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ABSTRACT

A simple connected graph G is Hamiltonian laceable if there exists a Hamiltonian path between
every pair of distinct vertices at an odd distance in it. G is Hamiltonian-t-laceable(t *-laceable) if there
exists a Hamiltonian path in G between every pair (at least one pair) of vertices U and V in G with the
property d(u,v)=t,1<t <diamG.In this paper we explore the Hamiltonian laceability properties of the

Middle graph of the Cubic Graph (GC),, and the (W, , K) graph fork =1.

Keyword: Connected graph, Middle graph, Hamiltonian-t -laceable graph, Hamiltonian-1*-laceable
graph, t -laceability number.

1. Introduction
All graphs considered in this paper are finite, simple, connected and undirected. Let U and V be
two vertices in a graph G.The distance between U and V denoted by d (U, V) s the length of a shortest U

-V path inG. G is a Hamiltonian-t -laceable if there exists in it a Hamiltonian path between every pair of
vertices u and v with the propertyd(u,v) =t ,1<t < diamG,where t is a positive integer. If this

property is achieved for at least one pair of vertices u and v, the graph G is termed Hamiltonian-t*-
laceable. If G is Hamiltonian-t *-laceable for all t such that d(u,v) =t ,1<t < diamG then G is called a

t *-connected graph. Various results on Hamiltonian laceability properties in graphs are available in [4],
[71, [8], [9], [10], [11] and [13]. In [12] the authors have discussed laceability properties of the Middle

graph of the Gear graphG,, the Fan graph Flyn,the Wheel grapth’n,the Path graph P, and the Cycle

C,.In this paper we explore the Laceability properties of the Middle graph of the Cubic graph (GC),, and
(W, , k) graphs fork =1.

Definition 1
The Middle graph of G denoted by M (G) is defined as follows.

The vertex set of M (G) is V(G)UE(G). Two vertices X,V in the vertex set of M(G) are

adjacentin M (G)in case one of the following holds:
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i) X,y arein E(G) and X, Y are inadjacentin G.
ii) Xisin V(G), Yisin E(G) and X, Y areincidentin G.

Figure 1 below illustrates the Middle graph of a cubic graph G.

s@ 9

Figl: A Graph and its Middle Graph

Definition 2
The graph (GC)2n (which is a Cubic graph) is obtained by replacing the central vertex of Wheel
W, , by a cycle of lengthn.

Figure 2, below illustrates the Wheel graph W, ; and Cubic Graph G, .

Fig2: The Wheel graph le8 and the corresponding Cubic Graph (GC)16
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Definition 3

Consider the Wheel graphW, , .The graph (W, ,Kk) is obtained fromW,  as follows.

Denote the vertices of W, by&;, 1<i<n and the central vertex asa,. (W, ,k)is obtained by
taking the disjoint union of K copies of cycle C, with the vertices 2 PP DA v 8y, 1 &, - The edges

of (W, ,,Kk)are obtained as follows:
0] If kK =1,for 1<i<n,draw an edge connecting vertices a,of W, to &,

(i) If k > 2, starting from K = 2 proceed recursively by joining the vertices 8y to & byan

edge for1<i<n.

Figure 3 below illustrates the (W, ¢,2) graph.

Fig3: The Graph (W, ¢,2)

Definition 4
Let P be a path from the vertices @, to a; inagraph G and letP’ be a path from @,toa,.Then
the path PWUP’is the path obtained by extending the path P from g, toa; to a;toa,

through the common vertex a; (i.e., ifP:q,.....a;and P':q,....a,, then PUP': q;..a;...a,).
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In [14], Girisha obtained the following results.

Theorem 1: The Graph (GC),, is Hamiltonian-t*-laceable for odd N> 3, where 1<t <4.
Theorem 2: The Graph (GC),, is Hamiltonian-t*-laceable for even n >4, where 2 <t <4,

Theorem 3: The Graph G = (W, ,,k), n >3, k >1 is Hamiltonian-t*-laceable for 1<t <3.

We now prove the following results.

