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ABSTRACT:

A method has been developed for fitting of a mathematical curve to numerical data based on the application of the least
squares principle separately for each of the parameters associated to the curve. The method has been termed as step-wise
least squares method. In this paper, the method has been presented in the case of fitting of a polynomial curve to observed
data.
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1. INTRODUCTION:

The method of least squares is indispensible and is widely used method for curve fitting to numerical data. The
method of least squares was first discovered by the French mathematician Legendre in 1805 [Mansfield (1877),
Paris (1805)]. The first proof of this method was given by the renowned statistician Adrian (1808) followed by its
second proof given by the German Astronomer Gauss [Hamburg (1809)]. Apart from these two proofs as many as
eleven proofs were developed at different times by a number of mathematicians viz. Laplace (1810), Ivory (1825),
Hagen (1837), Bassel (1838), Donkim (1844), Herscel (1850), Crofton (1870) etc.. Though none of the thirteen
proofs is perfectly satisfactory but yet it has given new dimension in setting the subject in a new light.

In fitting of a curve by the method of least squares, the parameters of the curve are estimated by solving the normal
equations which are obtained by applying the principle of least squares with respect to all the parameters associated
to the curve jointly (simultaneously). However, for a curve of higher degree polynomial and / or for a curve having
many parameters, the calculation involved in the solution of the normal equations becomes more complicated as the
number of normal equations then becomes larger. Moreover, In many situations, it is not possible to obtain normal
equations by applying the principle of least squares with respect to all the parameters jointly. These lead to think of
searching for some other method of estimating the parameters. For this reason, a new method of fitting of a curve
has been framed of which is based on the application of the principle of least squares separately for each of the
parameters associated to the curve. This paper is based on this method with respect to the fitting of a polynomial
curve.

The problem in this study can be summarized as follows:

Let the polynomial curve which is to be fitted to the n pairs of observations

f(x;, v; v 1i=1,2,........ ,n}

on (X, Y) where Y is a variable dependent on the variable X, be
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Y=ap+a X+a, X2+ oo, G

whereareag, 81,82, -........ , & the parameters.

Then the normal equations for estimating these (k + 1) parameters obtained by applying the principle of least
squares with respect to the parameters jointly are:

> W =Zn: ap + alzj2 X; + <’:1sz2 X2 H tacy X
i=1

=l =l =l

> X =aozn: Xi + ﬁllia X +azzﬂ X2+ tac >y XK
i i=1

i1 i1 il
> XY =a Zn: X+ a Zﬂ X;° + a Zﬂ Xt + a Zﬂ x4
i i=1 il i=l i

Now, a method will be presented which describes how to fit the polynomial curve by applying the principle
of least squares separately for each of the parameters. The method will be called step-wise least squares method.

2. VITAL FACT - ONE THEOREM:
Let

be n observations satisfying the model
Yi=H+E (21)

where (i) W is the true part of y; (can be called the parameter of the model)
and (ii) e; is the error associated to y;.
The problem here is to determine the least squares estimate of the true value / parameter .
If we want to apply the principle of least squares to estimate ., we are to minimize S with respect to pwhere

5= e’=Y (i-w (2.2)
i=1 i=1
Minimizing S with respect to L, the least squares estimate of p is found as
1.
- Z Yi (2.3)
n i=1

Thus, the following result is obtained:
Theorem (2.1): If the observations

Yis Y2, coveiiiiiiiiiniiin, » Yn
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satisfy the model
Vi=H g , (=1,2, .. , N)
where [ is the true part of y; and e; is the error associated to y;, then the least squares estimator of the parameter p

n

i 1 F.
is nz ¥i.

i=1

3. METHOD OF ESTIMATION OF PRAMETERS:
Suppose, the polynomial in X of degree n namely
Y=agtas X+a X%+ .o, +a X, a#0 (3.1)
(Where ag,a3,82, ccocvvevennnnnn. , @ are parameters),
is to be fitted on the n pairs of observations
{(x;,v; )1 1=1,2, ... ,n}
on (X, Y).

The problem here is to determine the parameters on the basis of the observations.

Here, the notations / operator A is used to define A f(x;) as
A (i) = f(xi+1) - f(x) .

In particular,

AXi = Xiv1-X & AYi = Yi+1-Vi

i.e. A operates over the suffix variable.

