:P  ),(
1 nkk aa  ),(

nn kk aa 


),(
)1(nn kk aa 


................),(

)1()1( nn kk aa  ),(
44 kk aa  ),(

34 kk aa

 ),(
33 kk aa  .......),(

23 kk aa ),( 11 ba  ),( 1 nab  ),( nn ba  ),( nn ab ),( nn ba 
 ),( 1nn ab


 .........),( 11 nn ba  ),( 44 ba  ),( 44 ab ),( 44 ba  ),( 34 ab  ),( 33 ba  ),( 33 ab ),( 33 ba

 ),( 23 ab  ),( 22 ba  ),( 12 ab  ),( 21 aa ),( 22 ba ),( 02 ab  is a Hamiltonian path between the 

vertices
1ka and 0a .  Hence G is a Hamiltonian-3*-laceable.  

Hence the proof. 

 

Fig 19: Hamiltonian path from the vertex 11a to 0a  in the graph )1,( 4,1WM  

 

4. Conclusion 

In this paper, the Hamiltonian Laceability properties of the cubic graph nGc 2)(  and the graph

),( ,1 kW n have been obtained. Whether these graphs are Hamiltonian-t-laceable for all t is an open   

problem. 
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