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In this note two theorems concerning the absolute matrix summability
factors have been established by using quasi g-power increasing
sequences. These theorems generalize some known results and also
give rise to some new factor theorems.
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1 Introduction
A positive sequence {gn} is said to be quasi B-power increasing sequence if there
exists a constant M = M(P, g») such that M n” g, > m® gy, holds for alln >m > 1 (see [4]).
Let A = (anm) be a lower triangular matrix of nonzero diagonal entries (we call such a
matrix a normal matrix). Then A defines a sequence to sequence transformation mapping the

sequence s = {Sn} to As = {A(5)}, where

Ay (s) = Zr};:o Anm Sm (1.1)
The series Y, a,, is said to be summable |Al, k 1, if (see [9])
we1 A4, (9)]F < oo (1.2)

where
AA,(s) = Ap(s) — Ap-1(S)
For a sequence {pn}of positive numbers, we write
P,=Y"_pn—>oas noow, (P, =p_;=0,i>1 (1.3)
The series Y, a,, is said to be summable |A, pnlk, kK > 1 if (see [8])
w1 (P /P)* 1 A4, (S)F < o0 (1.4)

The series Y, a,, is said to be summable |A, J |k, if
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Ty ndk A4, ()]F < oo (15)
The series Y, a,, is said to be summable |A, pn, 9 |x, if (see [5])
=1 (P /)T AA, ()|F < o0 (1.6)

When p, = 1, the summability |A, pn, 0 |« reduces to |A, 6 |x summability. For 6 = 0,
the summability |A, pn, J |« IS same as |A, pn |« sSummability. Finally when anx = pi/Pn, the

summability |A, pn, J |k reduces to the method |N,p,,§ |« method.

We shall use the two lower submatrices 4 = (a,,,) and A = (&,,, ) associated with

the normal matrix A = (anm), which we define as follows:

Arm = Xj=m Onj (1.7)
a oo =0qgp = Ago, Qpm = A — Ap—1my n=1,2,... (1.8)
It is well-known that
AL (S) = X0 0 Apm S = 2 =0 Gpm O (1.9
and
AA, () = 20 0 Gpm O (1.10)

2 Some known results
Recently the concept of quasi B-power increasing sequence has been utilized by many

researchers to obtain summability factor theorem (see, e.g., [4], [2], [3] and [1]).
The following two theorems were proved for |A, pn [« sSummability.

Theorem 2.1 [3]: Let A = (anm) be a positive normal matrix such that

a,o=1 n=0,1,.. (2.1.2)
An-1m = Qum, forn=m+1 (2.1.2)

and {Xn} be a quasi B-power increasing sequence for some 0 < f < 1. Let {b,} and {l.} be
sequences such that
|AL,| < b, (2.1.4)
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b, -0 as n—- o (2.1.5)
n=11|Ab, | X, < o, (2.1.6)
|l X, =0(), asn - o (2.1.7)
If
n il = o), (2.18)
et lsalf = 0(Xy), m > o0 (2.1.9)

then ¥ a, [, is summable |N, p,|«, k= 1.

Theorem 2.2 [3]. Let {Xn} be a quasi B-power increasing sequence for some 0 < ff < 1. Let
{bn} and {l,}satisfy the conditions (2.1.4) - (2.1.7) and (2.1.9). If

©_ P |Ab,|X, < (2.2.1)
k
mo 2l = 0(x,), mo o (2.2.2)

then Y a, L, is summable |N, p, |k, k= 1.

The above two theorems were generalized for |A, palx Summability as follows:

Therem 2.3 [6]. Let A = (an) be a positive normal matrix such that

ao,=1 n=01,2. - (2.3.1)
Ap-1m = Quy forn=m+1 (2.3.2)
a,, =0 (’;—) (2.3.3)

and if {X,} is a quasi B-power increasing sequence for some 0 < [ < I and the sequences
{bn} and {I.} satisfy the conditions (2.1.1) —(2.1.9) and

{l.}€ BU (2.3.4)
is satisfied then Y. a,,1,, is summable |4, p, |k, k= 1.

