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1.INTRODUCTION

After the introduction of the concept of fuzzy sets b L.A.Zadeh [1], researchers were conducted the
generalizations of the notion of fuzzy sets, A. Rosenfeld [2] introduced the concept of fuzzy group
and the idea of “intuitionistic fuzzy set” was first published by K.T. Atanassov [3].Multi set theory
was introduced by W.D.Blizard[4]. As a generalization of Multisets Yager [5] introduced the concept of
Fuzzy Multi set (FMS). Shinoj. T.K and Sunil Jacob John [6] introduced the concept of Intuitionistic Fuzzy
Multi sets and proved some basic operations such as union, intersection, addition, multiplication, etc.

Cartesian product and ap -cut of Intuitionistic Fuzzy Multi sets are defined and their various properties
are discussed. A.solairaju, S.rethinakumar,M Maria Arockia Raj[7] introduce the concept of . N—

Generated fuzzy sets and its subgroups. P.K.Sharma develop the idea of (@, ) “cut of intuitionistic

fuzzy subgroup. In this chapter we introduce some basic properties of (@, f) “cut of N~ generated
fuzzy subgroups of a group

2. PRELIMINARIES

Definition.2.1. Let X be a non-empty set. A fuzzy set A drawn from X is defined as
A={xe X1 (% tp())} yiere “a: X =[0]
Example:2.2

X ={1,2,34}

is the membership function of the fuzzy set A

Let be a universal non empty set.A fuzzy set drawn from X is asfollows

A={(1,0.1),(2,05),(3 05),(4,0.9)}

= >
Definition.2.3 Let A be a fuzzy subset of a set X. Forle [0, 1], At {X e X/ AX)2 t} is called a
level fuzzy subset of A
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Example: 2.4

Consider the fuzzy set

A={(1 0.1),(2,05),(3,05),(4,09)} . t=05€[01] A ={xeX/A(x)>05}={234]

Definition2.5. Let X be a non empty set. An Intuitionistic Fuzzy set A on X

A={<X,/JA(X),7/A(X)>/X€ X} Ha X —[0,1] & ya X —[0,1]

is an object

having the form , Where are
the degree of membership and non- membership functions  respectively  with
OS/JA(X)—F]/A(X)S].
Example:2.6

X =iXY,Z,W
Let { Y2 } be a universal non empty set. The Intuitionistic fuzzy set on X is as follows

A={(x,(03,02)),(y.(08,0.2)),(z,(1,05)) |
Definition.2.7

Let X bea non-empty set. A Fuzzy Multi set (FMS) A drawn from X is characterized by a function ‘

CM,: X—>Q

Count membership’ of A denoted by CM,, such that A where Q is the set of all

CM , (x
crisp finite set drawn from the unit interval [0'1] .Then for any X€ X , the value A( ) isa crisp
0,1
multiset drawn from [ ] For each X€X , the membership sequence is defined as the

CM , (x)

decreasingly ordered sequence of elements in It is denoted by

(,upi (X),,uAZ (X), e ,u’Ak (X)] o 'uAj_ (x) ZyAZ (X) >........ ZuAk (x)

Example: 2.8
X ={x,y,z,w}

Let be a universal non empty set.For each X € X ,we can writea Fuzzy Multiset

as follows
A={(x,(0.8,0.7,0.7,06)),(y,(0.8,05,0.2)),(2,(1,05,0.5)) }Wh

ere
CM (%) _(0.8,07,07,06) with 0.8>0.7>0.7>0.6

Definition.2.9
Let X be a non- empty universal set and let A be an Fuzzy Multi set on X . The n-generated
Fuzzyset on X is constructed from the Fuzzy Multi set and is defined as

