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ON HORIZONTAL AND COMPLETE LIFTS OF (1, 1) TENSOR FIELD f SATISFYING
STRUCTURES
f' - 2f°=0ANDf™-f=0

RAM SWAROOP, DEAPARTMENT OF MATHEMATICS, NIMS UNIVERSITY,JAIPUR,RAJASTHAN.

Abstract. The horizontal and complete lifts from a differentiable manifold of class C*to its co-
tangent bundle T"(M") have been studied by Yano and Patterson [4, 5]. Yano and Ishihara [6]
studied lifts of an f-structure in the tangent and co-tangent bundle. f-structures manifolds of
degree 8 have been studied by Kim, J.B. [2]. The present paper deals with some problems on
horizontal arid complete lifts of structures mentioned above in tangent and co-tangent bundles and
the prolongation in the second tangent space T(M"). Integrability conditions of f-structure
manifolds of degree 10 in tangent bundle have also been discussed.

1. Preliminaries

Let M" be n-dimensional differentiable manifold of class C”. Let T"(M") be the co-tangent bundle of
M". Then T*(M") is also a differentiable manifold of class C* and of dimension 2n. Throughout this
chapter, we make use of the following notations and conventions:

()  The map m: T"(M") M" is the projection map of T'(M")  onto M".

(if)  Suffixes a, b, c,....., h, i, j take the values of 1 to nand =i + n. Suffixes A, B, C,....... take the
values 1 to 2n.

(iii) (M") is the set of tensor fields of class C*and type (r, s)  on M". Similarly, (T"(M")) denotes
such tensor fields in T"(M").
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Key words and phrases. f* — %° = 0 and f'° — f = 0 structures, distribution, integrability.
(iv) Vector fields in M" are denoted by X, Y, Z,.... and their Lie derivative by Ly. The Lie product of

X and Y is denoted by [X, Y]. If A is a point in M", 7(A) T (M") called fibre over A. Any point
P m'(A) can be denoted by ordered pair (A, Pa), Pa is the value of 1-form p at A. If U be a co-
ordinate neighborhood in M " with co-ordinates (X "), = * (U) is coordinate neighborhood on T
(M ") with co-ordinate functions (X", P;). If P lies in the intersecting region = "*(U) n "*(U)
with co-ordinate functions (X", P;))and (X", P;, ), then X ™ = X" (X ") and = P..

Then we have [5]

(X +Y)°= XC+ YC© (1.2)
and

°@°= () + (L f)’ (1.2)
Let M" be an n-dimensional connected differentiable manifold of class C”. Let there be given in M", a (1,
1) tensor field f of class C” satisfying

fl_2nf =0, (1.3)
where is non-zero complex number.
Also,

rank (f) = (rank f° + dim M")

= r(a constant everywhere on M")

Let the operators I and m™ be defined as

"= andm =1-, (1.4)
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where | denotes the identity operator on M", Then the operators I and m” applied to the tangent space at a
point of the manifold are complementary projection operators. We call such a structure as f(11, 9)-
stucture of rank r on M".
1.1. Agreement. In what follows we make use of the following results [6]. For any X, Y (M"), we have
() X5, YT = [X, Y]
(i) fEXC = [f X].
Definition 1.1. Let f be a non-zero tensor field of type (1, 1) and of class C* on an n-dimensional
manifold M" such that [2]
f'—f=0, (1.5)
where rank of f is constant everywhere and equal to r.
Let the operators on M" be defined as follows [2]
I=fandm=1-f, (1.6)
where | denotes the identity operator. From the operators denned by (1.6), we have
.7
For f satisfying (1.5), there exist complementary distributions L and M corresponding to the projection
operators | and m respectively. If rank(f) be r. constant on M" then dimL = r and dimM = n —r. We have
the following results:
fl=If=fandfm=mf=0, (1.8)
fl=21andfm=0. (1.9
Let us call such a structures as f-structure of degree 10.
2. The complete of f in the tangent bundle T(M")
The complete lift of f° of an element of (M") with local component of has components of the form
€= (2.1)
Now, we prove some theorems on the complete lifts of f(11-, 9)-structure satisfying (1.3) and also its
integrability conditions.
Theorem 2.1. The complete lift of (1,1) tensor field f satisfying f(11, 9)-structure in M" will admit the
similar structure in the tangen bundle T(M)".
Proof. Letf, g (M"), then we have

(fg)*=fg". (2.2)
Putting f = g, we obtain

(f)° = (9% (2.3)
Putting g = f 2 in (2.2) and making use of (2.3), we get

(F)° = (9% (2.4)

Continuing the above process of replacing g in equation (2.2) by higher degree of f, we obtain
(f°)° = (f%)*°and so on.