Also, the notation R{g(.) : h(.)} is used to describe the ratio of g(.) and h(.). For example,

Ay,
R{AV; : AX;} = —
AX,

Now, let
Vo = Vo (X1, Xy evneee s Xn DY, Vi, V),
Vi = Vi (X1, Xgy eenneee s Xn DY, Vi, V),
Vi = Vie(Xa, X cenenene s X DY, Y, Yn)

respectively obtained by the application of the principle of least squares separately for the parameters. Then the
curve, fitted by this method, will be

Y=o+ X+ Vo X2+ o, + v X (3.2)
Since the n pairs of values of (X, Y) may not lie on the fitted curve, the observed values satisfy the equations
VisVo+ Vi X + Vo X2+ VXK e (3.3)
(i=1,2,3, e, ,Nn)
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where ¢g; is the deviation of the observed value V; from the corresponding value
V0+V1xi+V2x12+V3x1‘3+ ................. +ka1'k

of Y yielded by the fitted curve.

This yield
AVi =ViAX; +Voa AX 2+ v AXS+ +V AX+ Ae
from which one obtains that

Vi) = v+ vo XA +vs X3+ ... +v X:4Q) + (1)
where

Vi) =R{AY; : AX;},
Xl-r(l) = R{A Xl-r AN Xl}

r=2,3, .cooeeenin. , K)

& e(l)= R{Ae : AX;}

(i=1,2.3, oo, ,n-1).

This again yield

AV;(D) = Vo A X2 (D) + Ve AX S (D) + v +Vv A X (1) + Aei(d)
e, Vi) =vo+vs X 32)+ oo +v X;Q) +&i(2)

where

Vi(2) = R{AY:(1) : AX(1)},
X;'(2) = R{A X;'(1) : A X;%(1)}

(r=3,4, ....cc...... , k)
& e(2) = R{Ae(l): AX;*(1)}
(i=1,2,3, .cceennnnn ,N-2).
This further yield

AV;(2) =vs AXPQ)+ oo, + Vi AX;42) + Aei(2)
ie. ViB) =va+Vvs X 'R)+ oeeviinni, + v X:53) + &i3)
where

Yi(3) = R{AYi(2): AX: ()},
X;'3) =R{A X;'(2) : AX;*(2)}
(r=4,5, .....cc...... , k)
& e(3)= R{re(2): AX;*(2)}
(i=1,2,3, .coennnnn. ,Nn-3).
At the s step, one obtains that
AVi(s-1)=Vvs AX3- 1)+ oo +VAX; s-1) +Aei(s-1)
e Vi(s)=Vs +Veur X:HO)+ i, + v X;46) + eis)
where
Yi(s) = R{AVi(s-1): AX;%s- 1)},

X;'(s) = R{A X;(s- 1) : AX;%(s- 1)}
-18-

(3.4)

(3.5)

(3.6)

(3.7)



Curve Fitting: Step-Wise Least Squares Method

(r=s+1,s+2, ..c..cc.... , K)
& e(s)= R{Ae(s-1): AX;%s-1)}
(i=1,2,3, coeeennnn. ,N-9).

At the (k—1)" step, one obtains that
AVi(k-2) = Vit AX; k- 2) + vie A XMk - 2) + Aeik - 2)
e, Vi(k-1) = v+ v X5k-1) + ei(k- 1)

where Vi(k-1) =R{AV:(k-2): AX;* (k- 2)}
& ek-1) = R{ae(k-2) 1 Ax;*'(k-2)}
(=1,2,3, oo, n—k +1).

Finally, at the k™ step one obtains that
AVi(k-1) = v A X5k - 1) + A gi(k - 1)
i.e Vi (k) = W+ ei(k)

where Vi(k) = R{AV;(k-1): AX;*k-1)}
& eik)= R{Ae(k-1) : AXx;k-1)}
(=1,2,3, o, n-K

This is of the form (2.1).
Therefore by Theorem (2.1),

Vi = Vi (X1, Xty vneennn JXn D YL Y . Yn)
1

- — z Vi
Also from (3.8), one obtains that

Yik-1) -vie X' (k-1)= vy + eik-1)
This is also of the form (2.1).
Therefore by the same theorem,

Vet = Ve n(Xa, Xa, coeeeen X D YL YL . Yn)
1 n—k+1 v
DR > AVi(k-1) - w X'(k- 1)}
- i=1

Similarly from the equation obtained at the (k—2)™ step, one obtains that
Yilk-2) - vicr %5 H(k-2) - vie X*(k-2) = vip + ei(k-2)

This is also of the form (2.1).

