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IRREDUCIBILITY OF POLYNOMIALS WITH INTEGRAL CO-EFFICIENTS

ARCHANA MALIK
Department of Mathematics, M.D.U. Rohtak

Abstract: In this paper | have proved some theorems based on irreducibility of polynomials. | have taken
different cases for functions to be irreducible over different fields such as rationals, integers etc.
Different assumptions are chosen for the coefficients of polynomials Theorem of A. Cohn on
irreducibility is main result.

Lemma 1.1: Let k and b be integers with 1 < k < b and let
D=[z:| b—z|£\/E]
n .
Suppose f(X) = Zajx’ ez[x]
=0
has the properties,
(i) 3;20forj=0,1,......c...... n
(ii) | f(b) |=Kkp for some prime p
(iii) if f(a) =0thena ¢ D
Then f(x) is irreducible over the rationals.

Proof: Assume f(x) satisfies (i), (ii), (iii). Then it is enough to prove that f(x) is irreducible over the
integers. If possible, let f(x) be reducible i.e.

let f(x) = g(x) h(x)
with degree (g(x) =r>1)
and degree (h(x)=s>1).

We also assume that leading coefficients of g(x) and h(x) are positive. For irreducibility we have to show
that one of g(x) or h(x) is of degree zero. Now since

kp =| f(b) |=[g(b)h(b) |=[g(b) | | h(b)|
= either p/g(b) or p/h(b).

Let us assume

p/Ih(b)|
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k__[h(0)]
lgd) p
= [g(0)|/k
= |g(b)[<k

write g(x) = b,-H(X—B,-)
j=1
Since each root Bj of g(x) is a root of f(x) i.e. f(Bj) =0, so by (iii) property
B; gD

= |b—B; >k forj=1,2,3, ... r.

Hence k2 |g(b)| = | b, |§‘(b_B11

> kr/Z
= k> k"2
so thatr=1. Thus
g(x) = by (x - B1)

=b; x — b1 with b; 2 1 since leading coefficient of g(x) is positive, b, is integer. Now if ; >
0 then g(x) has one real root which is positive.

Thus g(x) and therefore f(x) has a positive real root but this is a contradiction since we have given
3;20forj=0,1, ............ , Nn.

= f(x) has no positive real roots.

= So 3; <0 hence —b,3; 20,
b>k2|g(b)|=|bb—bB;|=>bb

= b > b,b gives a contradiction. So our supposition is wrong.

Hence f(x) is irreducible over the rationals.

Remark 1.1 : A result similar to this lemma (where the coefficient of f(x) are allowed to be negative) can
be found.
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n
Theorem 1.1 : Let f(x) = Zajx‘ eZ[x]
j=0

suchthata;20forj=0,1,2, ......... , N

and let k and b be positive integers withb>2andk<b—1.

letm=| ———=1|-1

N

sint——
b

where [ ] denotes the greatest integer function and fix B<y (b - \/E)ﬂ (b ~Jk —1)

a, vk

where v = ———.
Vb2 —k +k
Suppose that a;j<Bforj=0,1, ......... n-m-1

and f(b) = wp for some positive integer w < k and some prime p. Then f(x) is irreducible over rationals.

Proof : Define a set by
S:{oazreie r>b-+k and |0] < sinl[%]}

Now we will show that if oo €S then f(a) # 0 and then we will apply lemma 1.1. Set

D=[z:|b—z|£\/E]
Let z € D. Now
b—|z|=|b|-|z]
<|b-z|
< Jk
= |z|2b=vk
= |re|>b-+k
= |r||e’|=b-+k
= rzb—\/E
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= zeS.

Thus S contains D. Now let o = re®® e Sand f(a) = 0.

i.e. g+ AL+, +a,0"=0.
ag+arre® + ... +a,re™=0.

But A0, A1, cereeeenes ,an20andr>0.
So0=0

Thus ais not real and since complex roots occur in pairs so conjugate of o is also an element of S.

We may therefore assume 0 > 0.

k
Setm’ = {216} where [ ] is greatest integer function. Define 6, = sin'{%} . Then

Set 91 =T- meo.