ﬂ={<x,i(y2i(x)+y2‘2(x)+ ....... ﬂgk (X))>ZXEX}
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ﬂj}i(x) > ”22 (X) > > ,ugk (x)

where
Example: 2.10

and N isthe dimension of the Fuzzy Multiset A

X=1%Y,2,W .
Let { y } be a universal non empty set and let

A={(x,(0.8,0.7,0.7,0.6)),(y,(0.8,0.5,0.2)),(z,(1,0.5,05)) |
A= {(X:,UA(X)) (Ystia(Y)), (ZUUA(Z))}'

where

R :%:(0.8)4 +(07)* +(0.7)4+(0.8)4}=0.32
(A =%:(0.8)3+(0.5)3+(0.2)3} ~0.2
HAW) =3 (@ +(05)° +(o.5)3} —041

w {(x,6.32) (¥,0.2),(2,0.4)}
Definition.2.11

Let A be a multi-fuzzy subset of X. For b E[O’l]’ =L e A' :{XEX /A(X)Zti}

called multi-level subset of A

is

Definition.2.12

v ,u:(,ul,,uz,...,,uk) v:(vl,vz,...,vk)

and be two multi-fuzzy sets in X of dimenstion

. k n
k and n respectively. A multi-fuzzy mapping is a mapping F:MTFS(X) > M"FS(X) which
h €M FS(X) v e M"FS(X)

maps eac into a unique muti-fuzzy set

Definition.2.13

F:M*FS(X) > M?FS(X)

A mapping is said to be an Atanassov Intuitionistic Fuzzy

2
Sets Generating Maps(AIFSGM) if F(x) is an Intuitionistic fuzzy set in MZFS(X)

Definition2.14

fiX =Y and h:TIM; —> 1L, be functions. The Multi-fuzzy extension and the

) X Y 1. Y X
FIME =TS L S HMT oy by

Let

inverse of the extension are

f(A(Y)= Sup  h[AX)], AelIM*,yeY

xef-1(y) and
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-1 _ -l Y -
(B =h [B(f(x)], BEHL] XeX where N lis the upper adjoint of h . The function

h:TIMm, _)HLJ is called the bridge function of the multi-fuzzy extension of f

Definition.2.15
Let X be a non- empty universal set and let A be an Fuzzy Multi set on X . The n-generated
Fuzzyset on X is constructed from the Fuzzy Multi set and is defined as

,ugg_(x) > ,uRZ e, S ygk (x)

where and N is the dimension of the Fuzzy Multiset A
Example: 2.16

X=iXY,Z,W
Let { Yz } be a universal non empty set and let

A={(x,(0.8,0.7,0.7,06)),(y.(0.8,05,0.2)),(z,(10.5,05)) |
A= {(quA(X)) (Ystia(Y)), (Z’/JA(Z))}'

Then

where

R :%:(0.8)4 +(07)* +(0.7)4+(0.8)4}=0.32
1A =%:(o.8)3+(0.5)3+(0.2)3} ~0.2
HAW) =3 (@ +(05)° +(o.5)3} —041

ie {(x,6.32) (y,0.2),(2,0.4)}

i.e.
Definition2.17
Let X be anon-empty set. A Intuitionistic Fuzzy Multiset A denoted by IFMS drawn from X is

A (CM A)
and ‘Count non-membership of
CNA X >0

characterized by two functions’ Count membership’ of

A(CN CMA:X—>Q ]

A) given respectively by nd where Q is the set of all crisp

multi sets drawn from the unit interval [0,1], such that for each X€ X , the membership sequence

is defined as a decreasingly ordered sequence of elements in CIVIAwhich is denoted by

(ﬂpi(x),yAZ(x), ........ uAk(X)j o ﬂAl(x)z,uAZ(X)2 -------- Z/“Ak(x) nd the

(V'Aj_ (X),vAZ (X)y e vﬂ( (X)j
corresponding nonmember ship sequence will be denoted by
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0< sy (x)+vAi ()<L i=123...k

such that for every xe X and is denoted by
A{<X{ypl()()’"#'&k(X)}(V'Al()()“"v'&k()()»:XeX}
Remark:.

Note that since we arrange the membership sequence in decreasing order, the corresponding
non-membership sequence may not bein decreasing or increasing order.

