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ABSTRACT :

In this paper we discuss new type of closed and open mappings called almost gpr-closed and almost gpr-open mappings;
its properties and interrelation with other continuous functions are studied.
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1. INTRODUCTION:

Mappings plays an important role in the study of modern mathematics, especially in Topology and Functional
Analysis. Closed and open mappings are one such mappings which are studied for different types of closed sets by
various mathematicians for the past many years. Levine (1970) introduced the notion of generalized closed sets.
After him different mathematicians worked and studied on different versions of generalized closed sets and related
topological properties. Recently Balasubramanian, etal. (2012) studied, somewhat gp-continuous, somewhat gp-
open function and almost gpr continuous mapping and their basic properties. In this paper we are going to further
study weak form of closed and open mappings namely almost gpr-closed and almost gpr-open mappings using gpr-
closed and gpr-open sets. Basic properties are verified by relevant theorems. Throughout the paper X, Y means a
topological spaces (X, t) and (Y, o) unless otherwise mentioned without any separation axioms.

2.  PRELIMINARIES

Definition 2.1: Ac X is called

(i) closed[semi-closed] if its complement is open[semi-open].

(i)  Regular closed if A = cl(int(A))

(iii) g-closed[rg-closed] if cl Ac U whenever Ac U and U is open in X.

(iv) pg-closed[gp-closed; gpr-closed] if pcl(A) cU whenever AcU and U is pre-open[open; regular-open] in X.

(v) ag-closed if acl(A) < U whenever Ac U and U is open in X.

Definition 2.2: A function f:X— Y is said to be

(i)  continuous[resp: nearly-continuous; pre-continuous; g-continuous; rg-continuous] if inverse image of each
open set is open[resp: regular-open; preopen; g-open; rg-open].

(i)  nearly-irresolute; [resp: g-rresolute; rg-irresolute] if inverse image of each regular-open set[resp: g-open; rg-
open] is regular-open; [resp: g-open; rg-open].

(iii) closed[resp: nearly-closed; g-closed; rg-closed] if inverse image of each closed set is closed[resp: regular-
closed; g-closed; rg-closed].

Definition 2.03: X is said to be Ty,[r-Ty] if every [regular-]generalized closed set is [regular-]closed.
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Note 1: From Definition 2.1 we have the following interrelations among the closed and open sets.
Closed —» — g-closed — — ag-closed — — gp-closed — — gpr-closed

T 0

rclosed—» -» » » » > > > —> - — — — rg-closed

Open — —> g-open — —> ag-0pen — —> gp-open — —> gpr-open
) T

r-open > —> > 5> > > > 5> —> > — — —g-0pen

3. ALMOST GPR-CLOSED MAPPINGS:
Definition 3.01:
A function f: X— Y is said to be almost gpr-closed if image of every regular closed set in X is gpr-closed in Y

Note 2: By note 1 we have the following implication diagram.

Closed map — g-closed map — ag-closed map — gp-closed map — gpr-closed map
) T

r-irresolutemap» —-» —-»> —»> —»> —> —> —> — — — — rg-closed map
However, we have the following converse part:
Note 3: If GPRC(Y) = RC(Y) we have the following implication diagram.

Almost closed map <> Almost g-closed map <> Almost ag-closed map <> Almost gp-closed map <> Almost gpr closed map
N N

r-irresolute Map <> <> © & & © © O O O OO o O o o o o o Almost rg-closed map

Example 1: Let X =Y = {a, b, c}; = = {¢, {a}, {b}, {a, b}, X}. and o = {¢, {a}, Y} and let f: X— Y be defined as
f(a) = b; f(b) = c; f(c) = a, then f is al.gpr-closed; al. rg-closed but not al.g-closed; al.gp-closed; al.r-closed;
al.closed; al.ag-closed.

Theorem 3.01: If (Y, o) is a discrete space, then f is almost closed of all types:

Example 2: Let X =Y ={a, b, c} and © = {¢, {b}, {a, b}, {b, c}, X}; o = p(Y) and let f:X— Y be defined as f(a)
= b; f(b) = a; f(c) = c, then f is al.gpr-closed; al.rg-closed; al.g-closed; al.gp-closed; al.ag-closed; al.r-closed;
al.closed.

Example 3: Let X =Y ={a, b, c} and 1 = o (X); o = {d, {b}, {a, b}, {b, c}, Y} and let f:X— Y be defined as f(a)
=¢; f(b) = a; f(c) = b, then f is al.gpr-closed,; al.rg-closed; but not al.g-closed; al.r-closed,; al.closed.

