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ABSTRACT:

The aim of this paper is to introduce and study the concept of slightly v-open mappings and the interrelationship between
other open maps.
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1. INTRODUCTION:

Mappings plays an important role in the study of modern mathematics, especially in Topology and Functional
analysis. Closed mappings are one such mappings which are studied for different types of closed sets by various
mathematicians for the past many years. A.S.Mashhour, M.E.Abd EI-Monsef and S.N.EI-Deeb studied preopen
mappings in the year 1982 and S.N.El-Deeb, and I.A.Hasanien defind and studied about preclosed mappings in the
year 1983. Further Asit kumar sen and P. Bhattacharya discussed about pre-closed mappings in the year 1993.
A.S.Mashhour, 1.A.Hasanein and S.N.EI-Deeb introduced a-open and a-closed mappings in the year in 1983,
F.Cammaroto and T.Noiri discussed about semi pre-open and semi pre-closed mappings in the year 1989 and
G.B.Navalagi further verified few results about semi pre-closed mappings. M.E.Abd EI-Monsef, S.N.EI-Deeb and
R.A.Mahmoud introduced pB-open mappings in the year 1983, S. Balasubramanian and P.A.S.Vyjayanthi [2011,
2012] introduced v-open and regular pre-open mappings. They further defined almost v-open mappings and also
introduced v-closed and Almost v-closed mappings. C.W. Baker [2011] studied slightly-open and slightly-closed
mappings. Inspired with these concepts and its interesting properties in this paper we tried to study a new variety of
closed maps called slightly v-closed and almost slightly v-closed maps. Throughout the paper X, Y means
topological spaces (X, 1) and (Y,o) on which no separation axioms are assured.

2.  PRELIMINARIES:

Definition 2.1: Ac X is said to be

a) regular open[pre-open; semi-open; a-open; B-open] if A = int(cl(A)) [A cint(cl(A)); Ac cl(int(A)); Ac
int(cl(int(A))); Ac cl(int(cl(A)))] and regular closed[pre-closed; semi-closed; a-closed; B-closed] if A =
cl(int(A))[cl(int(A)) < A; int(cl(A))< A; cl(int(cl(A)))< A; int(cl(int(A)))< A]

b) v-open if there exists a r-open set U such that U < A < cl(U).

c) g-closed[rg-closed] if cl(A)cU[rcl(A)cU] whenever AcU and U is open[r-open] in X.

d) g-open[rg-open] if its complement X - A is g-closed[rg-closed].

Remark 1: We have the following implication diagrams for open sets.
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ro-open—>  — —  —> v-0pen
T 2

r-open — open — a-open — semi-open — B-open

Definition 2.2: A function f:X-Y is said to be

a) continuous [resp: semi-continuous, r-continuous, v-continuous] if the inverse image of every open set is open
[resp: semi open, regular open, v-open].

b) irresolute [resp: r-irresolute, v-irresolute] if the inverse image of every semi open [resp: regular open, v-open]
set is semi open [resp: regular open, v-open].

c) open[resp: semi-open,r-open] if the image of every open set is open[resp: semi-open, regular-open].

d) g-continuous [resp: rg-continuous] if the inverse image of every closed set is g-closed [resp: rg-closed].

Definition 2.3:X is said to be v-regular space (or v-Ts space) if for a open set F and a point x¢F, there exists
disjoint v-open sets G and H such that F < G and xeH.

Definition 2.4: X is said to be T1,,[r-Ty;] if every (regular) generalized closed set is (regular) closed.

3. SLIGHTLY v-OPEN MAPPINGS:

Definition 3.1: A function f: X—Y is said to be

(i) slightly v-open if the image of every clopen set in X is v-openin Y.

(ii) almost slightly v-open if the image of every r-clopen set in X is v-openin Y.

Theorem 3.1:Every slightly v-open map is almost slightly v-open but not conversely.
Proof: Let AcX be r-clopen, then AcX is clopen = f(A) is v-open in Y since f is v-open = f(A) is v-open in Y.
Hence f is almost slightly v-open.