Now, we will consider two cases :-

(i) m2>m’ (i) m<m’

consider the first case m 2 m’. Then

and JCRS (g,nj forj=m’+1,......... , m.

Indeed m0 < {91 —1} 0 <m-0,since 0 < 0,.
0

Using o’ = r1 %
= r ) cos(— j)+isin(-jO).
We get

(1) Re(oc_j)z 0 forj=1,2, ... ,m’
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(2) Re(oc_j)< 0 forj=m’+1,....... ,m
since ™! sin(— 19) = —r ¥ sin j0 for all values of 0 and Im(a’) < 0 forj= 1, ......, m. -=(3)

Now, 0,20, because

T—mo, =6,
o n>(m+1)8,
= N >0,
m+1
& 0o < &
m+1

T
mz
m+1 m+1

and 0= -mby>m-

So 0o < = and 0,2 T
m+1 m+1
= 0,20,
since 0<0,
-j6>-mo, >0 for T 1 —— ,m

g>n—j92n—m90 >0
50 tan(r — jO)> tan(m — m@, ) = tan O,
and since g >0, =0,
= tan0; = tanO,
Thus tan(m—j0)>tan®, >tan®, for  j=m'+1,.....,m.
Now |Im(a™)|=|r7sin(-jo)]
=|rsin jo|
=rJsinjo (.- joe(0, n)

= r isin (n—j0)
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r-tan (n—jO) cos (m— jO)

r~ tan@, cos(r — j0)

\Y%

r~ cos(n— jO)tand,

Jk

- ‘Re(oc_jl for EEENT SR ,-m
b? —k
i)z [Refa | o
b? —k

We consider

f N _

—OE?) =la, +a,,0 " +a, a7+, +a, a "+ Zanﬂ_aﬂ (5)

j=m+1

where (in the case that n < m) we interpret a,; as zero for j > n and the sum is zero.
-m'-1

Now if ‘Re(anfm.fl —a s + anfma_ml <a, -y

Then we have by (1) and (5).

f(a) . m
- - -]
>la +a, 0 . ta, o ‘— Mla,;llal
o J=m+l
n .
> Refa, +2, 40 + oot 8, 0| Y B
j=m+1
>Rela, +a,_,0 " +........ +a, . a‘m"

J=m+1
-m-1 -m-2
>a, —(a,—y)-Br ™ +r " e o)
Since n<m or m>nm’
= n=m’

SO a,_m are all zero

B
>

2V~ oD, (6)
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k
Now m(an —'Y)

_ L(a _ij
b>—k{ " Jb?—k+k

) a vk |Vb?—k+vk—-k
Vb2 —k | b2 —k+k

.M
Vb2 —k +/K

{L}M (@ —7)=»

b —k
Now if Re(an_m._1 —a " +an_moc"“)> a —y

f(a | s
Then (n) >la, +a, o+, +38 o ”“— >la,llel’

(04 j=m+1

1 -m —j
>la, +a, 0" e, +a, o - D Br
j=m+1

> M@, 0™ a0 - YBET (by(2)&3)

j=m+1
k * :
> \ﬁ_ (@,-v)- ZBF_J (by (4))
b -—k j=m+1
B
= 7
Y oD (7)
Thus in any case f(?) > }/—WB_D.
Since rzb- vk and BSy(b—\/E)ﬂ(b—\/E—l)
|f(oc)| B
o |7 ey
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k] b~k 1)
=7 rm(r-1)

bR

r"(r-1)

:’Yl

oK) —(b— k)"~ (- vk + (oK'
YL r"(r-1)

= [f(c)| > O which is a contradiction because we have assumed f(a) = 0.

In the case m < m’, (1) holds for j<m

i.e. Re(oc_j)z 0 for 21,2, . ,m.
f(a) .. B
a" r™(r-1)
el N,
r"(r-1)

so |[f(a)| > 0 which is a contradiction. Thus if a € S then f(a) # 0. Since all the conditions of Lemma 1.1
hold so by lemma 1, we get f(x) is irreducible over rationals.