Example:2.18

X ={x,y,z,w}

Let be a universal non empty set The Intuitionistic Fuzzy Multiset on X is defined

(x,(0.3,0.2),(0.4,0.5)),
A=4(y,(105,05),(0,0.50.2)),
(2,(0.5,0.4,0.3,0.2),(0.4,0.6,0.6,0.7))

as
Definition.2.19
Let X be a non-empty setand let A be an Intuitionistic fuzzy Multiset of X .An

n-generated intuitionistic fuzzy set (NGIFS) on X is an object of the form

OA= Xxe X
1

R(vzi(xﬂvgz (X)+o v/'}k(x)) {(xupva)ixex)
Mg, X —>[0,1] o V5AIX —[0,1]

where

define the degree of membership and degree of non-

membership of the element xe X respectively and for any XEX' we  have

0< X)+ve (X)<1
ﬂ5A( ) 5A( ) , M is the dimension of IFMS

Example:2.20 Let 'y {X’ Y, Z’W} be a universal non empty stand let
(x,(0.3,0.2),(0.4,0.5)),(y,(1,0.5,0.5),(0,0.50.2)),

(2,(0.5,0.4,0.3,0.2),(0.4,0.6,0.6,0.7)) R " A N

generated Intuitionistic Fuzzy setis constructed as follows
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1 3 3 3
o alar 22 y,g[(l) +(05)% +(0.5) }
(80P 0T D\ ] |

" z,l[(o.s)“ +(04)* 1 (0.3)* +(o.2)4}
4

,%[(0.4)4 +(06)* +(06)* +(o.7)4}

={<x,0.06,0.20>,(y,0.41, 0.04>,<Z, 0.02, 0.13)}
Definition. 2.21

et A= {<x,/1A(X),/1A(X)> X e X}and B= {<x,ﬂB(x),ﬂB(x)> ‘X e X}

X, then
(1).Ag B <:>,uA(x)§,uB(x) & vA(x)ZvB(x) Vv X, yeX

(2)
(3)

be any two INGFS’s of

.A=B <:>,uA(x)=yB(x) &vA(x)=vB(x) V X,yeX

AB = {{x (e AW (WX |

(#2411 ) () = Miin {124 (x), 116 () | = 127 () 1 p1g (X)
(varvs) (X) = Max{va(9)va (X) | =va (%) v v (%)

AUB ={{x (st (e (W)X

(4)
(1ep 0 11 ) (X) = Max {pia (9,11 (X) | = 117 () v 11 ()

(va Ve ) (%)= Min {va(R.v6(¥) | =vA(%) Ave(¥

(5).A+B=[{X,(,uA+vA—,uAvA),(,uB +vg —,uBVB)};Xe XJ
6). If A:{<X,yA(x),vA(x)>:Xe x}, then
C

7.(A) = A:{<x,1—yA(x),1—vA(x)> X e x}
Definition.2.22

G G I G .
Let be a group. A fuzzy subset A of is said to be a fuzzy subgroup of if
(i)-A(xy) = min { A(x), A(y)}
ii).A(x 1P Ax) "xyiG
Definition2.23
An IFS A={(x, u(x),v(x)):xe X}

G inshort 1EsG) if (i), A0V =m0 Au(Y) ). u(xh = u(X) iy, VOY) V) Av(Y)

of a group G is said to be intuitionistic fuzzy subgroup of
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(iv). v(x ) =v(X), forall % yi G
Definition2.24

A:{x,y (x),v (X)jZXEX}
An MIFS A A

subgroup of G (In short MIFSG) if

of a group G is saidto be multi- intuitionistic fuzzy

-1
tp (Xy) = pep (X) A i (Y) p (X 7)=pp (X)
(i). A A i (ii). A A
(i VAi (xy) SVAi (x) /\Vpi (y)
71 ¥y
Vpi(x )—Vpi(x),

for all xyl G

(iv).
Definition.2.25

An NGIFS l:{(x’”A(X)WA(X))Z Xe X}

subgroup of G (In short NGIFSG) if
(i). /JA(Xy) 2 /JA(X) A ,UA(y)

of a group G is said to be n-generated intuitionistic fuzzy

(i), “AC) = ()
(i), VAOR) VA AvA(Y)

A

(iv). va(X ) = va(X), foran %YE G
Definition.2.26

An IFSG A:{(Xaﬂ(x),V(X)): X e x}
of G (IFNSG) if

(i), HOY) = u(yx)

(). vOY) =v(¥X) for all x,yl G
Remark.2.27

of a group G is said to be intuitionistic fuzzy normal subgroup

AnIFSG A of agroup G isnormal iff (i). 1(97°xg) = u(x)
(). v(@7%@) =v(X) for i X1 A gl G

3. (0.B) - Cut of N-Generated Intuitionistic Fuzzy Set (In short NGIFS) and their properties.