Note 1: We have the following implication diagrams for slightly open mappings.
i) sl.ra..open.map - — - sl.v.open.map

T \

sl.r.open.map — sl.open.map — sl.a..open.map — sl.s.open.map — sl.f.open.map

ii) al.sl.ro.open.map  — - - al.sl.v.open.map
) \!

Al.sl.r.open.map — al.sl.open.map — al.sl.a.open.map — al.sl.s.openmap — al.sl.3.open.map

None is reversible.

Example 1: Let X=Y = {a, b, c}; 1= {o, {a}, {a, b}, X}; 6 = {o, {a, c}, Y}. Let f:X—Y be defined f(a) = c, f(b) = b
and f(c) = a. Then f is slightly v-open.and almost slightly v-open.
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Example 2: Let X =Y = {a, b, ¢}; 1= {0, {a}, {b, c}, X}; 6= {09, {a,c}, Y}. Let f:X—Y be defined f(a) = b, f(b) =c
and f(c) = a. Then f is not slightly v-open and not almost slightly v-open.

Note 2: We have the following implication diagram.

i) Contra v-closed — Slightly v-open — v-open
\ \ 2
Almost Contra v-closed — Almost Slightly v-open — Almost-v-open

None is reversible.

Example 3: Let X =Y = {a, b, ¢}; 1= {0, {a}, {a, b}, X}; 0= {09, {a,c}, Y}. Let f:X—>Y be defined f(a) = ¢, f(b) =b
and f(c) = a. Then f is slightly v-open, almost slightly v-open but not v-closed, v-open, contra-v-open and contra-v-
closed.

Example 4: Let X =Y = {a, b, ¢}; 1= {0, {a}, {b}, {a, b}, X}; 0= {0, {a}, {b, ¢}, Y}. Let f:X—Y be defined f(a) =
b, f(b) = ¢ and f(c) = a. Then f is slightly v-open, almost slightly v-open but not almost v-closed, almost v-open,
almost contra-v-open and almost contra-v-closed.

Theorem 3.2:

(1) IfRaO(Y)=vO(Y) then f is [almost-]slightly ra-open iff f is [almost-]slightly v-open.
@ii) IfvO(Y) = RO(Y) then f is [almost-]slightly r-open iff f is [almost-]slightly v-open.
(i) 1f vO(Y) = aO(Y) then f is [almost-]slightly a-open iff f is [almost-]slightly v-open.

Example 5: Let X =Y = {a, b, ¢}; 1= {0, {a}, {a,b}, X}; 6= {0, {a, c}, Y}. Let f:X—Y be defined f(a) = c, f(b) = b
and f(c) = a. Then f is slightly pre-open, slightly v-open, slightly -open, slightly open, slightly o-open, slightly ro.-
open, slightly semi-open and slightly r-open.

Example 6: Let X =Y = {a, b, c}; T = {0, {a}, X}; 6 = {0, {a}, {a, b}, Y}. Let f:2X—Y be defined f(a) = a, f(b) = ¢
and f(c) = b. Then f is slightly open, slightly pre-open, slightly g-open, slightly a-open, slightly ra-open, slightly
semi-open, slightly v-open and slightly r-open.

Example 7: Let X =Y = {a, b, c}; 1= {0, {a}, {b}, {a, b}, X}; 6= {0, {a}, {b}, {a, b}, Y}. Assume f: X—Y be the
identity map. Then f is slightly open, slightly pre-open, slightly s-open, slightly a-open, slightly semi-open, slightly
ra-open, slightly v-open and slightly r-open.

Theorem 3.3: If f is [almost-]slightly open and g is v-open then gof is [almost-]slightly v-open.
Proof: Let AcX be r-clopen = f(A) is open in Y = g(f(A)) is v-open in Z = g o f(A) is v-open in Z.Hence gof is
slightly v-open.
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Theorem 3.4: If f is [almost-]slightly open and g is r-open then gof is [almost-]slightly v-open.
Proof: Follows from Remark 1 and Theorem 3.3.