Comments

1.1.1 Theorem can be used to test the irreducibility of an arbitrary polynomial if b is choosen sufficiently
large and a translation is made so that the coefficient of the polynomial are non-negative.

Since if oy’s are roots of f(x) and if
|Re(B;)| <B for all j,

then we know that f(x + B) has non-negative coefficients and then by taking b sufficiently large, we can
apply Theorem 1.1.

1.1.2 Intheorem 1.1, we can choose y as

vy =a,|1+cot(6,))

since from theorem 1.1, we have
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_ ek
(bz—k)%+\/E

set vk = bsing,

a,bsin g,
bcos b, +bsin g,

Then y =

a

n

= —I— (By dividing by b Sin &, in denominator and numerator)
coto, +1

n

Theorem 1.2 : Let f(x) = Zajx' € Z[X] be such that f(10) is a prime. If 0<a; < 6:1,]1030 foreachj=0,1,
=0

......... , n-1 then f(x) is irreducible.

Proof : To prove this theorem, we use ideas from the proof of theorem 1.1. Take b =10 and k = 1.

Write T=S;US,US;where

S, ={o=re’:r>975 " <|0|<sin™ L
32 10

S, :{oc: re® :r>09.64, - <|0|< 1}
33 32

S3={a=re“’:r29,0<|9|s£}
33

Then D={Z:]10-z|<1jcT

We need only to show for all o € T, f(a) # 0. Assume for some o = re® e T, f(a) = 0. Since the
coefficients of f(x) are non-negative so 0 = 0. We may take 0 > 0. From the proof of Theorem 1.1, we can

arrive at by (6) and (7), |f(a)| > — E .
o | r"(r-1)

Here choice of m and y depends to which set S;, j= 1, 2, or 3 a belongs with B<a, 10%.

For S;, we may take y = a, (0.035)
and m=31
For S,, we may take y = a,(0.089)

and m=31
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For S;, we may take y = a,(0.087)

and m=32
o), B
o |70 (-
1 30
For S, fof(f) > a, (0.035) — %
1030
= a_|0.035-
{ (9.75)* (9.75—1)}
= an[0.035—;}
39.916379
>0
For S, La) > a,|0.089— 3]1'0
a (9.64)™ (9.64-1)

- a,|0089-—
27.72693

>0

> 0.

Similarly for S;, we get

f(f)

(24

Thus in each case, we have
|[f(w)|>0  with B<a,10%
which gives a contradiction since f( o) = 0.
Thus forall aeT, f(a)=0.
Hence all the conditions of theorem 2 are true so f(x) is irreducible over rationals.

Lemma 1.2 : If f(x) €Z[x] is of degree n 2 1 and has non-negative coefficients then it has no zero in the

sector S= [Z:pei9:p>0,|9|<£}.
n

Proof : Let Z = peie € S. If Z is zeal then since f(x) has non-negative coefficients so f(Z) # 0. Suppose Z is
not real then either Im(Z/) >0 forallj=1, 2, ........ ,norim(Z)<0forallj=1,2, ... n.

Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Aryabhatta Journal of Mathematics and Informatics
http://www.ijmr.net.in email id- irjmss@gmail.com Page 182




! IJMRE‘

g o*\‘?;j Vol.09 Issue-02, (July - December, 2017)  ISSN: 2394-9309 (E) / 0975-7139 (P)
- Aryabhatta Journal of Mathematics and Informatics (Impact Factor- 5.856)

Now f(Z) = ap + aiZ + @, 2> + ........ +a,Z"
=ap+ape’+ap’ e+ ... +app"e™

Im f(2) = a,psiNn0+a,p*SiN20+........ +a,p"sinnod

| Imf(2Z)|=|a,psin0+a,p?sin 20 +........ +a,p"sinno|

If Im(Z) >0thatisp'sinjo>0 for  j=1,2, ... m

then |Im f(Z)| > 0.