2. Results

Theorem 4: The Graph G = M(Gc),,, is Hamiltonian-t * -laceable for t =1,2 and 3if nis odd, n > 5.
Proof: Let V ((Gc),,) ={a,,a,,....., 8,y {a,a;,....., a, yand

E((Gc),,)={b :1<i<n}u{c, :1<i<n-Tpu{c }u{b :1<i < n}where b, is the edgeaa, ,, C;is

i+17 i

the edge aa/, C,is the edge a,a and bis the edge @,a; ,.By the definition of Middle graph,

V(M((Gc),,)) =V ((Gc),,))w E((Ge),,)) ={a :1<i<nju{a :1<i<nju{b :1<i<n}u
{c,:1<i<nfu{b:1<i<n}

We have the following cases.
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Fig 4: The Middle graph M ((Gc),,)
Case (i):t =1

InG,d(a,,b,) =1and the path

P:(a,b)u (b,,a,)u (a,,b, ) ®,,8,5)v @, 1,0, 5) U e, U (by,a;) U (a5,b,) U
(b,,a,) U (a,,c,)u (c,,b))u (b,a5) Ui e U (€4, D) Uit e U (Q(n.3)1Cing) Y
(Cinogy Blng)) Y (0fg) 18l 0)) e o U (1, Cny)) Y (Cayy s Binyy) © (B, 20w (&, C )

(c,,b))u(b,a))w (a;,c,) U (c,,b,) is a Hamiltonian path between the vertices &, and b,. Hence G

is Hamiltonian-1*-laceable.

Fig 5: Hamiltonian path from the vertex @, to b, in the Middle graph M ((Gc),,)
Case (ii):t =2
InG, d(a;,a,) =2 and the path,
P:(a,b,)ub,,a)u(a,,b )ub, ,a)v@ 0 5) Ui U (b, a5) U (a5,b,) U
(b,,c,)u (c,,b))u (b/,a;) ... U (C3,05) U v U (azn_S) , C(n_3)) U C(y g b('nfg)) U
((VRATE- VPSS L ey U (@(1)1Cnpy) VY (CagysB(ngy) W (0, p,870) U (@7, €, ) v (C,, b)) L

(b a)) v (a;,c,) v (c,,b) U (b,a,) is a Hamiltonian path between the vertices & and &, . Hence G is

Hamiltonian-2*-laceable.
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Fig 6: Hamiltonian path from the vertex a, to a, in the Middle graph M ((Gc),,)

Case (iii):t =3

InG, d(a,,a;) =3and the path
P:(a,b,)u(b,,a,)v(a,b, ) ®.,.a)u@ b, ,) U U (by,a) v (ag,b,) v
(by,a;) v (b,,8,) U (a,,b,) W (by,b,) U (by,a,) U (8,,b) L (by,c,) L (€, b)) L (by,a;) v
(az.b)w (b, a)) v (&, ¢) v (e, by) v (by,c,) v (c @) L (ay,b7,) © (074,€,0) © (Chyy ) U
(@ b )u ,.c )ulc,..a ,)u@ b )ud 5,C 3) U 5

(cs,a5) v (as,by)w (by,c) v (c,,a;) v (a;,by)w (b,a;) U (a3,¢;) v (C;,8;) is a Hamiltonian

path between the vertices @, and a,. Hence G is Hamiltonian-3*-laceable.

Hence the proof.
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Fig 7: Hamiltonian path from the vertex @, to @, in the Middle graph M ((Gc),,)

3. Remark

For n=3, the diameter of G is 2. In this case G is t*-connected. This is proved below.

Theorem 5: The Graph G = M ((Gc),,,) is t*-connected.
Proof: We have the following two cases.
Case (i):t =1

In G, d(a,,b,) =1, and the path,

P:(a,by)u (by,a) v (a;,b,)u (b,,a,) U (a,,c,) U (c,, b)) U (b),a;) U (a;,by) U (b,a;) U

(a3,¢5) v (cs,bi) U (b,a)) U (a),c,) U (C,,b,) is a Hamiltonian path between the verticesa, andb;
.Hence G is Hamiltonian-1*-laceable.

Fig 8: Hamiltonian path from the vertex @, to b, in the Middle graph M ((Gc;))

Case (ii):t =2
InG, d(a;,a,) =2, and the path,
P:(a,b) v (bs,a,) v (a5,b,)w (by,c,) U (c,, b)) v (b, a;) L (a;,b;) L (by,a5) v (a5,¢5) v

(Cy,b3) U (bs,a))w (a),¢,) U (c,b)u (b,a,) is a Hamiltonian path between the vertices @, and a,
.Hence G is Hamiltonian-2*-laceable.

Hence the proof.
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Fig 9: Hamiltonian path from the vertex @, to a, in the Middle graph M ((Gc))

Using the same vertex and edge set specified in Theorem 4, we now prove the following
result.

Theorem 6: The GraphG = M (Gc),, is Hamiltonian-t* -laceable for t=1,2and 3if n is even and
n>4.

