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ABSTRACT 

In the present paper, we adopt the homotopy analysis method (HAM) to obtain solutions of linear and nonlinear space-time 

fractional Fokker–Planck equations (FPE). Both the fractional derivatives are described in the Caputo sense. Solution of 

some particular linear and nonlinear space fractional FPE and time fractional FPE have also been obtained as special 

cases of our main result. 

Key words and phrases: Homotopy analysis method, Fokker-Planck equation, Caputo fractional derivative, Riemann-

Liouville fractional integral operator. 

 

1. INTRODUCTION  

The Fokker–Planck equation (FPE), first applied to investigate Brownian motion [5] and the diffusion mode of 

chemical reactions [17], is now largely employed, in various generalized forms, in physics, chemistry, engineering 

and biology [42]. The FPE arises in kinetic theory [7], where it describes the evolution of the one-particle 

distribution function of a dilute gas with long-range collisions, such as a Coulomb gas. For some applications of 

this equation one can refer the works of He and Wu [12], Jumarie [14], Kamitani and Matsuba [15], Xu et al. [47] 

and Zak [49]. The general FPE for the motion of a concentration field  ,u x t  of one space variable x at time t has 

the form [42] 

     
2

2
,

u
A x B x u x t

t x x

   
   

   
, (1) 

with the initial condition given by 

   ,0 ,u x f x x  , (2) 

where   0B x   is called the diffusion coefficient and  A x  is the drift coefficient. The drift and diffusion 

coefficients may also depend on time. Mathematically, this equation is a linear second-order partial differential 

equation of parabolic type. Roughly speaking, it is a diffusion equation with an additional first-order derivative 

with respect to x. 

There is a more general form of Fokker–Planck equation which is called the nonlinear Fokker–Planck equation. 

The nonlinear Fokker–Planck equation has important applications in various areas such as plasma physics; surface 

physics, population dynamics, biophysics, engineering, neurosciences, nonlinear hydrodynamics, polymer physics, 

laser physics, pattern formation, psychology and marketing (see [8] and references therein). In the one variable 

case, the nonlinear FPE is written in the following form 

     
2

2
, , , , , ,

u
A x t u B x t u u x t

t x x

   
   

   
 (3) 

with the initial condition given by 
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   ,0 ,u x f x x  . (4) 

Due to the vast range of applications of the FPE, a lot of work has been done in order to find the numerical solution 

of this equation. In this context, the works of Buet et al. [2], Harrison [9], Palleschi et al. [41], Vanaja [45], 

Yildirim [48] and Zorzano [50] are worth mentioning. Our concern in this paper is to consider the numerical 

solution of the FPE with space- and time-fractional derivatives of the form 

     
2

2
, , , , , , 0, 0, 0 , 1

u
A x t u B x t u u x t t x

t x x

  

  
 

   
       

   
, (5) 

where   and  are parameters describing the order of the fractional time- and space derivatives, respectively. The 

function  ,u x t  is assumed to be a causal function of time and space, i.e., vanishing for 0t   and 0x  . The 

fractional derivatives are considered in the Caputo sense as defined in Section 2. In the case of 1   and 1  , the 

fractional FPE (5) reduces to the classical nonlinear FPE given by (3). 

The objective of this paper is to extend the application of the homotopy analysis method (HAM) to obtain analytic 

solutions of the space- and time-fractional Fokker–Planck equations. HAM is a computational method that yields 

analytical solutions and has certain advantages over standard numerical methods. It is free from rounding off errors 

as it does not involve discretization, and does not require large computer obtained memory or power. The method 

introduces the solution in the form of a convergent fractional series with elegantly computable terms. HAM was 

first proposed by the Chinese mathematician S. -J. Liao [29], for solving linear and nonlinear differential and 

integral equations. Different from perturbation techniques, the homotopy analysis method does not depend upon 

any small or large parameters. Besides, it logically contains other solution techniques, such as Adomian’s 

decomposition method [6, 13, 18, 19, 35], homotopy perturbation method [36–39], Lyapunov’s artificial small 

parameter method [33], and the  -expansion method [16], as proved by Liao [3, 21–27, 29, 46]. Considerable 

research work has been done recently in applying this method to a class of linear and non-linear equations [1, 10, 

11, 20, 28, 44].  

