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Abstract

Several issues in pure and applied mathematics have the fixed point of some mapping F as their
solutions. Therefore, a number of numerical analysis and approximation theory procedures involve
successive approximations to the fixed point of an approximate mapping to be obtained. In this
paper, we also established our objective to address fixed point theory and its applications in metric
spaces.
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Introduction

The well-known Banach [1] contraction principal states that “If X is complete metric space and f'is
a contraction mapping on X into itselfithen f has unique fixed point in X”. Many mathematicians
worked on this principal. Kanan[4] proved that “If T is self-mapping of a complete metricspace X
into itself satisfying :

Let fand g be self-mappings of a metric space

(X, d). The mappings f and g are said to be compatible iflim,_,., d(gfx,, fx,) = 0, whenever
{xn}az1 IS @ sequence in X such that lim,,_,, fx, = lim,_ gx, =t for somet € X.

In 1998, Liu, Xu and Cho[64] proved the following theorem

Main Result
Theorem 1.Let f be continuous self-mapping of a complete metric space (X, d). Then following
are equivalent:

i) f has a fixed point in X.

i) there exists z €X, a mapping g: X —X and functions ¢ from X into

[0,00) such that f and g are compatible, g(X) € f(X), g is continuous and (*)d(gx,gy) <r d(fx,z)+[ ¢
(X)- ¢ (gx)]

for all x,y € X and some r € [0,1)

Now we prove the following theorem:

Theorem 2. Let fand S be continuous self-mappings of a complete

metric space (X, d). Then following are equivalent:

(1.1) fand S have a common fixed point.

(1.2) there exists a mapping g : X —X and functions ¢, y from X into[0,00) such that pairs {f, g}
and {S, g} are compatible, g(X)c<f(X),

g(X)cS(X), g is continuous and
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( d(gx.gy) <a;d(fx,Sy) + a, d(Sx,fy) + az d(fx,gx) + a,d(fy.gy)
+ a5 d(Sx,9x) +ae d(Sy.gy) + a; d(fx,gy) + ag d(fy,gx)
+ ayd(Sx,9y) + a10d(Sy.gx) + [¢ (%) - ¢ (gx)]
+ [y (Sy) - v (gy)] for all x, y €X, with
a; ,a,, ... , 50 are in [0, 1) where a, +a, +a; +a, tas +ag +2a; +2a,< 1
anda,;+ a, +a; +ag +aq +a;p< 1.

Proof: For (1.1) =(1.2)
Suppose w is the fixed point of fand S then fw =w and Sw = w.
Take gx =w for all x € X. Let ¢ and y be constant.Also,
lim,,_,, d(fgx,, gfx,) = d(fw, w) = d(w, w) =0
and
lim,_,, d(Sgx,, g5x,) = d(Sw, w) = d(w, w) =0.

Hence compatibility follows. Thus, (2.2.1) = (2.2.2).

Now, for (2.2.2) = (2.2.1). Let x,€ X be an arbitrary point of X. Since g(X) c f(X), g(X) < S(X),
SO we construct a sequence {x,}a=; , in X by

0%yt = X, = Sx,, for n > 1. From (**) it follows that

dj41= d(9%;, 0%j41) < a1 d(fx;, Sxj4q) +a,d(Sxj, fxj41) + a3d(fx;, gxj)

+ a,0(fXj 41, 9Xj11) + asd(Sx;, 9%;) + a6d(SXj41, 9Xj41)

+ a;d(fx;, gxj41)+ agd(fxj41, 9%;) + aod(Sx;, 9xj41)

+ a;10d(Sxj41, 9%)) + [0(fX;) — (gx;)]
+ [W(Sxj41) - w(gXjs1)]

=a;d(fx;, fxj41) +a, d(fxj, fx;41) + a3 d(fx;, fxj4)
+a,d(fXj41, Xj12) +asd(fx;, fxj11) + agd(fxj, 1, BXj42)
+ a,d(fx;, fx.2) + agd(fxj 1, fxj11) + a9d(fx;, fx;j,)
+ a500(fXj41, TXj41) + [9(FK)) — O(fxj41)]

+ [w(fXj11) - w(fXje2)]

Putd, =d(fx,, fx,41) forn>0.
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dj+1 < ald]‘ + azd]- + agdj + a4d]‘+1 + an]‘ + a6d]-+1 + a7d]- + a7d]-+1 +a9d]-+ agdj+1 +[(|)(le) —
¢(fXj+1)] + [\V(ij+1) - \V(fXj+2)]

dj41 = d(9%j, 9Xj11) < adj + b[o(fx;) — d(fxj11)] + blw(fxj11) - w(fXjy2)]

Where

a;+ a; + a; + ag + ag 1
a= and b =
1_34_36_37_39 1_34_36_37_39

On adding above inequality fromj=0toj=n

D di<a ) di+b ) (b0 - Gl +b ) [W(Br) — W)
j=0 j=0 j=0 j=0

Since d(x;,y;) >0and 0 <a <1, we get

C b b
D dir < 7= do+ T [0(K0)- blfne)] + 7o [P(Fx) — W(lxao)]
=0

Therefore, the series )0, d,, is convergent. For any n, p > 1, we

have by triangle inequality

n+p-1

d(fey, fXnsp) = Z d;
i=n

This implies that {fx,}.=,is a Cauchy sequence in X. Since X is
complete, so there exists a point t € X such that lim,,_,, fx,, = t. But f, S and g are continuous
and pairs f, g and S, g are compatible, hence

lim d(fgx,, gfx,) = 0 = d(ft,gt) = 0asn — o, i.e.,ft = gt
n—oo

lim d(gSx,, Sgx,) = 0 = d(gt,St) = 0 asn - o,i.e., gt = St
n—oo
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Thus ft = gt = St.

Now from (**),
d(ft,fx;1)=d(gt,9xj))<(a; + a, + ag + a;0)d(fx;, ft)+(as+as)d(fx;,fX;41)

+ (a7tag)d(ft,  fxj1) Hw(fXj41) - W(iXj42)]

On adding above inequality for j = 0 to j = n, we obtain

n
Z d(ft, fX]'+1) < ( aq + do + dg + alo)
j=o0 j

d(fx;, ft)
=0

+(a, +ag) z d(fx;, f4,) + (ar + a,) Z d(ft, fx; 1)
j=0 j=0

) ]

+ ) [Y(x4) — P(fxji)]

j=0

n
(1—a; —az—ay;—ag—ag—ajg) Z d(ft, fx]-+1) < (a; + a, + ag + a;p)d(fxo, ft)

j=o0

n
+(ay + ag) Z d(ij, ij+1)
=0

+ Z[‘P(ijﬂ) — W(fx;,,)]

]

Or
n n
ACFt B4) < c d(Bio, 1)+ d ) d(Bg Bejo) + 1) = Y(Bns2)]
j=0 j=0
Where
c= and d =
1—a;—a;—a;—ag—ag—ay 1—a;—a;—ay;—ag—ag—ay
1
e =
1-—a;—az;—as—ag—as—a
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Since the series )0, d(fx,, fx,41) is convergent and
a; + a, + a; + ag + ag + a;, < 1,it follows that the series
o=y d(ft, fx,) is also convergent. This implies that
fx, = ftasn - oo,i.e., t = ft = gt = St.
This completes the proof of the theorem.
Above Theoremextends, improvesand unifies the
Theorem of Jungck [48], Theorem 2 of Fisher [36] and the following
Theorem 3.3 of Liu, Xu and Cho [64].
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