Taking complete lift on both sides of equation (1.3), we get

(fll)C _ (zf 9)c -0
which in view of the equation (2) gives

(™ 2(f%° = 0. (2.5)
Thus, the complete lift of f also has f(11, 9)-structure in T(M"). The complete lift (1) and (m")¢ of I and
m" are complementary projection tensors in T(M"). Thus, there exist in T(M") two complementary
distribution (L") and (M")° determined by (I")® and (m")° respectively.
Theorem 2.2. The complete lift (m")° of the distribution M” in T(M") is integrable if and only if M" is
integrable in M".
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Proof. It is well known that the distribution M" is the integrable in M" if and only if

I"[m" X, m" Y] =0. (2.6)
Taking complete lift of on both side of equation (2.6), we get

(N°I(m")° X%, ()Y =0, 2.7)
where

MH=0-m)°=1-m"%as1°=1.

In consequence of equation (2.7), (m")® is integrable in T(M").

Theorem 2.3. The complete lift (1)) of the distribution L™ in T(M") is integrable if and only if L" is
integrable in M".

Proof. Proof is same as that of the theorem 2.2.

Theorem 2.4. The structure f° is partially integrable if and only if f is partially integrable in M".

Proof. We know that f is partially integrable if and only if

N(I"X, 1"Y) = 0. (2.8)
Taking complete lift on both sides, we obtain
N((I° XS, (Y4 = 0. (2.9)

Hence, f€ is partially integrable if and only if f is partially integrable in M".

Theorem 2.5. For any X, Y (M"), let f be integrable in M". Thus, * is integrable m T(M") if and only if
NE(X©, Y©) = 0.

Proof. We know that f is integrable if and only if

N(X, Y) =0, (2.10)
where N(X, Y) is the Nijenhuis tensor of f satisfying (1.3) and it is given by [6]
N (X, Y) = [fX, Y] =f[fX, Y] = f[X, fY] + £9X, Y]. (2.11)
Taking complete lift on both sides, we have
NC(X%, Y] = [fEXC, € YO —  ©f ©X©, Y€ - f°[XC, £Y€]
+ (F)°IXC, Y. (2.12)
Also, taking complete lift of (2.10), we get
NC(X¢, Y©) = 0,

which in view of equation (2,11) and (2.12) and the fact f is integrable in M" shows that f © is integrable in
T(M").
3. The complete lift of f(11, 9)-structure in cotangent bundle
In this section, we prove some theorems on complete lift of f satisfying f(11, 9)-structure.
Theorem 3.1. The Nijenhuis tensor of the complete of f** vanishes if the lie derivative of the tensor field
f* with respect to X and Y are both zero and f is an almost -structure on M".
Proof. In consequence of (2.11), the Nijenhuis tensor of /" is given by
(XC, YC) — [(f ll)C X)C, (f ll)C Y)C]
_ (f ll)C[(f ll)C XC, XC]
_ (f ll)C [XC, (fll)CYC]
+ (f ll)C(f ll)C [XC, XC] (31)
which in view of (1.3) takes the form
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(XC, YC) — 4[(f 9)C XC, (f 9)C Y)C]
_ 4(f 9)C [(f 9)C XC, XC]
=HECIXE (F)° V)]
+ 42 ()" X5 X 3.2)
In consequence of (1.2), we have
(F9° X = (FPX)° + (Lx 9. (3.3)
Hence, we get
(X% Y%)
=4I F) N+ [k £ (F)']
+[(F°X)°, (Ly 2T+ [(Lx ), (L)'
= (F)°LE° X% YOI = (F)° [(LxF )", Y4
= (F)°LX, (F7V)° = (F)° X5, (Lvf )]
+(F)°(F)° IO, YOI (34)
If the lie derivatives of the tensor field f° with respect to X and Y are both zero, we have
Lxf=0and Lyf=0.
Therefore, equation (3.4) takes the form
(X% Y%) =4I °X)° (F°N)°
—(F)°L(EF° X Y4
—(F)° X5 (F°Y)°]
+(F)°(F)° IO, YOI (3.5)