 

2.  FRACTIONAL CALCULUS 

We give some basic definitions and properties of the fractional calculus theory which are used in this paper.  

Definition 2.1. A real function   , 0f x x  , is said to be in the space ,C   if there exists a real number  p 

, such that    1

pf x x f x , where    1 0,f x C  , and it is said to be in  the space nC  if      ,
n

f x C n  . 

Definition 2.2. The Riemann-Liouville fractional integral operator of order 0  , of a function , 1f C    , is 

defined as  [24] 

 
 

   
1

0

1
, 0, 0

x

J f x x t f t dt x
 




   
  , (6) 

   0 .J f x f x  

Properties of the operator J   can be found in the books by Miller and Ross [34], Oldham and Spanier [40] and 

Samko et al. [43]. Here, we mention only the following.  

For  , 1, , 0f C        and 1   :  

(i)    ,J J f x J f x      

(ii)    J J f x J J f x    , 

(iii) 
 

 

1
.

1
J x x   



 


 


  

 (7) 

For fractional derivatives, there are mainly two definitions. 

Definition 2.3. Riemann-Liouville fractional derivative D  of order 0   [24] is defined as 
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   n nD f x D J f x   , 1 ,n n n    .  

The Riemann–Liouville derivative has disadvantage that it does not give zero when operated on a constant. The 

other fractional derivative defined by Caputo, owns this property and is given below. 

Definition 2.4. The Caputo fractional derivative of  f x  is defined as [4]: 

 

   n n

xD f x J D f x 

 

 , 
11 , , 0, nn n n x f C      

, (8) 

or 
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d
f x n
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 (9) 

We shall need the following basic property of Caputo fractional derivative. 

Lemma 2.1. If 1 , , , 1nn n n f C        , then [43] 

        
1

0

0
!

kn
k

x

k

x
J D f x f x f

k

 








  . (10) 

 

3.  BASIC IDEA OF HAM 

We consider the following differential equation  

 , 0u x t   N u , (11) 

where N is a non linear operator, x  and t  are independent variables,  ,u x t  is an unknown function. For 

simplicity, we ignore all boundary and initial conditions, which can be treated in a similar way. By means of 

generalizing the traditional homotopy method, Liao [31] constructed the so-called zero-order deformation equation 

as 

         01 , ; , , , ;q x t q u x t qhH x t x t q          Ll N , (12) 

where  0,1q  is the embedding parameter, 0h   is called the convergence contol parameter,  ,H x t  is non-zero 

auxiliary function, L  is an auxiliary linear operator  with the following property 

 , 0x t   L  when  , 0x t  , 

 0 ,u x t  is an initial guess of   ,u x t  and  , ;x t q  is an unknown function. It is important, that one has great 

freedom to choose auxiliary things in HAM. 

When 0q  , the deformation equation (12) becomes 

   0, ;0 ,x t u x t  , (13) 

and when 1q  , since 0h  , the zero-order deformation equation (12) on using (11) gives 

   , ;1 ,x t u x t  . (14) 

Thus according to (13) and (14), as the embedding parameter q increases from 0 to 1,  , ;x t q varies continuously 

from the initial approximation  0 ,u x t  to the exact solution  ,u x t . 

Using the parameter q, we expand  , ;x t q  in Taylor series as follows: 

     0

1

, ; , , m

m

m

x t q u x t u x t q




   , (15) 

where 

 
 

0

, ;1
,

!

m

m m

q

x t q
u x t

m q


 



. (16) 
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We assume that the linear operator L , the initial guess  0 ,u x t , the convergence control parameter h  and the 

auxiliary function  ,H x t  are properly chosen, such that the series (15) is convergent at 1q  . Now taking 1q   in 

(15) and using (14), we get 

     0

1

, , ,m

m

u x t u x t u x t




  . (17) 

Following Liao [30 - 32], differentiating (12) m times with respect to q, then setting 0q  , and finally dividing  by 

!m , we have the so-called mth-order deformation equation 

         1 1, , , ,m m m m mu x t u x t hH x t u x t     


L R , (18) 

Subject to the initial conditions 
   ,0 0, 0,1,2,..., 1,
k

mu x k m    (19) 

where 

 
 

 1

1 1

0

, ;1

1 !

m

m m m

q

x t q
u

m q



 



   


 

 N
R , (20) 

1mu 


 stands for the vector  1 0 1 2 1, , ,...,m mu u u u u 


,  

and 

 
0, 1

.
1, 1

m

m

m



 


 (21) 

Applying the inverse operator 1L  on both side of equation (18), we have 

      1

1 1, , ,m m m m mu x t u x t h u x t 

 
    


L R . (22) 

In this way, it is easy to obtain   ,mu x t  for  1m  , thus getting the solution from equation (17). 