Theorem 3.02: (i) If fis almost closed and g is almost gpr-closed[almost rg-closed] then gef is almost gpr-closed
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(i) Iffand g are r-irresolute then gef is almost gpr-closed
(iii) If fis r-irresolute and g is almost gpr-closed then gef is almost gpr-closed

Theorem 3.03: If f: X— Y is almost gpr-closed, then gpr(cl{f(A)}) c f(c{A})

Proof: Let Ac X and f:X— Y is gpr-closed gives f(cl{A}) is gpr-closed in Y and f(A) cf(cl{A}) which in turn
gives gpr(cHf(A)}) < gprel(f(cl{A})) 1)
Since f(cl{A}) is gpr-closed in Y, gprcl(f(ci{A})) = f(cl{A}) 2
combining (1) and (2) we have gpr(cl{f(A)}) < (f(cl{A})) for every subset A of X.

Remark 1: converse is not true in general.

Theorem 3.04: If f: X— Y is almost gpr-closed[almost rg-closed] and Ac X is regular-closed, then f(A) is Tgyr-
r-closed in'Y.

Proof: Let Ac X and f:X— Y is almost gpr-closed = gpr(cl{f(A)}) < f(cl{A}) which in turn implies gpr(cl{f(A)})
c f(A), since f(A) =f(cl{A}). But f(A) < gpr(c{f(A)}). Combining we get f(A) = gpr(cl{f(A)}). Hence f(A) is tgpr-
closedin'Y.

Corollary 3.01: (i)  If f: X— Y is almost rg-closed, then gpr(cl{f(A)}) < f(cl{A})
(i) If f: X—> Y is r-closed, then gpr(cl{f(A)}) c f(cl{A})
(iii) If f: X— Y is r-closed, then f(A) is tgpr-Closed in Y if A is closed[r-closed] set in X.

Theorem 3.05: If gpr(c{A}) = rg(cl{A}) for every Ac Y, then the following are equivalent:
(i) f:X— Yis gpr-closed map
(i) gpr(cKf(A)}) < f(c{A})

Proof: (i) = (ii)  follows from Theorem 3.2

(i) = (i) Let A be any closed set in X, then f(A) = f(cl{A}) > gpr(cK{f(A)}) by hypothesis. We have
f(A) < gpr(cKf(A)}). Combining we get f(A) = gpr(cl{f(A)}) = rg(cl{f(A)})[ by given condition] which = f(A) is
rg-closed and hence gpr-closed. Thus f is gpr-closed.

Theorem 3.06: f: X— Y is almost gpr-closed iff for each subset S of Y and each regular open set U containing -
Y(S), there is a gpr-open set \V of Y such that Sc V and f (V) c U.

Proof: Assume f is almost gpr-closed, ScY and UeRO(X) containing f "(S), then f(X - U) is gpr-closed in Y and
V=Y-f(X-U)isgpr-openinY.f%S)c U= Sc Vandf (V)= X —f (X -U)) = X-(X-U)=U.

Conversely let FeRO(X), then f *(f(F®))c F°. By hypothesis, there exists VeGPRO(Y) such that f(F< V and
f (V)  F and so Fc (f (V). Hence Vc f(F) c f[(f (V))°]c V¢ = f(F) < V, which = f(F) = V°. Thus f(F) is

gpr-closed in Y and therefore f is almost gpr-closed.

Remark 2: composition of two almost gpr-closed maps is not almost gpr-closed.
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Theorem 3.07: Let X, Y, Z be topological spaces and every gpr-closed set is r-closed in Y, then the composition of
two almost gpr-closed maps is almost gpr-closed.

Proof: Let A be regular closed in X = f(A) is gpr-closed in Y = f(A) is regular-closed in Y[by assumption] =
g(f(A)) is gpr-closed in Z = g+f(A) is gpr-closed in Z = gef is almost gpr-closed.

Theorem 3.08: If f is almost rg-closed; g is almost gpr-closed[almost rg-closed] and Y is r-Ty,, then gef is almost
gpr-closed.

Proof: (i)  Let A ber-closed in X = f(A) is rg-closed in Y = f(A) is r-closed in Y[since Y is r-Ty2] = g(f(A)) is
gpr-closed in Z = g<f(A) is gpr-closed in Z = gef is almost gpr-closed.