Therefore by the same theorem,

(3.8)

(3.9)

(3.10)

(3.12)

(3.12)

(3.13)

(3.14)

Vo2 = Vi (X, Xo, ooenne > Xn D Y1, Y, . Yn)
1 n—k+2
= — k- 2) - w1 X6k - 2) - v Xfko- 2
Tz 2 O 2w 52w K- 2)
Applying the same technique at the earlier steps successively, one can obtain the estimators of the parameters as
follows:
Vs = Vs (X1, Xty eovnnne JXn D YL YL . Yn)
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1 on-s . .
" s > i) - Vo1 XKTHS) - Vswo XTHS) - -V X;(9)} (3.15)
- i=1
Vso1 = Vso1 (X1, Xy evnnnnnn s Xn D YL YL . Yn)
1 n—s+1
=S Vi 1) Ve X5 1) - Ver T 1) -
n - S + 1 i=1
....... -V X (s- 1)} (3.16)
Vi = Vi (Xe, X1, e Xn DY YL . Yn)
1 n-1
Tno1 > ) -ve X (1) -vs X3) - ... -vie X%} (3.17)
4=
Vo = Vo(X1, X1, ooennen. X D YL Y1 Yn)
= S Vi-viX v Xt - -V X4} (3.18)
i=1
Note:
In this method, the estimates of the parameters are to be computed in the following order:
First, estimate v, of the parameter ay ,
Then, estimate vy -, of the parameter a1,
next, estimate v of the parameter as
next, estimate v; ., of the parameter as .1,
next, estimate v, of the parameter a,,
finally, estimate v, of the parameter a,.
Special Cases
Case -1 (Fitting of a linear curve):
If the curve Y = f(X) is linear of the form
Y=ay+a X (3.19)
where ay & a; are the parameters, the estimators
Vo = Vo (X1, X1, «evnenn JXn D YL YL . Yn)
& Vi =Vi(X1, X1, connnn, JXn DYDY . Yn)
of the parameters a, & a; respectively will be as follows:
1 n-1
vi= —— > Vi(1) (3.20)
4=
1.
& Vo= " Vi —Vv1X;) (3.21)
i=1
where ¥;(1)= R{AY;: AX;},(i=1,2,3, ......... , n—k +1).
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Case - 2 (Fitting of a quadratic curve):
If the curve Y = f(X) is linear of the form

Y=ap+a; X+a, X° (3.22)
where ao , a; & a, are the parameters, the estimators
Vo = Vo (X1, X1, nneeee. X YL Y . Yn),
V1=V1(X1,X1, -------- s Xn o Y1, Y, ,Yn)
& V2 = Vo (Xe, Xa,y oeneee JXn D YL Y . Yn)
of the parameters a, , a; & a, respectively will be as follows:
1 n-=2
Vo= ——— Vi(2) (3.23)
n-2 i=1
1 n-1 5
vi= —— > V@) — v 7)) (3.24)
n-1 i=1
Vo = H Z {_}Ji — Vi Xl- — Vo Xl-z} (325)
i=1
where V;(1) = R{AV; : AX;} (i=1,2,3, ......... , h—1),
X2 =R{AX;?: AX;)Y, (i=1,2,3, ... , n—1)
& Vi(2) =R{AV;(1): AX D)}, (i=1,2,3, ... , n—2).

Case - 5 (Fitting of a cubic curve):
If the curve Y = f(X) is linear of the form

Y=ap+ay X+a, X2+asX?® (3.26)
where ag , a; , a, & azare the parameters, the estimators
Vo= Vo (X1, X1, «enenn. JXn YL Y . Yn),
Vi=Vi(Xe, Xy eenenn JXn YL Y . Yn),
V2 = Vo (Xe, Xy oenenn JXn YL Y . Yn)
& V3=V3(Xe, Xgy oennnnn JXn DY Vi . Yn)
of the parameters ao , a1 , @, & asrespectively will be as follows:
1 n-3
Va=—— > ¥i(3) (3.27)
n-3 i=1
1 n-2 3
Vo= —— »  {Vi(2)-vs X;°(2)} (3.28)
n-2 i=1
1 n-1 ) 3
=T > @) -ve X5(1) - va X (1)} (3.29)

i=1
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1.
Vo= EZ (yi-a-ax - ain2 - 33Xi3)

i=1
where V;(1)= R{AV;: AX;} (i=1,2,3, .........
Xl-z(l):R{AXl-Z: Axi}! (i:1,2,3, .........
Xl-s(l):R{Axl-g’: Axi}! (i:1,2,3, .........