 

4. APPLICATIONS 

In this section, we shall apply this method for solving linear/nonlinear fractional FPE. 

Example 1. Consider the linear space-time fractional FPE 

   
2

2, , , 0, 0
2

t x x

x
D u x t D D u x t t x  

  

 
      
 

, (23) 

where tD

  and xD

  are Caputo fractional derivatives defined by (8), 0 , 1   , subject to the initial condition 

 ,0u x x . (24) 

According to the initial condition (24), we take 

 0 ,u x t x . (25) 

We choose the linear operator 

,tD

L  (26) 

with the property   0c L , where c is a constant. 

For the given problem, we now define the nonlinear operator as 

      
 2

2
, ;

, ; , ; , ;
2

t x x

x x t q
x t q D x t q D x x t q D  

  

  
            

   

N . (27) 

For the above operator, with assumption  , 1H x t   we construct the zeroth-order deformation equation from (12) 

as 

       01 , ; , , ;tq D x t q u x t qh x t q

          l N , (28) 

and the mth-order deformation equation is given by 

      1 1, , ,t m m m m mD u x t u x t h u x t      
R , (29) 
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where 

     
2

2 1

1 1 1
2

m

m m t m x m x

x u
u D u D xu D   

     

 
    

 

R . (30) 

Now applying the operator 
tJ  on both sides of equation (30) and using (10), we get  

           
2

2 1

1 1 1, , ,0 ,
2

m

m m m m m t x m x

x u
u x t h u x t h u x hJ D xu D    

    

  
       

   

 (31) 

This is a recurrence relation for 1m  , which on using (25), will give the values of  
1 2 3, , ,...u u u  as follows. 

 
     

3 2 2

1

3 2
,

4 2 3 1

x x t
u x t h

  

  

  
   

       

, (32) 
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3
7 6 ,

3 1

t 







 

 (34) 

 . 

 . 

 . 

Hence  

         0 1 2 3, , , , ,u x t u x t u x t u x t u x t      

  (35) 

When 1h   , we have 
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3 1
 

 

 (36) 

Remark 1. Setting 1  , equation (23) reduces to space fractional FPE: 

   
2

2, , , 0, 0
2

x x

x
u x t D D u x t t x
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, (37) 

with solution 
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 (38) 

which is same as obtained by Yildirim [48] using homotopy perturbation method. 

Remark 2. Setting 1  , equation (23) reduces to time fractional FPE: 

   
2 2

2
, , , 0, 0

2
t

x
D u x t u x t t x

x x





   
      

    
, (39)

  

with solution 

 
     

2 3

, 1 ...
1 2 1 3 1

t t t
u x t x

  

  


     

       

. (40) 

Remark 3. For 1   , equation (23) reduces to classical FPE with solution 

  
2 3

, 1 ...
2! 3!

t t
u x t x t


     


 (41) 

The results for the approximate solution (35) of equation (23) obtained using the homotopy analysis method, for 

different values of  ,h   and  are shown in Figure 1. For 1h   , the approximate solution (38) is shown in Figure 

2(a) and 2(b). Figures 3 and 4 show the solutions for the special cases 1   and 1  . It is to be noted that only the 

second-order term of the homotopy analysis solution is used in evaluating the approximate solutions for all figures. 
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(a)     (b) 

  
Fig 1.  2

nd
 order approximation solution of equation (23) when 0.5, 0.75   ,(a) 0.5h    (b) 1.2h   . 

 

    

 

     (a)     (b) 

  
Fig.2.  2

nd
 order approximation solution of equation (23) when 1h   , (a) 0.5, 0.75   , (b) 0.75, 0.5   . 

(a)     (b) 

    
Fig.3.  2

nd
 order approximation solution of equation (37) when 1  , (c) 0.5  , (d) 0.75  . 