If Im(z)) < O thatis p’sinj0<0 for b IR as el I N

then [Im f(z)] = | -(@a1p sin@ +a, p>sin 20 + .............. +a,p sinnb|
=a;psinO+a,p°sin20 +.......... +a,p"sinnd
>0 (sincea;20forj=1,2,......... ,n)

Thus |Im (fZ)| > 0.
So f(z) # 0 because for f(z) to be zero, it’s real and imaginary part must be equal to zero.
Hence we have shown forz € S,

f(z) 2 0, i.e. f(x) has no zero in the sector.
S= {z:peie :p>0,0] <E}.
n

T

non-negative coefficients and if f(b) is prime then f(x) is irreducible.

Theorem 1.3 : Let b > 1 be an integer and let N; = . If f(x) € Z[x] is of degree n < N; and has

Proof : We prove this theorem by using lemma 1.1. In order to prove this we have to show that f(x) has
no zeros in the set

S={z:|b-2z| <1}
Now {z:|b-z|<1}c {z=pe“’:p>0,|9I£sin‘1(%)} - {z=pe‘9 :p>0,0] <%}

But by lemma 1.2, we have proved that f(x) has no zeros in the sect

{Z:peieip>0,|9|<%}.
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So f(x) has no zeros in the set S.
Then by lemma 1.1, f(x) is irreducible.

Lemma 1.3 : If g(x) € z [x] has no non-negative real roots then there is an h(x) € z[x] such that g(x) h(x)
has all positive coefficients.

Proof : Suppose g(x) € z[x] has no non-negative real roots. Then the constant term of g(x) is non zero.
Since g(x) h(x) is to have positive coefficients, we consider only

h(x) € z[x] with non-zero constant terms.

n
Now if g(x) h(x) = Zaij e Z[X]
j=0
has non-negative coefficients then for a suitable positive integer d, we get

g(x)h(x)(xd ... +1)

has all positive coefficients. Thus we have to show that for given g(x) € Z[x] there is an h(x) € Z[x] with
real coefficients such that g(x)h(x) has non-negative coefficients.

Write
r .
gk =D bx’
j=0
and let R be a positive integer such that Rg(x) h(x) has all its coefficients greater than
r
oy
=0
write
S .
. j
Rh(x) = ZO“ 7,X
J:

and set C; = [yj] where [ ] denotes the greatest integer function. Let

H(x) = c;x' e Z[x].

s
j=0

Then g(x) H(x) = g(x) {Rh(x)—z (yj —cj)x'} (1)
j=0
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Since  Rh(x) - Zs: (Yj _Cj>xj
j=0

S

= Zs: X' = (Y,— _Cj)xj
j=0

j=0

s %
- J
=D o)X
j=0
= H(x)

=  Rh(x)- z (y,—c, ) =H(X).
j=0

From (1), we get

S

g(x) H(x) = Rg(x) h(x) —g(x) {

which has all positive coefficients since each coefficient of

g(x) {Z (yj—cj)xj} <2 Ib;| max |y —c;|
j=0

i=0 0<j<s

j=0

and these b; are positive.

Write
u \%
g(x) =be(X +B,~) H(X2 —2rj(cos 91) X+ rjz)
j=1 j=1
where b, is an integer, Bj >0forj=1,2,3,....... ,uandr;>0and0<0;<mforj=1,2, ... ,V. Letk=

pe’and A = pe™ where p>0and 0 <0 <TI.
We need only show that for such k and A there is an h(x) € R[x] (depending on k and A) such that
(x=k) (x=2A) h(x)

has all non-negative coefficients. Let s be the non-negative integer satisfying
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(ZJ—Zsss[fj—i forj=0,1,2 ..., s, define
0 0
Cj — (ks—j+1 _ 7\‘3—]+1 )/(k _ )\‘) (2)
s—j+lei(s—j+1)t9_ s—j+1e—i(s—j+1)9
¢ = £ i0 p—ie
e’ —e
 p*cos(s — j+1)0+isin(s— j+1)8]—p " [cos(s — j+1)0 —isin(s - j+1)6]
p(cos O +isinB) —p(cosO—isin B)
_ p* ™ cos(s— j+1)0+isin(s — j+1)0—cos(s— j+1)0 +isin(s— j+1)6]
p(cosO+isin®—cosO—isin )
_p2isin(s - j+1)6]
p(2 isin )
_p'sin(s—j+1)0
sin6
>0forj=1,2,........... ,S.