Theorem 3.5: If f and g are [almost-]slightly r-open then gof is [almost-]slightly v-open.
Proof: Let AcX be r-clopen = f(A) is r-open in Y= f(A) is open in Y = g(f(A)) is r-open in Z = g o f(A) is v-
open in Z. Hence gof is [almost-]slightly v-open.

Theorem 3.6: If f is [almost-]slightly r-open and g is v-open then gof is [almost-]slightly v-open.
Proof: Let AcX be r-clopen = f(A) is r-open in Y = f(A) is open in Y = g(f(A)) is v-open in Z = g o f(A) is v-
open in Z. Hence g o f is [almost-]slightly v-open.

Theorem 3.7: If f is [almost-]slightly open and g is ra-open then g o f is [almost-] slightly v-open.
Proof: Let AcX be r-clopen = f(A) is open in Y = g(f(A)) is ra-open in Z = g o0 f(A) is v-open in Z = g o f(A) is
v-open in Z. Hence gof is [almost-]slightly v-open.

Corollary 3.1:

a) If fis [almost-]slightly open[[almost-]slightly r-open] and g is [almost-]v-open then gof is [almost-]slightly
semi-open and hence [almost-]slightly B-open.

b)  If fis [almost-]Jslightly r-open and g is [almost-]ra-open then gof is [almost-]slightly semi-open and hence
[almost-]slightly B-open.

Theorem 3.8: If f: X— Y is [almost-]Jslightly v-open, then f(A%)c v(f(A))°

Proof: Let Ac X be r-clopen and f: X— Y is slightly v-open gives f(A°) is v-open in Y and f(A°)<f(A) which in
turn gives V(f(A°)°c v(f(A))° - - - (1)

Since f(A°) is v-open in Y, v(f(A%))° = f(A°) - - - - - - - - - - - 2

combining (1) and (2) we have f(A%)< v(f(A))° for every subset A of X.

Remark 2: Converse is not true in general.

Corollary 3.2: If f: X— Y is [almost-]slightly r-open, then f(A°)< v(f(A))°

Theorem 3.9: If f:X—Y is [almost-]slightly v-open and AcX is r-clopen, f(A) is t,.openin Y.

Proof: Let AcX be r-clopen and f:X—Y is slightly v-open = f(A°)< v(f(A))° = f(A) < v(f(A))°, since f(A) = f(A°).

But v(f(A))°c f(A). Combining we get f(A) = v(f(A))°. Therefore f(A) is t,.openinY.

Corollary 3.3: If f:X—Y is [almost-]slightly r-open, then f(A) is 7, open in Y if A is r-clopen set in X.
Proof: Follows from Remar 1, Theorem 3.8 and Theorem 3.9.
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Theorem 3.10: If v(A)° = r(A)° for every Ac Y, then the following are equivalent:
a) f: X— Y is [almost-]slightly v-open map
b) f(A%)= v(f(A))°
Proof: (a) =(b) follows from theorem 3.8.

(b) = (a) Let A be any r-clopen set in X, then f(A) = f(A°)c v(f(A))° by hypothesis. We have f(A) <
V(f(A))°. Combining we get f(A) = v(f(A))° = r(f(A))°[ by given condition] which implies f(A) is r-open and hence v-
open. Thus f is v-open. Therefore f is [almost-]slightly v-open.

Theorem 3.11: f:X—Y is [almost-]slightly v-open iff for each subset S of Y and each r-clopen set U containing f~
1(S), there is an v-open set V of Y such that ScV and f*(V) < U.
Proof: Assume f:X—Y is [almost-]slightly v-open. Let ScY and U be a r-clopen set of X containing *(S). Then X-
U is open in X and f(X-U) is v-open in Y as f is [almost-Jslightly v-open and V=Y- f(X-U) is v-open in Y. f (S)cU
= Scf(U) = ScV and f (V) = f (Y- f(X-U)) = f 1(Y)- £ (f (X-U)) = £ (Y)-(X-U) = X-(X-U) = U

Conversely Let F be r-clopen in X = F° is clopen. Then f *(f (F%) < F°. By hypothesis there exists an v-
open set V of Y, such that f (F®) <V and f *(V)oF°and so F < [f (V)]%. Hence V¢ < f (F) < f [f (V)] < V= f (F)
< V= f (F) = V°. Thus f(F) is v-open in Y. Therefore f is [almost-]slightly v-open.