(if)  Since every g-closed set is rg-closed, this part follows from the above case.

Corollary 3.02: If f:X— Y is almost rg-closed; g:Y— Z is r-open and Y is r-Ty, then gef is almost gpr- closed.

Theorem 3.09: If f and g be two mappings such that gef is almost gpr-closed[almost rg-closed]. The following are
true

(i)  If fis continuous[r-irresolute] and surjective, then g is almost gpr-closed

(if)  If fis rg-continuous, surjective and X is r-Ty, then g is almost gpr-closed

Corollary 3.03: If f and g be two mappings such that gef is r-irresolute. Then the following are true
(i)  If fis continuous[r-irresoloute] and surjective, then g is almost gpr-closed
(i)  If fis rg-continuous, surjective and X is r-Ty;,, then g is almost gpr-closed

Theorem 3.10: If X is gpr-regular, f:X— Y is r-open, almost rg-continuous, almost gpr-closed surjection and
cl{A} = A for every gpr-closed set in Y, then Y is gpr-regular.

Proof: Let pe UeGPRO(Y), 3 xeX such that f(x) = p by surjection. Since X is gpr-regular and f is rg-continuous 3
Ve RGO(X) such that xe Vc cl(V)c f *(U) which implies pef(V)f(cl(V))c U )
Since f is gpr-closed, f(cl(V))c U is gpr-closed and cl{f(cl(V))} = f(cl(V)) and cl{f(cl(V))} = cKf(V)} 2
combining (1) and (2) pe f(V) < c{f(V)} < U and f(V) is rg-open. Hence Y is gpr-regular.

Corollary 3.04: If X is gpr-regular, f:X— Y is r-open, almost rg-continuous, almost gpr-closed surjection and
cl{A} = A for every rg-closed set in Y, then Y is gpr-regular.

Theorem 3.11: (i)  If fis almost gpr-closed[almost rg-closed] and AcRC(X), then fa is almost gpr-closed.
(i)  If fis almost gpr-closed[almost rg-closed], X is rTy, and AecRGC(X), then f, is almost gpr-closed.

Corollary 3.05: (i)  If fisr-closed and AeRC(X), then fa is almost gpr-closed.
(i) Iffisr-closed, X is rTy, and AcRGC(X), then f4 is almost gpr-closed.

Theorem 3.12: If fi: X; — Y; be almost gpr-closed [almost rg-closed] for i = 1, 2. Let f: X;x X; — Yix Y, be
defined as follows: f(Xy, X2) = (f1(X1), f2(X2)). Then f: X;x X; — Yix Y, is almost gpr-closed.
Proof: Let Uyx U, Xix X, where U; is r-closed in X; for i =1, 2. Then f(U;x Uy) = f1(U;) x f,(U,) a gpr-closed set
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in Y1xY,. Thus f(Uyx U,) is gpr-closed and hence f is almost gpr-closed.

Theorem 3.13: Let h: X — X;x X, be almost gpr-closed[almost rg-closed]. Let fi: X — X; be defined as: h(x) =
(X1, X2) and fi(x) = x;. Then fi: X — X; is almost gpr-closed for i = 1, 2.

Proof: Let U;x X, is r-closed in X;x X,, and h(U;x Xy) is gpr-closed in X. But f;(U;) = h(U;x X,), therefore f; is
gpr-closed. Similarly we can show that f, is also gpr-closed and thus f;: X — X; is almost gpr-closed for i = 1, 2.

Corollary 3.06: (i)  Iffi: Xi = Yiber-closed for i =1, 2. Let f: X;x X; — Yix Y, be defined as follows: (X1, X2)
= (fi(X1), f2(x2)). Then f: X;x X; — Yix Y, is almost gpr-closed.

(i) Leth: X — Xyx X, be r-closed. Let fi: X — X be defined as: h(x) = (x4, X2) and fi(X) = x;. Then f;: X — X is
almost gpr-closed for i =1, 2.

