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ABSTRACT.In this paper, we consider an unified class of & - spirallike functions of complex order.
Necessary and sufficient condition for functions to be in this class is obtained.Some of our results
generalize previously known result.

1.INTRODUCTION

Let A denote the class of all analytic function of the form
(1.1) f(z)=z+) a,z"
n=1

in the open unit disc E = {Z eC:zl< 1} . Let S be the subclass of A consisting of univalent functions.

Also, we denote by S*, C and K the familiar subclasses of A consisting of functions which are
respectively starlike, convex and close-to-convex in E. Our favorite references of the field are [4, 5]
which covers most of the topics in a lucid and economical style.

For —d2<a < 72 ,afunction f € Ais said to be o -spiralin E if

(1.2) Rese' %Z()Z) >0, (zeE).

Similarly, a function f € A is said to be convex ¢ -spirallike in E if

(1.3) rele|1+ 21 @D lloo  (zep).
f (2)
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We denote ¢ -spirallike functions and convex ¢ -spirallike functions respectively by SP((Z) and
CSP(«) . If f isin CSP(cx), then it does not follow that f (E) is convex or even spirallike in shape.

Also, we note that functions in CSP(x) need not be univalent whereas functions in SP(«) are

univalent.

Suppose if f and g are analyticin E, we say that f is subordinate to g written symbolically as
f < g, if there exist a schwarz function W in E such that f(z) = g(W(z)), z €E. If g is univalent in
E, then the subordination is equivalent to f(0) = g(0) and f(E) = g(E). Thatis f < g will mean
that every value taken by f in E is also taken by g.

Let ¢(2) be an analytic function with positive real part on ¢ with ¢(0) =1,4 (0) > Owhich maps

the unit disc E onto a region starlike with respect to 1 which is symmetric with respect to the real axis.

Let S”(¢) be the class of functionsin f €S for which

7§ (2)
(1.4) < 4(2).
f(2)
and C(¢) class of functionsin f € S for which
(L5) AT

f(2)

The classes S™(¢) and C(¢) were introduced and studied by Ma and Minda [7]. Analogous to the

classes S™(¢#) and C(¢), Ravichandran et. al.[10] considered the classes S, (#) and C, (¢#) of complex
order b(b € C\{0}) which is defined as follows:

(1.6 Sy =11 ALt fo(z()z) <4,
and
(1.7 Co =t eans i @yl

£ ()

From (1.6) and (1.7) we have
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feC(ib)ezf €S (4b).

Now, we introduce a more general class of & -spirallike function of complex order 7% (¢#; m, b) as

follows.

Definition 1. The class 7% (¢; M, b) of functions T € A analytic in E given by (1.1) and satisfying the

condition

(1.8)

eia [Z f (m+l)(z)

bcosa| ™ (2)

-1+ m} <#(z), (z€E)

where — 712 < a < 712, b € C\{0} and M is a positive integer.

We note that by specializing 0,m,r,#(2) in the function class 7% (¢; m, b), we obtain several well-

known and new subclasses of analytic functions. Here we list a few of them:

147,
1-z’
Aouf et.al. [2]).
(i) 7°(4;0,b) =S (4;b) and 7°(¢;1, b) = C(¢; b), (Ravichandran et. al. [10]).

(i) z¢( 0,b) =S*(b) and 7“ (T—Z;l, b) = C*(b), (Al-Oboudi and Haidan [1] and
—Z

(i) 7°(¢;0,1) = S"(#) and 7°(#;1,1) = C(4) (Ma and Minda [7]).

2.MAIN RESULTS

To prove our main result, we cite the following lemma.

