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Abstract

The object of this note is to characterize infinite matrices between some
sequence spaces and the generalized set of entire sequences. The
investigations reveal that the sets I and cy(1/k) are essentially the same.

Their generalized classes, (c§(p,s),:T(p))and (IY(p,s):T(p)) are
characterized.
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1. Introduction

1.1 Matrix transformations

Let A = (ay) be an infinite matrix of complex numbers a,, (n,k=1,2,...) and X,Y be
two nonempty subset of the space w of all complex sequences. The matrix A is said to define a
matrix transformation from X into Y and write A: X =Y if for every x = (x;) € X and every
integer n we have

Ap(x) = YXk=1 QngeXg-

If the sequence Ax = (An(x)) exists, then it is called the transformation of x by the matrix A.

Further, A € (X,Y) if and only if 4,, € XP for all Ax € Y, whenever x € X; where the pair (X,Y)
denotes the class of matrices A. The determination of the necessary and sufficient conditions for a
matrix A = (a,;) to be in the class (X,Y) for varying sequence spaces X and Y has been the focal
point of many researchers.

1.2 Some new sequence spaces: Definitions and notations

Take p = (px), pr > 0 for all k and let g = (q)) be any bounded sequence. Define any
fixed sequence of non — zero complex numbers v = (v} ) such that

limy_,.. inf | vy |Y* =1, (0 < < o).
The following sequence spaces are relevant in this work:
(@ rp)={x=(xg): | k! x| — 0, ask — . This is a linear metric space under the
metric topology generated by the paranorm, (f) = supy | k! xj |7</M, (see [2]).
(b) 1”(p,s) = {x = (xx) : suprk 1| x,vy |Pk < oo, s =0 }. This space is paranormed by

h(x) = (S k| xgevy [P

(c) g s) ={x= (X k=1 x,vy [Pk - 0, s = 0}, paranormed by
g(x) = supy (k™" | xvy [P)HM
where,
H = supypy and M = max(1, H), see [1].

If E is a set of complex sequences x = (x;) then E™* will denote the generalized K&the- Toeplitz
dual of E defined by

E*t={a= (ay) Ew: Yr=qarxy converges V x € E}
If E is a set of complex sequences x = (x;) then E® will denote the a- dual of E defined by

E*={a= (ar) Ew: Xp=1|agxp | < oo, Vx €E (see[3])
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Further, if E € w, and E is a K&the space, then E is solid; and if E is solid then E* = EE = EY
called the a—, B — and y — duals of E, respectively. That E is solid or total means when x € E and
| vie | < |xx |, Yk € N together imply y € E, (see [4] and [5]).

Let X D @ be a BK- space. Then there is a linear one-to-one mapping T : X? — X*; we denote
this by saying X# o X*. @ is a set of finite sequences and X* the continuous dual of X; while a BK-

space is a vector space whose elements are complex sequences x = (x;)x=0 and which is also a
Banach space (that is, normed and complete) with continuous coordinates (thatis, || x™ — x ||x = 0
implies | x™ — x | = 0 for each k, as n — <°), (see [6] and [7])

2. Some known results

The following known results play vital role in our main results, they amount to computing
a — and continuous duals of the sequence spaces [”(p, s) and c§ (p, s).

Lemma 1 (Lemma 2.1, [2]): Let 0 < py, < supy pr < °°. Then

(i) (co(p,$))* = Mg (p, 5),

where,
ME(,s) = Uysa{a = (ax) € w: Ty| agvt [k/PkNTI/Pk < oo, 5 > 0}
(ii) (cg (p,s))* is isomorphic to M{ (p, s)
Lemma 2 (Lemma 2.2 [2]): (i) If 0 < py < supy < °candp;* +q;r' =1,k =1,2, ..Then
(i) (I"(p,s)* = M (p,s),
(ii) (17 (p, s))* is isomorphic to MV (p, s),
where,

M’(p,s) ={a=(ar) €Ew: Xy | avit |*ks@DN=/Pk < oo, 5 > 0}

3. Main Results
In what follows we prove the following theorems:

Theorem A: Let 0 < py < supy < °candp;' + g =1,k=1,2, ....Then A € (cZ(p,s) : T(p)) if
and only if

(' | vt | M~/Peks/Pi)y™ - 0,asn — 0o, M > 1, M €N (1)