Proof: We have the following cases.

Case (i):t =1

InG, d(a,,b,) =1and the path

P:(a,b,)u (b,,a,) U (a,.b,,)U 0.8, ,) U (@0, ,) U . U (bs,8,) U (as,b,) U
(b,,a,) U (a,,c,) U (c,,a5) U (a;,by) U (by,c5) U (Cs,a5) U (a5,05) U e v (C, 5,8, 3)U
(8fn-2):0(n-5)) Y (Ba 3, Cnz)) W U (G 0) L (@, 0 ) L (by @) L (g, by) W (Brhcy) W (¢ by ) is a

Hamiltonian path between the vertices@, andb, . Hence G is Hamiltonian-1*-laceable.
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Fig 10: Hamiltonian path from the vertex &, to b, in the Middle graph M (Gc),,)
Case (ii):t =2

InG, d(a,;,a,) =2 and the path
P:(a,b,)u (b,,a,)v (a,,b,)u b, ,a)v@.0b,)U.... U (b;,a,) U (ag,b,) U
(b,,c,) U (c,,b)) v (b/,a)) U (a;,b)) L. U (@031 Crn3)) Y (CrozysBng)) W U

(b(’n—Z) , a(’n—l)) % (a('n—l) ) (C,, b,n—l)) o (b('nfl) a) v (a;,c,)v(c,,b)u (b, a) v (a,c) v

(c,,b)) v (b,,a,)is a Hamiltonian path between &, anda,. Hence G is Hamiltonian-2*-laceable.

Fig 11: Hamiltonian path from the vertex @, to a, in the Middle graph M ((Gc),,)
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Case (iii):t =3

InG, d(a,,a;) =3and the path

P:(a,b,)u(b,,a,)u (b, )ub, ,a,,)v@. b ) U . v (by,a5) U (ag,b,) U
(by,a5) U (by,a,) U (8,,b;) U U (ay,by)u (by,b)w (b),a) v (a,¢,) v (¢, bl ) v
(br,a))u (a),c)u(c,,b )u D a8 )U (@ ,,Chy) YU w (b, a;) v (as,c) v (cg,by) v

(by,a,) v (a;,c,) v (c,,by) U (b;,a3) U (a3,C5) U (C5,8,) is a Hamiltonian path between &, and @,
.Hence G is Hamiltonian-3*-laceable.

Hence the proof.

Fig 12: Hamiltonian path from the vertex @, to &, in the Middle graph M ((Gc),,)

Theorem 7: The GraphG = M (W, ,,K),k = 1is Hamiltonian-t * -laceable fort =1,2 and 3 if nis odd and
n>3.

Proof: Let V (W, . k)) ={a,} w{a,.ap,,....., a,, }u {a,,a,,....., a,}and
E(W,,.kK))={b :1<i<n}u {a :1<i<n-Tufa }u{b :1<i<n-Bu{b }ufa, :1<i<n}

where b, is the edge a,8, (1<1<n), & is the edge a,a,,, (1<i<n), ais the edge a,a, (1<i<n), b/is

i+1
the edge 8,3, (1<i<n), b]is the edge a,a,, (1<i<n)anday is the edge 3,8,y

By the definition of Middle graphV(M(W,,,k))=V(W,,.k))u E(W,,.k))={a,:1<i<n}u
{a,:1<i<nju{ 1<i<npu{a’ :1<i<n}u{b :1<i<n}ufa, :1<i<n}.

We have the following cases.
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Fig 13: The graph M (W, ,k)
Case (i):t =1

In G, d(a, ,a, ) =1and the path

Pr(aga ) (@ a ) v @ .a, )Y@, g , )Y, U (a8, )Y (a8 )V
(a,.a,) v (0, a) v (a,a,) v (8,,0,) w (b,,8;) L (85,05) L (bs,85) W (a5, bs) L (a5, b5) w
(by,a3) v (a3,b; w8, ) U . v (a),a,)uv (a,,b)u b, a)uv (a,b)u (b,a)u
(a;,b)) U (b],a ) is a Hamiltonian path between the vertices a, anda, . Hence G is a Hamiltonian-1*-
laceable.