Lemma 1.([12])Let ¢ be a convex function defined on E,$(0) =1. Define F(z) by
_ 2 p(t) -1
(2.1) F(z)=zexp UO Tdt}

letp(z)=1+ p,z+ p222+ ..... be analyticin E, then

(2.2) 14 2P @) < ¢4(2)
p(2)
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if and only if forall | S|[<1 and |t|<1 we have

p(z) _ sF(@)

(2.3)
p(sz) tF(sz)

Theorem 1. Let F(Z) be defined as in (9) and let ¢(Z) be a convex function in E with ¢(0) =1. The
function f e %(¢; m,b) ifand only if for all | S |[<1land |t|<1 we have

ela

m-1 ¢ (m) bcosa
(2.4 (3] f ™ (tz) S F(tz)
S f (™ (s2) t F(sz)
Proof. Let P(Z) be defined by
| £ ™ (z) [oeose
(2.5) p(z) = = (zeE)

Taking logarithmic derivative of (2.5), we get

' i (m+1)
1+ 2p (2) =1+ € Al (2) —1+m|
p(2) bcosa | ™ (z)

Since T € 7%(¢; p,m,b) we have

1+ —ZE(S) < ¢(2)

and the result now follows from lemmal.

Corollary 1. Let F(Z) be defined by

F(z) = zexp { J: % {% i Iog[l_ ezmi(iﬂ\,t((z;ﬁ)w(t) J}dt}

The function f € A satisfies the condition
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p< Re{1+ e” (Zf @), mj} <y

bcosa| f™(z)

if and only if for all | S [<1and |t |[<1 we have

ela

(3}"‘1 f () ' _ sF(@)
S f (™ (sz) t F(sz)
Proof. In Definition 1, let ¢(Z) be defined by

_ _ a2d@-a)\(p-a)
p—a ilog l-e w(z) .
Vs 1-w(z)

#(2) =1+

Clearly ¢(2) is analytic which maps E onto a convex domain conformally with ¢(0) =1. Using (1.8)

together with Theorem 1, proves the result.

Corollary 2. Let F(Z) be defined by
F(z)=zexp UOZ %_l dtj.

The function f € A satisfies the condition

e [t (2)
bcosa| f(z)

11<¢(2)

if and only if for all | S [<1and |t |<1 we have

ela

s f (tz) W< sF(tz)
t f(sz) tF(sz)

Corollary 3. Let F(Z) be defined by

F(z)= zeprOZ%_ldtj.
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The function f € A satisfies the condition

e’ [z2f (2)

1+ -
b cosa f (Z)

< ¢(2)

if and only if for all | S [<1and |t |<1 we have

el(l

f @) ™ sF@)
fl (s2) t F(s2)

Remark 2.11f & =0, then the Corollary 2 and Corollary 3 reduces to well-known result proved by
Shanmugam et al. in [11].

Lemma 2.([13]) Let q(z) be a univalent in E and let (p(Z) be analytic in a domaincontaining Q(E). If

2q (2)
q(2)

is starlike, then

2p (2)e(p(2)) < 29 (2)9(q(2)),

then p(z) < g(z)and q(z) is best dominant.

Theorem 2. Let ¢(Z) be a starlike with respect to 1 and F(z)given by (2.1) be starlike.lf

f er“(¢; p, m,b) then we have

2.6) (zw:(z)j{[F(z)jeia
z z

Proof. Let p(z) be given by (2.5) and q(z) be given by

F(2)

(2.7) q(z) = — (z €E).

After a simple computation we obtain
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' i (m+1)
1+zp(z):1+ © [Zf (Z)—p+m}

p(2) bcosa| ™ (z2)

and

zq' (2) _ zF'(z) B
a(z)  F(@)

1=¢(z)-1.

Since f €z (¢4; p, M, b), we have

2p () 29.(2)
p@ A

and the result now follows from Lemma 2

Corollary 4. Let b be a non zero complex number. If T € A, and

e zf (z)_1 <1+z’
bcosa| f(z2) 1-z

then

f (Z) < (1_ Z)—Zbe’i“ cosa
Z

—ia
and (1—2)7%° " s the best dominant.

Corollary 5. Let b be a non zero complex number. If T € A, and

e’ zf (2) 14z

1+ - )
bcosa f(2) 1-z

then
.I: I(Z) < (1_ Z)—Zbe_i“ cosa

—la
and (1-2)" %, is the best dominant.
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