Definition3.1.
Let A be an n-generated intuitionistic fuzzy set(NGIFS) on X . Then (a’B)'Cut of Aisa crisp
subset of the NGIFS of A is given by

Cop A ={x e X 1 up(x) 2 av,(x) sﬁ}

where
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1k 1k n
X)=o> 1 (X), vi(X)=5 > v (X), n>1,
a,Be[01], with a+ <1 “a Kizt /31() A KiZ Ai()
Proposition:3.2

If A and B be two NGIFS’s of a universe set X ,then the following holds
(i), Cl_ﬁ”g(A)Q (A)_ al- a(A)

aip, A58 Ca,ﬂ(A) =C, 5(B)

(iv).

(v).
Proof. (i).

X€Co M= up()za, vp(x)<p
and QZ'BZ'UB(X).
yA(x)z(S and vA(x)se

C, p(ANB)=C, 5(ANC, 5(B)

Caﬁ(AuB);Ca’ﬂ(A)uCa,ﬂ(B) equal if o+ =1

Let (1)

<a<
Given . & 'UA(X)

Hence

This implies . (2).

C A)cC A
From (1) and (2) a,ﬂ( )& 5'6( )

a+ﬂ$1,imp|iesthat 1-p>a and <

(ii).Since
C A)cC A
By part.(i). 1_ﬂ"8( b= a,,B( e (3)
o+ f<l a>a and f<l-a ), CapNECa1-o A
Again , implies that Byapant (i) susdlllF - @y (4)

rrom (3)and (@) FAAY <CapNECa1a W

(i), Xe Ca,ﬂ(A) = /JA(X) za, MR x)<p

Ac B:yB(x)ZyA(x)Za, and vB(x)SvA(x)s,B

:>uB(x)2a, and vB(x)sﬂ and so XGCa'IB(B) Ca,ﬁ(A)gCa,ﬁ(B)

be a Hence

(iv).Since ANBc A and AnBcC A

Therefore by part (i)
Caﬁ(Am B) c Ca,ﬂ(A) and Ca,ﬂ(Am B)c Ca,,B(B)

C,, s(ANB)SC,, 4(ANC,, 5(B)

» XECa’ﬁ(A)ﬁCa”H(B)SXECa,ﬂ(A) and XECa”B(B)
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:>,uA(X)2a &VA(X)S,B and yB(X)Za &VB(X)Sﬁ
:yA(X)Za &,uB(X)Za and VA(X)Sﬁ& VB(X)S,B

:yA(X)Za/\,uB(X)ZaZa and vA(X)Zava(X)S,B

:>(,uA myB)(X)Za and (vAmvB)(X)S,B

C AnB)=C A NnC B
From (5) and (6), a,ﬂ( Ly a,ﬂ( g 0!,,3()

().since ACAUB and Bc AUB

Therefore by part (i)
Ca,ﬂ(A) gCa,ﬂ(Au B) and Ca,ﬂ(B) c Ca,ﬂ(Au B)

= Ca,ﬂ(A) UCa,ﬂ(B) gCa’ﬂ(Au B)

¥ XECQ,"B(AUB):(/JAU,UB)(X)Z(Z and (vAuvB)(X)S,B

:>yA(X) >a & vA(X) <p and ,uB(X) >a & VB(X) <p
= yA(X) v Hg (X)>«a and VA(X) /\VB(X) <p

If p(X)=a, then  v,(X)<1-pup(X)<l-a=p

= Xeca,ﬂ(A) c Ca,ﬂ(A)UCa,,B(B)