Remark 3: Composition of two [almost-]slightly v-open maps is not [almost-]slightly v-open in general.

Theorem 3.12: Let X, Y, Z be topological spaces and every v-open set is open [r-open] in Y. Then the composition
of two [almost-]slightly v-open[[almost-]slightly r-open] maps is [almost-]slightly v-open.

Proof: (a) Let f:X—Y and g:Y—Z be slightly v-open maps. Let A be any clopen set in X = f(A) is open in Y (by
assumption) = g(f (A)) is v-open in Z = g o f(A) is v-open in Z. Therefore gof is slightly v-open.

Example 8: Let X =Y =Z = {a, b, c}; 1= {0, {a}, {a, b}, X}; 6 = {0, {a, ¢}, Y} and n = {o, {a}, {b, ¢}, Z}.
f:X—Y be defined f(a) = ¢, f(b) = b and f(c) = a and g:Y—Z be defined g(a) = b, g(b) =a and g(c) = c, then g, fand g
o f are slightly v-open.

Theorem 3.13: If f:X—Y is [almost-]slightly g-open, g:Y—Z is v-open [r-open] and Y is T, [r-Ty] then gof is
[almost-]slightly v-open.

Proof: (a) Let A be a clopen set in X. Then f(A) is g-openset in Y = f (A) isopeninY as Y is Ty,= g(f (A)) is v-
open in Z since g is v-open = gof (A) is v-open in Z. Hence gof is slightly v-open.

Corollary 3.4: If f:X—Y is [almost-]slightly g-open, g:Y—Z is v-open [r-open] and Y is Ty, [r-Ty] then gof is
[almost-]slightly semi-open and hence [almost-]slightly B-open.

Theorem 3.14: If f:X—Y is [almost-]slightly rg-open, g:-Y—Z is v-open [r-open] and Y is r-Ty, then gof is [almost-
]slightly v-open.
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Corollary 3.5: If f:X—Y is [almost-]slightly rg-open, g:Y—Z is [almost-]Jv-open [[almost-]r-open] and Y is r-Ty,
then g o f is [almost-]slightly semi-open and hence [almost-]slightly B-open.

Theorem 3.15: If f:X—Y, g:Y—Z be two mappings such that gof is [almost-]slightly v-open [[almost-]slightly r-
open] then the following statements are true.

a) Iffis continuous [r-continuous] and surjective then g is [almost-]slightly v-open.

b)  If fis g-continuous, surjective and X is Ty, then g is [almost-]slightly v-open.

c) Iffisrg-continuous, surjective and X is r-Ty, then g is [almost-]slightly v-open.

Proof: (a) Let A be a clopen set in Y = f*(A) is open in X = (g o f)(f'(A)) is v-open in Z = g(A) is v-open in Z.
Hence g is slightly v-open.

Similarly one can prove the remaining parts and hence omitted.

Corollary 3.6: If f:X—Y, g:-Y—Z be two mappings such that gof is v-open [r-open] then the following statements

are true.

a) If fis continuous [r-continuous] and surjective then g is [almost-]Jslightly semi-open and hence [almost-
]slightly B-open.

b)  Iffis g continuous, surjective and X is Ty, then g is [almost-]slightly semi-open and hence [almost-]slightly -
open.

c) Iffisrg-continuous, surjective and X is r-Ts, then g is [almost-]slightly semi-open and hence [almost-]slightly
[B-open.

To prove the following theorem we use the following Definition.

Theorem 3.16: If X is v-regular, f:X—Y is r-open, r-continuous, [almost-]slightly v-open surjective and A° = A for
every v-open set in Y then Y is v-regular.