Proof: For sufficiency, since x € ¢} (p, s), there exists M > 1 such that
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| vexy | < M~/PekS/Pr, v k.
Let (1) hold, then for a given &€ > 0, there exists an integer n, such that
Ty | axvit | M~/Pes/P) ™ < o v n >, (2)
Now,
(Nt A, () < (n! Xg=q Qupxy)
< (0! Xrs1 (A vic DV tag) I
< (WX |ancvic | kS/PRMTYPi)
— 0asn — oo forn = n, (by (1)
Necessity: If (1) does not hold, then there exist subsequences of (n) such that
(M Yr |ank Vit kS/PEM~1/Pk)an > ¢ whenn — oo (3)
Since A € (c¥(p,s) : T(p)), then the sequence 4,, = (ank)r=0 € (c5(p,s))". So by Lemma (1)
Yo lankvic | kS/PkM~YPr oo, for M > 1 (4)
Since x = e* € (c¥(p,s), A, = (ay) € F(p), so that,
(n! |ankvi D < Ay V n and for each fixed k (5)

Let us construct a sequence (xi) € (cZ(p,s) and show that the corresponding sequence
(A,) € T'(p). This will amount to provision that the condition is necessary.

By (3) n = n; and k = g4 can be chosen such that
(1! Xty lan, cvic | (M + 1)7HPrRS/Pi)n > (6)
After fixing n, by (4) we choose k = k; > g4 such that
(M1 Xk, +1 1OnyeVic | (M + 1)1 /Pkfes/Piyang < ¢ (7)

Taking for all n, defined by

. sgn|ankvie DM + 1)~YPk vy, kS/Pk for alln,and 1 < k < k4
k sgn|anve (M + 1)~Y/Pk v, kS/Pk for all n, and ki1 <k<k; j=23,..

so that (x;) € (¢¥(p,s) and

M+ i)~ YPe < (M +i—1)"1/Pk (9)
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Thus, using (6), (9) and (7), we should have
(! An, DT > (ny! | Tk (@n, kv DV DT — (ny! | Zige, 41(@n, kUi Dviexic )
> (! | Tl (@, kv DM + 1) 7HPk [eS/Pr [)ng —
(1! | oy s1(@ngc Vi) (M +2) 7Pk [e5/P [ym

> 1-—c¢.
Thus, from (5) and (9), we must have for all n,
k; - = n: k - - n
(nl! |Zk:1(an1kvk 1)(M + l) 1Pk ks/pk Dq i< (nl! |Zk1:1(an1kvk 1) (M) 1/Pk ks/pk Dq t
< Cki;
where,
ki
Cr; = dp=1 4k (10)
By (3) n = n, > n, and q, > k4 can be chosen such that
(1! | 232 (n e vic ) (M + 2)7HPk |5/Pk )me > 2 +< ¢ (11)
Having fixed n,, by (4) choose k = k, > g such that
oo - k _
(Tl1! | Zk=k2+1(an1kvk 1)(”2! | Zkzzk1+1(an2kvk 1)vkxk|)qn2 anz <¢ (12)
k - k _
(! Ap, DIz < (! | ZgZp, 4+1(@n, Vi Dvgxg )Tz — (np! | Xl (@n, ki D viexe|) 2
—(m! | Xk, +1 O,k Vi Xk ) T2
k - _
> (12! | D41 (@ngeVie D) (M + 2) 7Yk e5/Pi)ng
— (2! | Ziky (@nyievic (M + 1) 7H/Pk fes/Picyny

— (2! | ZRky 1 nyie (M + 3) 7Pk /P )2 [by (8)]

> 2 —¢ [by(9), (10), (11), (12)].
Continuously proceeding in this manner, we can choose n; > n;_; and q; > k;_4 by (3) such that

ki — N — , .
(ni! |2kl=ki_2+1(anikvk 1)(M + l) 1/Pi ks/pk)in >1t Criq

Therefore, for fixed n;, we can choose k; > g; by (4) such that

(! | e (@i M + D72 <
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So, as above by the use of (8), (9) and (10) it can shown that
(! | A, DT > i — .

But € was arbitrarily given so that (n;!| Ay, [)9% — oo as n — oo, Hence the sequence (4,,) & I'(p).
This proves that (1) is a necessity.

Theorem B: Let 0 < py < supx < e~cand prl +qx* =1, k=1,2, ...Then A€ (I¥(p,s) : I'(p)) if
and only if

(n! Xk | Qi Vit |qk ks(qk_l)N_q’f/pk)qn — 0,as n — oo, uniformly in k, (13)
where,
Pi>1 and pt + g = 1.
Proof: Sufficiency— Since (x) € [Y(p,s), then there exists a finite M > 1 such that
Xk k7% |xvp [Pk < M (14)

Let (13) hold good. Then given an € > 0, there exists some integer N = N(¢) independent of k such
that

(! Tk | anevic? [ @ DN a/P)™ < £y > N (15)
Now,
(! Ap(x))In < (n! Xp= | angxy |97
< (M ER=1 | anevit | vt )
< (0 Bl @nevic? ||vic e | RSP kS /PN /Py T

a
< (T | anevit |q"|v,;1xk | kS/Pk J=S/Pr N ~qi/Pic) ™"

—1 |9k, — — _ An
< !k | aeviet | Ivic g | kS@RTD N ak/P)

C (D |vixy [P k=s) /P

< (g/M)Yak - Mn/Pk
<E&.