Similarly if Mg (X) > «, then VB (x)<1- Mg X)L1l-a=p
== XeCa’ﬁ(B) c Ca,ﬂ(A)UCa,ﬂ(B)

e soa 12 XeCa'ﬂ(Au B)=xe Ca,ﬂ(A)UCa,,B(B)

=S g B sV 5P evrrn(8)

C_ L(AuB)2C_ ,(A)uC _ ,(B)
From (7) and (8), ap a.p a.p
C p (P
Theorem: 3.3 If A is n-generated intuitionistic fuzzy subgroup of a group G .Then ! is a

,UA(e) 2 a, VA(e) <p

subgroup of a group < , Where and € is the identity element of a

G
group
Proof:
C (A)=¢ eecC (A)
Clearly a.p as a.p
X, yeC_ ,(A)
Let a.p be any two elements. Then

ﬂA(X)Zaf VA(X)S,B and ,UA(Y)Za’ VA(Y)Sﬁ
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= ,UA(X) A ,UA(Y) >a and VA(X) 4 VA(Y) <p

As A is n-generated intuitionistic fuzzy subgroup of G.

HACY )2 UA () A p() 2 and

Therefore
= -1 -1
HAY D) SVA) VYA SB  upa(y Dza and va(xy )<p
—=xyteC_ (A). C_ (A
a.p Hence a.p isasubgroupofG
Theorem: 3.4

G Ca ,B(A)
If A is n-generated intuitionistic fuzzy normal subgroup of agroup © .Then ] is a normal
,UA(e) 2 a, VA(e) <p

subgroup of a group G,where and € is the identity = element of a

group G
Proof:
xeC _ ,(A) X)=a, v(X)<
Let a.p and 9C pe any element. Then’uA( )=a, A( )_'B. Also A be n-
generated intuitionistic  fuzzy normal subgroup of a group G Therefore

#(97'xg) = u(x) and v(g7xg) =v() "x1 A gi G
HA(Q7X0) = up () 2 and va(9XQ) =V (X) </

Therefore

#a(97xg) 2 and v, (g7xg) < B

This implies

97xgeC, 5(A)

Cpy 5P

That is

Hence is a normal subgroup of G

Definition (3.9):

let G bea group and A be a NGIFSG of a groqu .

Let X€G pe a fixed element. Then the set

WA ={(9. 4 (0): 142 (@)): 9 <Gf where 10 (@)= p(CD) a1, (@) = v, (0,
or

geG

all
is called n generated intuitionistic fuzzy left coset of G determined by A

Ax={(, 17 @07 0, (@)): 9 <G} where iy ()= 1p (@)

Similarly,the set

_ -1
and VAX(g)_VA(gX ) for all geG

is called n generated intuitionistic fuzzy right coset of
G determined by A and X

Theorem: 3.5
Let A be NGIFSG of a group G and X be any fixed element of G . Then
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(i). x Ca,pW=Ca,p0N
i Ca,ﬂ(A)-XZCa,ﬂ(AX) Y a,fe[01], with a+p<1

Proof:
0 Ca,ﬁ(xA)={g EGZﬂA(g)Za & VA(g)Sﬁ}
x.Ca,ﬁ(XA)=x-{yeG:,uA(y)2a & VA(y)Sﬁ}
~yeGiup(za & v(y)<B)

put XY= so that y=x1g

X'Ca,ﬁ(A) :{g eG :,uA(x_lg) >a & vA(X_lg)Sﬂ}

and

Therefore
~{9eG:u @) 2a & va(g)S,B}=Ca”3(XA)

Thus X_Ca’ﬂ(A):Ca,ﬂ(XA) YV a,f€[0]], with a+ <1

C p(A)={geG sip (@) 20 & vp, (@<

and

(ii).
Ca’ﬂ(xA)-x:{yeG:,uA(y)za & vA(y)s/)’}-x
={weGiupMza & vy <p]

put YX=0 so that y:gx_l

Ca,ﬂ(A)-x={g eG:,uA(gX_l)Za & VA(gX_l)S,B}

Therefore
={0eGiup@2a & vy, @<B]=C, (A
ue Ca PV X=Cq s v o pefoq), with a+p<1
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