In the special case when ann = pm/ P, this theorem reduces to Theorem 2.1.

Theorem 2.4 [6]. Let A = (anm) be a positive normal matrix as in Theorem 2.3 and let {X,} be
a quasi B-power increasing sequence for some 0 < B < 1. If all the conditions of Theorem 2.2
and (2.3.4) are satisfied then the series Y’ a, L, is summable |4, p, |k, k= 1.

The above two theorems (Theorems 2.3 and 2.4) were extended for |A, pn, Jl

summability in the following form.
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Theorem 2.5 [7]. Let A = (anm) be a positive normal matrix such that

=1 n=012.-- (2.5.1)
Ap_1m = Ay forn=m+1 (2.5.2)
am =0 (&) (253)
P, 8 N Py, o0k—1
2t () antn = 0f(2)" (254)
, P\ Ok ~ P\
51 () 1yl = 0f(22) "} (2.55)
and let there be sequences {bn} and {l,}such that
{l,} € BU, (2.5.6)
|AL,| < b, (2.5.7)
b, -0 as n—- o (2.5.8)
~_1n|Ab,|X, < oo, (2.5.9)
I Xn=0(1) n - o (2.5.10)
where {X,} is a quasi -power increasing sequence for some 0 < B < 1. If
P \ K Ism I¥
n_ (E) nl = 0(x,) (2.5.11)
Sk—1
e (B) Ik = 00), m o o0 (25.12)

then Y a, L,, is summable |4, p,, 6|k, kK=1and 0 <6 < %

Theorem 2.6 [7]. Let conditions (2.5.1) — (2.5.10) and (2.5.12) of Theorem 2.5 be satisfied.
If

n=1 B |Ab, | X, < 0, (2.6.1)
Pu )% Isn ¥
() B = o) (2.6.2)

then Y a, L, is summable |4, p,, 6|k, kK=1and 0 <6 < %

3 Main Results

Before we give the generalizations of Theorems 2.5 and 2.6, we introduce the

following:

Definition 3.1. Let A = (a.m) be a positive normal matrix and {¢,, } be a sequence of positive

numbers. Then the infinite series ) a,, is said to be summable |4, ¢,, §|;,86 =0,k > 1if
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w1 (@)K [AA, (5)]F < oo,

Theorem 3.1: Let A = (anm) be a positive normal matrix such that

=1 n=01,2 - (3.1.1)
Ap-1m = Ay forn=m+1 (3.1.2)
A = 0(n), (3.1.3)
S O A | = O3k (3.1.4)
St P2 [ A G g1 | = Of o0k (3.1.5)
and let there be sequences {bn} and {l,}such that

{l.} € BY, (3.1.6)
|AL,| < b, (3.1.7)
b, -0 as n—- o (3.1.8)
Yn—11|Ab, X, < o, (3.1.9)
ln| Xo=0(1) n— o (3.1.10)

where {X,} is a quasi f-power increasing sequence for some 0 < B < 1. If
=1 P % = 0(Xy) (3.1.11)
M edk s, [F = 0(X,), m > (3.1.12)

then Y a, L, is summable |4, ¢,,0]k, kK=1and 0 <§ < %

Theorem 3.2: Let conditions (3.1.1) — (3.1.10) and (3.1.12) of Theorem 3.1 be satisfied. If
n=1 Pn|Ab, | X, < 0, (3.2.1)
n @ s, [F = 0(Xn) (3.2.2)

then Y a, L, is summable |4, ¢,,6]k, kK=1and 0 <§ < %

4 Some Lemmas

We shall need the following lemmas for the proof of our theorems.