Proof: Let peUevO(Y), 3 a point xeX > f(X) = p by surjection. Since X is v-regular and f is nearly-continuous, 3
VeRC(X) > xeV°c Ve f1(U) which implies pe f(V)c f(V) cU---------- 1)

for f is v-open, f(V°)< U is v-open. By hypothesis f(V°)° = f(V°) and f(V°)° = {f(V)}°-------- (2)

combaining (1) and (2) pe f(V)°c f(V) < U and f(V) is r-closed. Hence Y is v-regular.

Corollary 3.7: If X is v-regular, f:X—Y is r-open, r-continuous, [almost-]Jslightly v-open, surjective and A° = A for
every r-open set in Y then Y is v-regular.

Theorem 3.17: If f:X—Y is [almost-]slightly v-open [[almost-]slightly r-open] and A is a open set of X then
fa:(X,t(A))—(Y,0) is [almost-]slightly v-open.

Proof: Let F be a clopen set in A. Then F = ANE for some open set E of X and so F is open in X = f(A) is v-open
in Y. But f(F) = fa(F). Therefore fy is slightly v-open.
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Corollary 3.8: If f:X—Y is [almost-]slightly v-open [[almost-]slightly r-open] and A is a open set of X then
fa:(X,t(A))—(Y,0) is [almost-]slightly semi-open and hence [almost-]slightly $-open.

Theorem 3.18: If f:X—Y is [almost-]slightly v-open [[almost-]slightly r-open], X is Ty, and A is g-open set of X
then fa:(X,1(A))—(Y,0) is [almost-]slightly v-open.

Proof: Let F be a clopen set in A. Then F = ANE for some open set E of X and so F is open in X = f(A) is v-open
in Y. But f(F) = fa(F). Therefore f, is slightly v-open.

Corollary 3.9: If f:X—Y is [almost-]slightly v-open [[almost-]slightly r-open], X is Ty, A is g-open set of X then
fa:(X,t(A))—(Y,0) is [almost-]slightly semi-open and hence [almost-]slightly B-open.

Theorem 3.19: If fi:X;—Y; be [almost-]slightly v-open [[almost-]slightly r-open] for i =1, 2. Let f: X;xX,—Y1xY; be
defined as f(x1,Xz) = (fi(X1), f2(X2)). Then f:X;xX,—Y1xY is [almost-]slightly v-open.

Proof: Let UixU, < X;xX; where U; is clopen in X; for i = 1,2. Then f(UxU,) = fi(Uy) X fo(Uy) is v-open set in
Y1xY,. Hence f is slightly v-open.

Corollary 3.10: If fi:Xi—Y; be [almost-]slightly v-open [[almost-]slightly r-open] for i =1,2. Let f:X;xX,—Y1XY; be
defined as f(xg,X2)=(f1(X1), f2(X2)), then f:X;xX,—Y1xY, is [almost-]slightly semi-open and hence [almost-]slightly -
open.

Theorem 3.20: Let h:X—X;xX; be [almost-]slightly v-open. Let fi:X—X; be defined as h(x) = (X1,X2) and fi(x) = x;.
Then fi: X—X;is [almost-]slightly v-open for i =1, 2.

Proof: Let U; be r-clopen in X, then UxX; is r-clopen in X;x X,, and h(U;x X) is v-open in X. But fy(U;) = h(Uyx
X»), therefore f; is slightly v-open. Similarly we can show that f; is also slightly v-open and thus f;:X—X; is slightly
v-open fori=1, 2.

Corollary 3.11: Let h: X—X;xX; be [almost-]slightly v-open. Let fi; X—X; be defined as h(x) = (X1, X,) and fi(x) =
Xi. Then fi: X—X;is [almost-]slightly semi-open and hence [almost-]slightly p-open for i =1,2.

CONCLUSION:
In this paper we introduced the concept of slightly v-open and almost slightly v-open mappings, studied their basic
properties and the interrelationship between other slightly open maps.
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