3. ALMOST GPR-OPEN MAPPINGS:

Definition 4.01: A function f: X— Y is said to be almost gpr-open if image of every r-open set in X is gpr-open in
Y

Note 4: By note 1 we have the following implication diagram.
Open map — g-open map — og-open map — gp-open map — gpr-open map

T 0

r-oopenmap —»> —> —> —> —> —> — — — [g-0pen map
However, we have the following converse part:
Note 5: If GPRO(Y) = RO(Y) we have the following diagram
Almost open map <> Almost g-open map <> Almost ag- open map <> Almost gp-open map <> Almost gpr-open map

N ™N
r-irresolute map <& < © & © O O O O O O oo o o o« Almost rg-open map
Example 4: Let X =Y = {a, b, c}; = = {9, {a}, {b}, {a, b}, X}. and o = {¢, {a}, Y} and let f: X— Y be defined as
f(a) = b; f(b) = c; f(c) = a, then f is al.gpr-open; al. rg-open but not al.g-open; al.gp-open; al.r-open; al.open; al.a.g-
open.

Theorem 3.01: If (Y, o) is a discrete space, then f is almost open of all types:

Example 5: Let X =Y = {a, b, c} and t = {¢, {b}, {a, b}, {b, c}, X}; o = p(Y) and let f:X— Y be defined as f(a)
=b; f(b) = a; f(c) = c, then f is al.gpr-open; al.rg-open; al.g-open; al.gp-open; al.ag-open; al.r-open; al.open.

Example 6: Let X =Y ={a, b, c} and 1 = o (X); o = {d, {b}, {a, b}, {b, c}, Y} and let f:X— Y be defined as f(a)
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=c; f(b) = a; f(c) = b, then f is al.gpr-open; al.rg-open; but not al.g-open; al.r-open; al.open.

Theorem 4.02: (i)  If fis almost open and g is almost gpr-open[almost rg-open] then gef is almost gpr-open
(i) If fand g are r-irresolute then gef is almost gpr-open
(iii) If fis r-irresolute and g is almost gpr-open then gef is almost gpr-open

Theorem 4.03: If f: X— Y is almost gpr-open, then f(A°) < gpr({f(A)}°)
Proof: Let Ac X and f:X— Y is almost gpr-open gives f(A°) is gpr-open in Y and f(A°) <f(A) which in turn
Givesgpr(f({A})° = gPI{T(A)Y) - - - - - === - oo oo (1)

Since f({A}°) is gpr-openin Y, gpr(f{A}°))° = f({A}°)-------------“ccommeeee oo - 2)
combaining (1) and (2) we have f(A°) < gpr({f(A)}°) for every subset A of X.

Remark 3: converse is not true in general.

Theorem 4.04: If f: X— Y is almost gpr-open[almost rg-open] and Ac X is r-open, then f(A) is tgr-0penin'Y.
Proof: Let Ac X and f:X— Y is almost gpr-open = gpr({f(A)}°) < f({A}°) which in turn implies gpr({f(A)}°) <
f(A), since f(A) =f({A}°). But f(A) < gpr({f(A)}°). Combining we get f(A) = gpr({f(A)}°). Hence f(A) is tqpr.0pen
iny.

Corollary 4.01: (i)  If f: X— Y is almost rg-open, then f{A}°) < gpr{f(A)}°)
(i) If f: X— Y is r-open, then f({A}°) < gpr({f(A)}°)
(iii) If f: X— Y is r-open, then f(A) is tgpr.0pen in Y if A is r-open set in X.

Theorem 4.05: If gpr({A}°) = rg({A}°) for every Ac Y, then the following are equivalent:
(i) f:X— Yis almost gpr-open map

(i) f{A}) < gpr({f(A)}°)

Theorem 4.06: f: X— Y is gpr-open iff for each subset S of Y and each regular open set U containing f *(S), there
is a gpr-open set V of Y such that Sc V and f (V) c U.

Proof: Assume f is almost gpr-open, Sc Y and U a regular open set of X containing f *(S), then f(X - U) is gpr-
openinYand V=Y -f(X-U)isgpr-openinY.f(S) cU=ScVandf (V)= X—-f*f(X-U) cX-(X-U)
=U.

Conversely let F be regular open in X, then f (f(F))c F°. By hypothesis, there exists VeGPRO(Y) such that
f(F)< V and f (V) c F® and so Fc (f *(V))®. Hence V°c f(F) < f[(f *(V))]c V° = f(F) = V¢, which = f(F) = V.
Thus f(F) is gpr-open in Y and therefore f is gpr-open.

Remark 4: composition of two gpr-open maps is not gpr-open.

Theorem 4.07: Let X, Y, Z be topological spaces and every gpr-open set is r-open in Y, then the composition of
two almost gpr-open maps is almost gpr-open.