(a)     (b) 

  
 

Fig.3.  2
nd

 order approximation solution of equation (39) when 1  , (a) 0.5  , (b) 0.75  . 

Example 2. Consider the nonlinear space-time fractional FPE: 
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     24
, , , 0, 0

3
t x x

u x
D u x t D D u u x t t x

x

  

  

  
       

  
 (42) 

where 
tD


 and 

xD


 are Caputo fractional derivatives defined by (8), 0 , 1   , subject to the initial condition 

  2,0u x x . (43) 

According to the initial condition (43), we take 

  2

0 ,u x t x . (44) 

We choose the linear operator 

,tD

L  (45) 

with the property   0c L , where c is a constant. 

For the given problem, we now define the nonlinear operator as 

   
   

  
2

2 2
4 , ; , ;

, ; , ; , ;
3

t x x

x t q x x t q
x t q D x t q D D x t q

x

  

  

   
             

   

N . (46) 

For the above operator, with assumption  , 1H x t   we construct the zeroth-order deformation equation from (12) 

as 

       01 , ; , , ;tq D x t q u x t qh x t q

          l N , (47) 

and the mth-order deformation equation is given by 

      1 1, , ,t m m m m mD u x t u x t h u x t      
R , (48) 

where 

   
1 1

2

1 1 1 1 1

0 0

4

3

m m

m m t m x i m i m x i m i

i i

x
u D u D u u u D u u

x

  
 

         

 

   
      

   
 

R . (49) 

Now applying the operator 
tJ  on both sides of equation (30) and using (10), we get  

         
1 1

2

1 1 1 1 1

0 0

4
, , ,0 ,

3

m m

m m m m m t x i m i m x i m i

i i

x
u x t h u x t h u x hJ D u u u D u u

x

   
 

        

 

    
          

    
   (50) 

This is a recurrence relation for 1m  , which on using (44), will give the values of  1 2, ,...u u  as follows. 
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 (52) 

. 

. 

. 

Hence  

       0 1 2, , , ,u x t u x t u x t u x t    . (53) 

In particular, when 1h   , we have 
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 (54) 

Remark 4. Setting 1  , equation (42) reduces to space fractional FPE: 
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     24
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3
x x
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u x t D D u u x t t x

t x

 

 

   
       

   
, (55) 

with solution  
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 (56) 

Remark 5. Setting 1  , equation (42) reduces to time fractional FPE: 

     
2

2

4
, , , 0, 0

3
t

u x
D u x t u u x t t x

x x x





   
       

   
, (57) 

with solution 

 
   

2
2, 1 ...

1 2 1

t t
u x t x

 

 

 
         

,    (58) 

which is same as obtained by Yildirim [48] using homotopy perturbation method. 

Remark 6. For 1   , equation (42) reduces to classical nonlinear FPE with solution given as  

 
2

2, 1 ...
2!

t
u x t x t

 
    

 
 (59) 

The results for the approximate solution of equation (42) given by (53) are shown in Figures 5 and 6. Figure 5 

shows the variation in solution (53) for different values of h  but fixed   and  , whereas Figure 6 represents the 

solution when 1h    and   and  are varied. It is to be noted that only the second order term of the homotopy 

solution is used in evaluating the approximate solutions in these figures. Figures 7 and 8 show the solutions for the 

special cases 1   and 1  . 

    (a)      (b) 

  
Fig.5.  2

nd
 order approximation solution of equation (42) when 0.6, 0.8   ,(a) 0.8h    (b) 1.2h    

(a)       (b) 

  
Fig.6.  2

nd
 order approximation solution of equation (42) when 1h   , (a) 0.5, 0.75   , (b) 0.75, 0.5   .  
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(a)      (b) 

  
Fig.7.  2

nd
 order approximation solution of equation (55) for  (a) 0.5  , (b) 0.75  .  

(a)      (b) 

  
Fig.8.  2

nd
 order approximation solution of equation (58) for (a) 0.5  , (b) 0.75  .  

 

5.  CONCLUSIONS 

Analytic and approximate solutions of FPE with both space and time Caputo fractional derivatives are obtained 

using HAM. The solutions are given in the form of a series with easily computable terms. It may be concluded that 

HAM is a very powerful and efficient technique for solving the model. The study shows that the technique requires 

less computational work than other existing approaches while supplying quantitatively reliable results.  
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