(XC, YC) — 4{[f ox, ng]c
—(f 9)c [f X Y]C
—(f 9)c [XC, f 9Y]C
+(F%)° (F)° XS, Y1} (3.6)
Let f be an almost -structure on M", then 2 = 21, where | is the unit tensor field. Hence, f° = I and
therefore (3.6) takes the form
(X%, Y9 =X, YI°= [X, Y1 - [X, Y
+[X, Y]} =0

Theorem 3.2. The Nijenhuis tensor of the complete of f* is equal to * multiplied by the complete lift of the

Nijenhuis tensor of f* if
. Lxf®=0,Lyf’=0,
i. [X,Y]°=0,=0,
where =f%+f°—f%
Proof. In view of equation (1.1) and (2.11), we have
=(X, Y)°=[f°X, f°Y]° = (F[f ° X, Y])©
— (X EYC+ (F X, YD)G,  (B.7)
which on account of (3.3) yields
=X Y =[FOX FOYC = (FC[FO X, Y]©
- [F = (F)° X, 2 YI°
_ [f 9]V _ (f lS)C[X, Y]C_ [f 18]V.
But, we have [6]
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(F)°E)° ="+ 0", 3.8)
Hence in view (3.8), the equation (3.7) becomes
X, N =[F2X Y = (F)°[F° X, Y]©
= (F)° X, Y15 = (F19° X, Y]°
ol U N L M | 3.9)
Now, from (3.8), we have
(F)° = (F9° (£%)° - 0"
Thus,
X, N =[F2X FY° = (F)C[FP X, Y]°
= (F2)° X, £2Y1° = (F%)°(F))° [X, YI°
= 0" X Y- [F T

i . (3.10)
In view of the equation (3.10), the equation (3.5) takes the form
(X5 V)° =X N+ 0" [X, YIS

—{f9+f9+[f18}v}.
In consequence of (), we have
(X% Y)° =GN0 X YT L
(3.11)
Let [X, Y]° = 0and = 0, the (3.11) reduce to
(X% =4 (X, )9

Theorem 3.3. The Nijenhuis tensor of the complete of f*

tensor of ' if

is equal to the complete lift of the Nijenhuis

i.fogZ 0, Lyf9=O,
ii. LxY = 0, =0.
Proof. Since [X, Y]¢ = 0 implies that [X, Y] = 0 or Ly Y = 0. Therefore from (3.2), the results follows.
Theorem 3.4. The process of computing the Nijenhuis tensor of f ° and taking complete lift are
commutative.
Proof. Theorem follows easily from the equation (3.1) and theorem 3.3.
4. The horizontal lift of a f(11,9)-structure
In this section, we prove theorem on horizontal lift satisfying the structure (1.3).
Theorem 4.1. Let f (M") be a f(11,9) -structure in M", then the horizontal lift f* off is also (9, 7)-
structure on T (M").
Proof. For every f, g (M"), we have [6]
frg"+g"f"=(fg +gf)" (4.1)

Putting g = f, we get

2(f")2 = (23"
or

(f ") = (F )" (4.2)
Replacing g by f2in (4.1), we get

() (£ + (F) (F7) = (2f )"

which in view of (4.2) yields

(f H)3 + (f H)3 - (2]: 3)H
i.e.,

(f H)3 - (f 3)H.
Continuing this process and replacing g by *, >, £ 7, % £°, we get

Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Aryabhatta Journal of Mathematics and Informatics
http://www.ijmr.net.in email id- irjmss@gmail.com Page 88




AJMI Vol.07 Issue-01, (Jan-July, 2015) ISSN: 2394-9309
Aryabhatta Journal of Mathematics and Informatics (Impact Factor- 4.1)

(f H)lO — (f lO)H.
Also,

(f™)° = (F%)" 4.3)
And

(f H)ll - (f 11)H (44)