S .
Leth(x)= > ¢;x’ .
j=0

Then (x = k) (x - &) h(x) = [x* = (k + &) x + k\] (h(x))
=[x = (k+A) X+ kL] (Co + C1X, veervnnnnn. , CX°)

ks—j+l _ 7\‘5—]4-1

But from (2), C;= Y

ks—j+1 d xs#—l
7 s ™y
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So [(x = k) (x - )] h(x) = (x* = (k+L)x + kA)

7\,ks+1 _ }Ls+1 ks _ xs
+ X
k—A k—A

ks+2 _ k}\’s+1 + }\’ks+l _ 7\’5+2 ks+1}\’ _ ks+1}\’ ks+l _ }\’s+l
- X+ X+
K-\ k—A k—A

s+2
X

Kn

v (ks+2 -~ }\‘s+2)>< s (ks+1 . 7\‘3+1 )kk
k-2 K—A

ks+2 AN xs+2 ps+2ei(s+2)¢ - ps+2ei(s+2)e
K— 1 pe“’ _pe—ie

But

p**?[cos(s +2)0 +isin(s+2)0 —cos(s + 2)0 +isin(s + 2)6]
p[cosO+i sinO—cosO+i sin o]

p**?[2isin(s +2)6]
p[2i sin 6]

_ p™sin(s+2)0
sin®
ks+1 v 3 7\‘S+1 ps+qei(s+q)¢ _ ps+qe—i(s+q)e

and = - ’
k—?u pele _pe—le

_ p**[cos(s +1)0 +isin(s +1)0 — cos(s +1)8 + isin(s +1)6]
(cos®+isin6—cosO+i sinB)

_ p°[2isin(s +1)6]
~ (2 sing)

_ p'sin(s+2)0 ol sin(s+1)0

Hence (x— k) (x- &) (h(x) = x"" sin 0 sin @

But from choice of s, we get
(x = k) (x=A) (h(x)) has non-negative coefficient.

Hence we have shown that there is h(x) € Z[x] such that g(x) h(x) has all positive coefficients.

1
Lemma1l.4:Lletb>1beanintegerandN, = ﬂ/tanl(b].
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Let n be the positive integer such that N, < n < N, + 1. Then there is a polynomial of degree n with non-
negative coefficients and positive which is divisible by (x — b)> +1.

1
Proof : Let p = (b’ +1)and 6 = tan™ (B)

Now ifk=pe” A =pe™ with the coefficient is
(x=k) (x=2) = (x=pe”) (x- pe™)
=x*-pex-pe’x+p’
=x"-px(e”+e)+p’

=x"- px (2 cos 0) + p°

=x’-vb?+1 (2cos 0) x + b2 +1

But tan0 = (lj = cosf = —
b b%+1

(x—=k) (x=A) =x"—2bx+b*+1

=(x-b)?+1

Taking h(x) = ZCij gives a polynomial form lemma 1.3
j=0
(x = k) (x=2A) h(x) =f(x)
= ((x-b)* + 1) h(x) = f(x)
= f(x) = (x = b)* + 1) h(x)
with non-negative coefficient of degree n. Now f(x) has already integral coefficients. Furthermore,

f(x) = (x k) (x - 1) h(x)

w2 SiN(s+2)6 . P2 sin(s +1)6

. - (from lemma 1.3)
sin@ siné

Here f(x) is of degree n ='s + 2. So the coefficient of x in f(x) is

_p"*sinnd
sin 6

For b > 2, N, is not an integer.
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Lemma 1.3 describes how to modify f(x) so as to obtain a polynomial of degree n which has non-
negative integer coefficients and which is divisible by (x — b)* + 1.

Now 1= N,0 < nO < (N, +1)0
=N,0+0
=m+0
<21

So that the coefficients of x in f(x) is non-zero. Since n0 lies between I1 and 2IT and sin e is negative in
sinnd
sin®

third and fourth quadrant. Thus coefficient of x in f(x) i.e. (—p”‘l(— D is positive and is divisible
by (x —b)® + 1.

Hence the result.
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