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
International Journal in IT and Engineering
http://www.ijmr.netin email id- irjmss@gmail.com Page 143




[JITE Vol.03 Issue-02, (February, 2015) ISSN: 2321-1776
Impact Factor- 3.570

Fig 14: Hamiltonian path from the vertex a,;to a;, in the graph M (W, 5,1)
Case (ii):t =2

In G, d(a, ,a,, ) =1and the path

P:r(a,a ) (@, a)v @ a, )@, a, )Y..u@,a)u@a)v @, a,)v
(&, a; ) v (&, b)) v (a,b) U (a;,b) v (b,a,) v (@,,b) v (b,,a, ) U (@00 ,) Y. V)
(85,05) W (b5,85) W (25,03) W (b;,89) L (89, b,) v (b;,8;) U (87,8,) L (3;,87) W (8, b;)

(b,, a,, ) is a Hamiltonian path between the vertices a, and 8, .Hence G is a Hamiltonian-2*-laceable.
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Fig 15: Hamiltonian path from the vertex a;;to a,, in the graph M (W, 5,1)

Case (iii):t =3
In G, d(a, ,a,) =3and the path

P:(a.a )@ .a )v @ .a, )Y@, g, )Y U (a,,a, )V (8, a ) v
(&, a,) v (@, a) v (@,b) v bha)u (a,b) v (g, b)) v (b.a,) v (a,,b,) v (b8, ) v
(an, b))V

(a3, b;)w (b, 85) U (ag,b,) W (b, 85) L (a5, b;) w (0;,8,) V (a;,8;) W
(a;,b,) v (b,,8,)is a Hamiltonian path between the verticesa, anda,. Hence G is a Hamiltonian-3*-
laceable. Hence the proof.
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Fig 16: Hamiltonian path from the vertex a,;to @, in the graph M (W, ;,1)

Using the same vertex and edge set specified in Theorem 7, we now prove the following result.

Theorem 8: The GraphG = M(W, ,,k),k =1, is Hamiltonian-t * -laceable for t=1,2 and 3 if n is even and
n>4.

Proof: We have the following cases.

Case (i):t =1

In G, d(a, ,a ) =1and the path

!

P:(a . a ) v @ . )v @ .a, )Y@ &, )Y..Y@,a)v@,a)v@,a )V
(a,.a,) v (a,.a,) v (a,.b)u (b;,8,) U (a,,b,) U (b,,8;) U (a;,b3) L (,a,) v
(@5,05) e W (b7 508, 5) W (B, 2,0, ) W (B, 508, 5) Y (@ 5,07 ) L L (85,07 ) L

(@,0,) v (b, a, 1)V (a4,8,) (@, b)) v (by.a0) v (& b) v (b a) v (a,b) v (bya) is a

Hamiltonian path between the vertices a, and a{(l. Hence G is a Hamiltonian-1*-laceable.
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Fig 17: Hamiltonian path from the vertex a,;to a;, in the graph M (W, ,,1)
Case (ii):t =2

In G, d(a, ,a,,) =2and the path

P:(a.a )u(a . )v @&, )Y@, a )v..u@,.a)v@a)o @, a)u
(ak31ak2)u """" o (al’bl)u (bl’ar:)u (a;’br:)u (brlwan)u (an’bn)u (bn’arrl—l)u

(a1, b)) v U(@,a;) L (g, 5) w (b,85) L (a5,b) L (by,8,) L (8] 4,@,) L (89, b)) W
(b,,a,) U (a,,b;) U (by,8,) is a Hamiltonian path between the verticesa, anda, . Hence Gis a

Hamiltonian-2*-laceable.

Fig 18: Hamiltonian path from the vertex a,;to a,, in the graph M (W, ,.,1)
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Case (iii): t =3
In G, d(a,,a,) =3and the path

P: (ak1 , a|,<n )Y, (aLn 1y )Y, (akn ’ali(n,n ) (ali(n,l) ' k(,H))
(&, a,) v (@, )Y
(@ bry)

O U (@, )V (@, )Y
VU (a,b) v (b, a) © (@, by) v (by,a,) (@, b)) w by, a ) v
 (ag,b;) w (b;,8,)  (ag,b,) © (b, 85) © (a3,03) © (b3,85) (35, b;)
(by,a)) L (ay,by) v (by,a) U (a,a,) v (a,,b,) U (b,,8,) is a Hamiltonian path between the
verticesa, anda,. Hence G is a Hamiltonian-3*-laceable.

Hence the proof.

Fig 19: Hamiltonian path from the vertex a,; to @, in the graph M (W, , 1)
4. Conclusion

In this paper, the Hamiltonian Laceability properties of the cubic graph (GC)Zn and the graph

(VVL ns k) have been obtained. Whether these graphs are Hamiltonian-t-laceable for all t is an open
problem.
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