Since f is a f(11, 9)-structure on M", therefore
f1-2%%=0.
Hence, from (4.3) and (4.4), we get
(f H)ll - (f ll)H = 2 (f 9)H = Z(f H)9
Or
(f H)ll 2 (f H)9 = 0
Thus, f " is a f(11,9)-structure on T"(M").
5. Prolongation of a f(11, 9)-structure in second tangent space T,(M ")
Let us denote T,(M"), the second order tangent bundle over M" and let f" be the second lift on f in To(M").
Then, we have for any f, g (M")), the following holds
(g”f”)X” =gII(.':IIXII)
- g Il(f X)II
= (g (FX))"
= (g f)"X" (5.1)
for every X (M"), therefore we have
g”f”:(g f)ll :gll(fllxll)
If P(t) denotes a polynomial of variable t, then we have
(PH)" = P(H", (5.2)
where f (M"),.
Theorem 5.1. The second lift f' defines a f(11,9)-structure in To(M"), if and only if f defines a f (9,7)-
structure in M",
Proof. Let f satisfy (1.3), then f defines a f(11,9)-structure in M" satisfying
f1_2%9=0
which in view of equation (5.2) takes the form
(" -2"=o0. (5.3)
Therefore, " defines a f (11,9)-structure on T,(M").
Theorem 5.2. The second lift f " is integrabte in T,(M") if and only if f is integrable in M".
Proof. Let us denote N" and N, the Nijenhuis tensors of f" and f respectively. Then we have [6]

N"(X, Y) = (N(X, Y))". (5.4)
We know that f(11, 9)-structure is integrable in M" if and only if
N(X,Y)=0
which in view of (5.4) is equivalent to
N"(X,Y)=0. (5.5)

Thus, N" is integrable if and only if f is integrable in M".
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Theorem 5.3. The second lift f' off is partially integrable in T,(M") if and only if f is partially integrable
in M",
Proof. We know that for f to be partially integrable in M", the following holds

N(I" X, 1"Y)=0
and

N(m" X, m"Y) =0.
which in view of equation (5.4) takes form

NII((I*)II XII, (I*)“ YII) =0 (5.6)
and
N"((m*)" X", (m*)u YII) =0, (5.7)
where (1" and (m")" are operators in T,(M") which defines the distributions (L*)" and (M")" respectively.
Thus, the equations (5.6) and (5.7) gives the condition for f " to be partially integrable. The converse of
theorems 5.2 and 5.3 follows in the similar manner.
6. Integrability conditions of f-structure in a tangent bundle
Let f (M"), then the Nijenhuis tensor N; of f satisfying equation (1.5) is a tensor field of type (1, 2)

given by [3]

Ni(X, Y) = [fX, Y] = f[f X, Y] = f[X, fY] + £°[X, Y]. (6.1)
Let N° be the Nijenhuis tensor of £ in T(M") of f in M", then we have
NC(X®, Y©) = [fEXC, € YO — [ X©, Y€1 - °[XE, £°Y9]
+ (F)°[XE, Y. (6.2)
Forany X, Y (MM andf (M"), we have
[X®, Y] = [X, Y] and [X + Y]© = X© + Y€, (6.3)
fCX© = (f X)°. (6.4)
From (1-8) and (6.4), we have
fCmC=(fm°=0. (6.5)
Theorem 6.1. The following identities hold,
N(m°XE, mCY®) = (f ©)Im°®X®, m© Y], (6.6)
mENE(XE, Y©) = mE[f ©X©, £ ° Y€ (6.7)
m® NC (1 XC, 1979y = mC[f € X©, £ €, Y9 (6.8)
m°NE((H)°XE, (F ©)° Y] = mTI°XE, 19Y€]. (6.9)

Proof. From equations (1.8), (1-9), (6.2) and (6.5) theorem can be proved easily.
Theorem 6.2. The following identities hold.

(i) m® N¢ (X%, Y©) = 0,

(i)  mCENC(UCXE I°Y%) = 0.