X% =R{A X 1) : AXA(D} (=1,2,3, ..
Vi) =R{AV;(1): AX;? (D)}, (i=1,2.3, ...
& V;(3)= R{AV;(2): AX;*(2)}, (i=1,2,3, ...

4. NUMERICAL EXAMPLES:

Example 4.1: Consider the problem of fitting of the linear curve

Y=a+a X
(where ay & a; are the parameters)
to the following observations on X and Y:

(3.30)

Xi 0 5 7 10 16 20 21 31 40
yi - 2 17 24 33 51 63 64 94 123
In order to determine the estimates of a; & a, the following table (Table - 4.1) is to be prepared:
Table-4.1
1) ) @) (4) (©) (6)
X; Vi A X; AY; Vi(1) Vi —viX; with
v; = 3.001234568
0 2 5 17 3.4 -1.001234568
17 2 3.5 1.993827160

7 24 3 9 3 2.991358024

10 33 6 18 3 2.987654320

16 51 4 12 3 2.980246912

20 63 1 2 2 2.975308640

21 65 4 12 3 1.974074072

25 77 6 18 3 1.969135800

31 95 9 28 3.1111111 1.961728392

40 123 2.950617280

Total Total Total Total

=175 =550 =27.0111111 = 24.78305064

9

Now, —vi= % 2, Vi) = 3001234568
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10
&vg= — (V; — v1 X;) = 2.478305064
10 4=
Thus the linear curve fitted to the observations becomes

Y = 2.478305064 + 3.001234568 X

Example 4.2: Consider the problem of fitting of the quadratic curve
Y=ag+a; X+a,X?

(where ay . a; & a, are parameters)

to the following observations on X and Y:

Xi . 0 1 3 4 7 8 10 12
yi 5 9 19 30 69 84 124 175
In order to determine the estimates of a, , a; & a,, the following table (Table - 4.2) is to be prepared:
Table - 4.2
1) ) ®) (4) ®) (6) () (8)
X; Vi AX; |AX? | AV X0 [y | Ax)
0 5 1 1 4 1 4 3
1 9 2 8 10 4 5 3
3 19 1 7 11 7 11 4
4 30 3 33 39 11 13 4
7 69 1 15 15 15 15 3
8 84 2 36 40 18 20 4
10 124 2 44 51 22 25.5
12 175
Total = 45
Table - 4.2 continued
©9) (10) (11) (12)
AYi(1) | Y:(2) Vi(1) = vo Xi%(1) Vi - oviXg = X’
with with
v, =1.063 v; =1.512
& v,=1.063
1 0.333333333 2.937 5
6 2 0.748 6.425
2 0.5 3.559 4.897
2 0.5 1.307 6.944
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Now,

5 1.666666666 - 0.945 6.329
5.5 1.375 0.866 3.872
2.114 2.588
3.784

Total = 6.375 Total = 10.586 Total = 39.839

Mo

<
N
|

Vi) =1.063,

Il
5N

{vV:(1) — v, X;%(1)} =1.512

Il
4N

& Vo= (Vi -a - ai1X - aX2-agx’)=4.98

M-

Il
LN

<
S
I

©|~ NP o
M-~

Thus the quadratic curve fitted to the observations becomes

@)

)
®3)

(4)

A o b P oo

© o N o &

Y =4.98 +1.512 X + 1.063 X?

CONCLUSION:

The method developed in this paper is based on the application of the principle of least squares with respect
to the parameters separately while the usual method of least squares is based on the application of the
principle of least squares with respect to the parameters jointly.

The method is suitable for fitting of a polynomial curve of any finite order.

It is yet to be investigated whether this method can be applicable to a curve other than polynomial curve
to observed values.

It is yet to be searched for whether the estimates of parameter obtained by this method and those obtained by
solving the normal equations of the curve under study are identical.
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