Since the choice of € was arbitrary, it shows that A € I'(p).
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Necessity— If (13) does not hold, ten there exist subsequences of values of n such that

Adn
' Ty | anevit |Qk ks@k=DN=ak/Pk)™ > ¢ (16)

Since the matrix between, [Y(p,s)and I'(p) being BK — spaces, is continuous, the sequence
(ank) € (I(p,s))". Hence, by Lemma 2,

Yk | A Vit |qk kS(@k=1) N ~4k/Pk is convergent for N > 1 (17)
When x;, = 1and x; = 0 for j # k, x; € ["(p,s) sothat A, = (ank)k=1 € F(p). Hence,
(n!| anevit |) 9 < Ay, for all n and each fixed k (18)
This implies that
(n!| anvict [kS/Px) In < Ay, where Ay = kS/PkAy, for each fixed k and for all n.

Using (16), (17) and (18), we can construct a sequence (x;) € [Y(p,s) and show that (An(x)) ¢
I(p), then that will suffice to show the necessity of condition holds.

Now, by (16) choose n = n, and k = g; such that

(na! ZiLy| an, v | kS@TDN =PIy > 1 (19)
Having fixed n4, by (17), for € > 0, we can choose k; > g, such that

(! Tiegyrn| Qv | ™ kSO DN aR/PRY 0 < & (20)
the series being convergent.

-1
Let xy = | an ,vic" | kS@=DN=ak/Pesgn(a, vit), for 1 < k < ky, then

k _ o _
Ing! Ay, ()% = (Ing! Tpel s (@n v )i DI — (! | Tk, 41 (an, ke vic ') 2 [) I

= (|n1!221:1(an1kv,zl)xkks(Qk‘l)N—qk/Pk )
— (! | Z e 1 (@, ko Vi ) ik ST DN =00/ Pie| s
Gyt |0 [Pk =) Imarei
>1-—¢ 21)
Since, (qx — 1) = qi/px, from (17) we have for all n,
(ny! pL,| Vi | ks@@-D N=ak/Picyan < (ny! YR | Vit | /PR N~k /Pic) B/ A

< AT 4 AT+ AZ’i
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< Cp,, Where ¢, = AJF + ATF + .. AFK (22)
Now by (15), choose n, > n; and g, > k; such that
(n1! 22k 41| @ngucvict | k5@ D N =ak/PicyInz > 2 4 Ck, (23)
Having fixed n,, by (16), it is possible to choose a k, > g, such that
(2! Ty 1] Anyievic | kSO DN0PiY Iz < (24)

-1
Again, let xj = | an, Vi " | kS@-DN~-a/Pesgn(a, ,vit), for 1 <k <k, then we

have
Inz! Ay, (0|2 2 (|n2!211§2=k1+1(an2kv1:1)xk )nz —(n,! |ZZI=1(an2ka;1)xk|)qn2
—(n,! |Zl?=k1+1(an2k171;1)xk|)q"2
> (M5! BR2 g4 |anyvic | KO DN = ae/Picyan,
—(nz! L, | an,kvict | 1y )2

—(ny! Tiek,+1 |@n,k Vit | |xx [) M2
2 2

o -1 NCIS N .
> 2+ ¢, — c, — (! Xxop, 41 [an,kvic |9 k (@k=1) N =ar/Pk )na/ Ak

(ERokyen |2 [Pl k™ )ana/P

> 2 —¢g, by (22), (23) and (24)

Proceeding in this manner, by (16), we can choose n,, > n,,_; and ¢q,, > k,,_1 such that
(! Zngkm_l_H |anmkv;1 | kS(@k=1 N~ ic/Pic)dnm
>m+(m—1)c, +(m—2)c, ++cy, (25)
Having fixed n,, by (17), choose k,,, > q,,,_1 such that
(! Bkt |Gngievic |7 k@ DN =0/ PiY I < (26)

-1
Finally, take x; = |an, kvi' |qk kS@—DN~-a/Pesgn(a, ,vit), for ky—q <k <k,

then we should have,
[np! Ap(x)|Ivm — ccasn — oo

Hence, (4, (x)) € I'(x), so that (13) is necessary.
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