(i)  mENE((F ©PXE(F)YC) = 0.
Proof. In consequence of equation (6. 2), (1.8) and (1.9) it can be easily proved that m® N°(I° X, I°Y®) =
0 if and only if m®N®((f)°X®, (f)° Y) = 0 for all X, Y (M"]. Now right hand side of the equations (6.7)
and (6.8) are equal, which in view of equation (6.9) shows that above conditions are equivalent.
Theorem 6.3. The complete lift of M of the. distribution M in T(M") is integrable if and only if M is
integrable in M".
Proof. It is known that the distribution M is integrable in M" if and only if

I[[mX, mY]=0, foranyX,Y (M"). (6.10)

Taking complete lift of both sides, we get
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I°[m®X®, m©Y“] =0, (6.11)
where I° = (m — 1)© = | — m® is the projection tensor complementary to m®. Thus, the conditions (6.10)
and (6.11) are equivalent.
Theorem 6.4. For any X, Y (M"), let the distribution M be integrable in T(M") is integrable if and only if
N(m X, mY) = 0.
Then the distribution M® is integrable in T(M") if and only if
1“Im“ X%, m°Y°]=0
Or equivalently
N°[m® X%, m°Y¢]=0.
Proof. By virtue of condition (6.6), we have
N(m°XE, m©Y®) = (f ©)[m°XE, m©YC].
Multiplying throughout by I, we get
I NC(mC X me¢ YC) — (fc)z[mc X m¢ YC],
which in view of (6.11) becomes
I°N¢(m° X, m“Y®) = 0. (6.12)
Also we have
m°N(m°X®, m°Y) = 0. (6.13)
Adding (6.10) and (6.13), we obtain
(I°+ m®) N¢ (m°X©, m“ Y] =0,
since I+ m® = 1° =1, we have
N® (m© X%, m®Y%) =0.
Theorem 6.5. For any X, Y (M"), let the distribution M be integrable in M" is integrable if and only if
N(IX, 1Y) = 0.
Then the distribution L is integrable in T(M") if and only if
m°[I° X%, 1°Y€]= 0.
or equivalently
NE(I°XE, 1°Y%) = 0.
Proof. Proof follows easily in a way similar to that of the Theorem 6.4.
Now, we define following
(i) . Distribution L is integrable
(ii) . Arbitrary vector field Z is tangent to an integral manifold of L.
(iii) . The operator f', such that fZ = f Z.
In view of equation (1.8) and (1.9) the induced structure f* of f is an almost complex structure on each
integral manifold L and f makes tangent spaces invariant of every integral manifold of L.
Definition 6.6. The f-structure is partially integrable if the distribution L is integrable and the almost
complex structure f induced from f on each integral manifold of L is also integrable.

Let us denote the vector valued 2-form N"(Z,W) of the Nijenhuis tensor corresponding to the Nijenhuis
tensor of the almost complex structure induced from f-structure on each integral manifold of L and for any
ZW (M") tangent to an integral manifold of L. Then we have

N(Z, W) =[f Z, fW] - f[f Z, W] - f[Z, f W]+ 2 [Z,W]. (6.14)
which in view of (6.2) and (6.12) yields
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NE(ICXE, 1Y% = (N)S(C XE, 19Y9). (6.15)
Theorem 6.7. For any X, Y (M"), let the f-structure he partially integrable i.e.,
N(IX, 1Y) = 0.

Then the necessary and sufficient condition for f-structure to be partially integrable in T(M") is
NE(ICXS, 1°Y9) =0
Proof. In view of the equations (1.8). (1.9) (6.2), (6.15) and Theorem 6.5, the result follows easily.
When both the distributions L and M are integrable, we can choose a local coordinate system such that all
L and M represented by putting (n — r) local coordinates and r-coordinates constant respectively. We call
such a coordinate system an adapted coordinate system. It can be supposed that in an adapted coordinate
system the projection operator | and m have the components of the form
l=, m=,
respectively. Where I, denotes the unit matrix of order r and I, is of order (n — r). Since f satisfies
equation (1-8), the f has components of the form
f=
in an adapted coordinate system where f, denotes r r square matrix.
Definition 6.8. We say that an f-structure is integrable if:
(i). The structure f is partially integrable.
(if). The distribution M is integrable i.e., N(mX, mY) = 0.
(iif). The components of the f-structure are independent of the coordinates which are constant along
the integral manifold of L in a adapted system.
Theorem 6.9. For any X, Y (M"), let the f-structure be inte-grable in M" if and only if
N(X,Y)=0
Then the necessary and sufficient condition for f-structure to be integrable in T(M") is
NE(XS, Y9)=0.
Proof. In view of the equations (6.1) and (6.2), we get
Since f-structure is integrable in M". Therefore, the result follows.
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