-252-



Almost GPR-Closed and Almost GPR-Open Mappings

Proof: Let A be r-open in X = f(A) is gpr-open in Y = f(A) is r-open in Y[by assumption] = g(f(A)) is gpr-open
in Z = gf(A) is gpr-open in Z = gef is almost gpr-open.

Theorem 4.08: If f is almost rg-open; g is almost gpr-open[almost rg-open] and Y is r-Ty,, then gef is almost gpr-
open.

Proof:(i)  Let A be r-open in X = f(A) is rg-open in Y = f(A) is r-open in Y[since Y is r-T1,] = g(f(A)) is gpr-
open in Z = g+f(A) is gpr-open in Z = gef is almost gpr-open.

(if)  Since every g-open set is rg-open, this part follows from the above case.

Corollary 4.02: If f is almost g-open[almost rg-open]; g is r-open and Y is T1,{r-T,}, then gf is almost gpr-open.

Theorem 4.09: If f:X— Y; g:Y— Z be two mappings such that gef is almost gpr-open[almost rg-open]. Then the
following are true

(i)  If fisr-continuous[r-irresolute] and surjective, then g is almost gpr-open

(i)  If fis almost rg-continuous, surjective and X is r-Ty,, then g is almost gpr-open

Corollary 4.03: If f and g be two mappings such that gef is r-open. Then the following are true
(i) Iffisr-continuous and surjective, then g is almost gpr-open
(i)  If fis almost rg-continuous, surjective and X is r-Ty,, then g is almost gpr-open

Theorem 4.10: If X is gpr-regular, f:X— Y is r-open, almost rg-continuous, almost gpr-open surjection and A° = A
for every gpr-open set in Y, then Y is gpr-regular.

Proof: Let pe UeGPRO(Y), 3 xeX such that f(x) = p by surjection. Since X is gpr-regular and f is rg-continuous 3
Ve RGO(X) such that xe V°c V  f *(U) which implies pef(V°)cf(V)c U (1)
Since f is gpr-open, f((V)°)< U is gpr-open and {f(V°)} ° = f(V°) and {f(V°)}° = {f(V)}° 2
combining (1) and (2) pe{f(V)}° = f(V) < U and f(V) is rg-open. Hence Y is gpr-regular.

Corollary 4.04: If X is gpr-regular, f:X— Y is r-open, almost rg-continuous, almost gpr-open surjection and A° =
A for every rg-open set in Y, then Y is gpr-regular.

Theorem 4.11: (i) If f is almost gpr-open[almost rg-open] and AeRO(X), then f4 is almost gpr-open.
(i) If f is almost gpr-open[almost rg-open], X is rTy, and AcRGO(X), then f4 is almost gpr-open.

Corollary 4.05: (i) If fis r-open and AeRO(X), then fa is almost gpr-open.
(ii) If f: X—> Y is r-open, X is rTy, and AecRGO(X), then fa is almost gpr-open.

Theorem 4.12: If f;: X; — Y; be almost gpr-open [almost rg-open] for i = 1, 2. Let f: X;x X; — Yix Y, be defined
as follows: f(xy, X2) = (fi(X1), f2(X2)). Then f: X;x X; — Yi1x Y, is almost gpr-open.

Proof: Let Uyx U, Xyx X, where U; is r-open in X; for i = 1, 2. Then f(U;x U,) = f;(U;) x f,(U) a gpr-open set in
Y1xY,. Thus f(U;x U,) is gpr-open and hence f is almost gpr-open.
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Theorem 4.13: Let h: X — X;x X; be almost gpr-open[almost rg-open]. Let fi: X — X; be defined as: h(x) = (x,,
Xz) and fi(x) = xi. Then fi: X — X is almost gpr-open for i = 1, 2.

Proof: Let Uix X, is r-open in X;x X, and h(Uyx X;) is gpr-open in X. But fy(U;) = h(Uyx X5), therefore f; is
almost gpr-open. Similarly we can show that f, is also gpr-open and thus f;: X — X is almost gpr-open fori =1, 2.

Corollary 4.06: (i)  Iffi: Xj — Y;ber-openfori=1, 2. Let f: X;x X, — Y1x Y, be defined as follows: f(xy, o) =
(f1(X1), f2(x2)). Then f: X;x X; — Yix Y, is almost gpr-open.

(i) Let h: X — Xyx X, be r-open. Let fi: X — X; be defined as: h(x) = (x4, X2) and fi(x) = x;. Then fi: X — Xj is
almost gpr-open for i =1, 2.
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