Lemma 4.1 (Leindler, 2001): Let the sequence {X,} be quasi B — power increasing for some
0 < B <1.Ifconditions (3.1.8) and (3.1.9) are satisfied, then

nX,b, =0(1) as n—> » (4.1.1)

1 Xpby < o0 (4.1.2)
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Lemma 4.2: Let {X,} be a quasi p—power increasing sequence for 0 < f < 1. Let ¢, be a

sequence such that {¢, X, } is increasing. If conditions (3.1.8) and (3.2.1) are satisfied, and

2{1=1 P Xn = O(QOij)J

then,
o, b, X, = 0(1) (4.2.1)
n=1@Pnbn X, < o0 (4.2.2)
Proof. Since b, - 0 as n — oo, we have
b, = X2, Ab;. (4.2.3)

Since {¢, X, } is increasing, we have
Pnbn Xy < X%, ¢ 1Ab;|X; < 0
By (3.2.1). Hence
@b, X, = 0(1), as n - oo,
Further, using (4.2.3) and the fact that {X,} is increasing, we have
=1 PnbnXn = X1 Pu Xy X%, |Ab] < Z;O=1|Abj| Z{Fl PnXn
< M E7L|Ab|X ¢ < o0
This completes the proof of the lemma.
5  Proofs of the theorems
5.1 Proof of Theorem 3.1
Let {Y}be the A-transform of the series ), a, [,,. Now invoking Abel’s transformation
on equations (1.9) and (1.10), we obtain
AY, =20 1 Gum O L

= X021 A @ L) Xy @5 + Gy X1 @y

= 221 (@ by = Gt b1 )Sm + G LSy

= 2021 @un b = Bum1 st = Gumetln + Gumetln)Sm + Gun LSy

= Y21 A @ Mo Sy + X2 G418l Sy + @ 1Sy

=Y, + Yo + Y3, say. (5.1.1)
Now, since

la+b+c|“< 3*(lal* + bl* + |c|"),

in order to complete the proof of the theorem, it is sufficient to show that

v @YYk < 00, fori=1,2,3. (5.1.2)
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Now we shall apply Holder’s inequality with indices k and k', where k > 1 and %-&- kl =1,

we obtain
mil gfktkt |y k< gl gakkt (g a g, (4] s )"
= 0 T o2+ (mnt | an 141 s 1) x (Sptlaan )™
= 0D I ot (St layan 141 s 1)
= o Ipaly| I Tt ol |8y a ]
= oI o 5[ [yl |
= 0(1) Iy 0|y |5 |

= 0 It AL T, @2 sl 4+ 0D, | Zy 9 ||
= 0() X5 B X + 0(1) Ly 1 X,
=0(1) as m >
by enforcing the hypotheses of Theorem 3.1 and Lemma 4.1.

Now using condition (3.1.6) and again applying Holder’s inequality with the same
indices, we obtain

ml gSk kol |y, o[k < gmEl oSk k=1 ($nlg, AL ) 1
= 0 I @ (5 [y aa 184 15[ ) X (Z7=nan 1851)
= 01 ot (52 by anyaal Il ) x (St 14 )™
= 0 I byl | Zrths 08 |Gy

=03, 0% b5 |

— o)z, ot ol 'SJ' (i)

= 0(D) 5 A(L) T, 0% P 1 0(1) [mb,, T, o2 'Sj,'

=0 X5 A(B )X + 0(1){mb,, X, }
= 0(1) I151j|A X, + 0(1) Tt bysa X1 + O(1){mby, X, }
=0(1) as m— oo,

by utilising the hypotheses of Theorem 3.1 and Lemma 4.2.

Finally, using the same arguments as in the case of Y, , we obtain
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R ) 1 D YR L L N O
=0 XrL10n s, I
=0(1) as m - oo,
Consequently, we have shown that

n=1 plk+k=11y ¥ < oo, for i=1,2,3.
This completes the proof of Theorem 3.1.

5.2 Proof of Theorem 3.2
The proof of this theorem can be written proceeding in the same way as in Theorem
3.2, using Lemma 4.2 and substituting

?lo=1 (pgk-l—l bnlsnlk

for

[ee]

n=1 q)gk bnlsnlk'
6. Concluding Remarks
We have proved two theorems for the absolute summability factors for the method

|A, ,,,8|,. We have suggested a more logical definition for this method, which generalizes

the definition of |4, p,,, 6],. By taking the sequence ¢, = g—", we obtain Theorem 2.5 and a

slightly modified version of Theorem 2.6. This, in turn, gives us all the other results cited

herein by taking suitable values of the matrix A = (anm), the sequence ¢, and 6.
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