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IRREDUCIBILITY OF POLYNOMIALS WITH INTEGRAL CO-EFFICIENTS 

ARCHANA MALIK 

Department of Mathematics, M.D.U. Rohtak 

Abstract: In this paper I have proved some theorems based on irreducibility of polynomials. I have taken 
different cases for functions to be irreducible over different fields such as rationals, integers etc. 
Different assumptions are chosen for the coefficients of polynomials Theorem of A. Cohn on 
irreducibility is main result.  

Lemma 1.1 : Let k and b be integers with 1 ≤ k ≤ b and let 

   k|zb:|zD    

Suppose ]x[zxa)x(f
n

0j

j

j


  

has the properties, 

(i) aj ≥ 0 for j = 0, 1, .............n 

(ii) kp|)b(f|   for some prime p 

(iii) if f(α) = 0 then α  D 

Then f(x) is irreducible over the rationals.  

Proof: Assume f(x) satisfies (i), (ii), (iii). Then it is enough to prove that f(x) is irreducible over the 
integers. If possible, let f(x) be reducible i.e. 

 let f(x) = g(x) h(x) 

 with degree  1r)x(g   

 and degree  1s)x(h  . 

We also assume that leading coefficients of g(x) and h(x) are positive. For irreducibility we have to show 
that one of g(x) or h(x) is of degree zero. Now since 

 |)b(h||)b(g||)b(h)b(g||)b(f|kp   

 either p/g(b) or p/h(b). 

Let us assume 

 |)(|/ bhp   
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So 
p

|)b(h|

|)b(g|

k
  

 k/|)b(g|  

 |)b(g|  ≤ k 

write g(x) =  
j

r

1j
r x.b 



 

Since each root j  of g(x) is a root of f(x) i.e.  
jf   = 0, so by (iii) property 

 Dj   

 k|b| j    for j = 1, 2, 3, .......... r. 

Hence k ≥ |)b(g|  =  
j

r

1j
r b|b| 



 

         > 2/rk  

 k > 2/rk  

so that r = 1. Thus 

 g(x) = b1 (x - 1) 

          = b1 x – b11 with b1 ≥ 1 since leading coefficient of g(x) is positive, b1 is integer. Now if 1 > 
0 then g(x) has one real root which is positive. 

Thus g(x) and therefore f(x) has a positive real root but this is a contradiction since we have given 

 aj ≥ 0 for j = 0, 1, ............, n. 

 f(x) has no positive real roots. 

 So 1 < 0 hence –b11 ≥ 0, 

 b > k ≥ |)b(g|  = bb|bbb| 1111   

 b > b1b gives a contradiction. So our supposition is wrong.  

Hence f(x) is irreducible over the rationals.  

Remark 1.1 : A result similar to this lemma (where the coefficient of f(x) are allowed to be negative) can 
be found. 
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Theorem 1.1 : Let f(x) = ]x[Zxa
n

0j

j

j


  

such that aj ≥ 0 for j = 0, 1, 2, ........., n 

and let k and b be positive integers with b ≥ 2 and k ≤ b – 1. 

Let 1

sin 1
























b

k
m


 

where [ ] denotes the greatest integer function and fix    1kbkbB
m

  

where 
kkb

ka

2

n


 . 

Suppose that aj ≤ B for j = 0, 1, ......... n – m – 1 

and f(b) = wp for some positive integer w ≤ k and some prime p. Then f(x) is irreducible over rationals.  

Proof : Define a set by 

 

























 

b

k
sin||andkbr:reS 1i . 

Now we will show that if S  then  f()  0 and then we will apply lemma 1.1. Set   

  k|zb:|zD    

Let z  D. Now 

 |z||b||z|b   

  |zb|   

    k  

 kb|z|   

 kb|re| i   

 kber i ||||   

 r ≥ b - k  
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 z  S. 

Thus S contains D. Now let  = ire   S and f() = 0.  

i.e. a0 + a1 + ......... + an
n = 0. 

 a0 + a1
ire  + ............ + anrnein

 = 0. 

But a0, a1, .........., an ≥ 0 and r > 0. 

 So   0. 

Thus  is not real and since complex roots occur in pairs so conjugate of  is also an element of S.  

We may therefore assume  > 0. 

Set m´ = 












2
 where [ ] is greatest integer function. Define 0 = sin-1















b

k
. Then 

 m = 1
0













. 

Set  1 =  - m0. 

Now, we will consider two cases :- 

 (i) m ≥ m´  (ii) m < m´ 

consider the first case m ≥ m´. Then 

 j  






 

2
,0   for j = 1, 2, ........., m´ 

and j  










,

2
 for j = m´ + 1, ........., m. 

Indeed m ≤ 












1

0

  ≤  - 0 since  ≤ 0. 

Using -j = r-j ei(–j)  

     =     jsinijcosr j . 

We get 

(1)   0Re j   for j = 1, 2, ........., m´ 
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(2)   0Re j   for j = m´ + 1, .........., m 

since jr    jsin  = jr  sin j for all values of  and Im(-j) < 0 for j = 1, ......, m. --(3) 

Now,  1 ≥ 0   because 

 00m   

   01m   

 
1m 


 ≥ 0 

 0 ≤ 
1m 


 

and 1 =   - m0 ≥  - 
1m 


 m ≥ 

1m 


 

So 0 ≤ 
1m 


 and  1 ≥ 

1m 


 

 1 ≥ 0 

since  ≤ 0 

 0mj 0   for  j = m´ + 1, ........., m 

 0mj
2

0 


 

so     10 tanmtanjtan   

and since 01
2




 

 tan1 ≥ tan0 

Thus   01 tantanjtan   for  j = m´ + 1, ........, m. 

Now |)jsin(r||)(Im| jj    

      |jsinr| j    

       =  jsinr j  )),0(j(   

      = sinjr    j  
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      = tanr j   j  cos   j  

      ≥   jcostanr 0

j  

      =   0

j tanjcosr   

      =  
kb

k
Re

2

j


   for j = m´ + 1, ......., -m 

 |)(Im| j  ≥  
kb

k
Re

2

j


       (4) 

We consider 

 
















 
n

mj

j

jn

m

mnnnnn
aaaaa

f

1

2

1

1

1 ........
)(





  (5) 

where (in the case that n < m) we interpret an-j as zero for j > n and the sum is zero. 

Now if    





 n

m

mn

1'm

1'mn aa........aRe  

Then we have by (1) and (5). 














 


 n

1mj

j

jn

m

mn

1

1nnn
|||a|a........aa

)(f
 










 
n

1mj

jm

mn

1

1nn Bra........aaRe  

'

'

1

1 ........Re m

mnnn aaa 





    

  








 
n

1mj

jm

mn

1'm

1'mn Bra........aRe  

  )..........rr(Baa 2m1m

nn    

Since n < m   or  m > n ≥ m´ 

 n ≥ m´ 

so an – m´ are all zero 

≥ 
)1r(mr

B


          (6) 
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Now  


n2
a

kb

k
 

 = 

















 kkb

ka
a

kb

k

2

n
n2

 

 = 
















 kkb

kkkb

kb

ka

2

2

2

n  

 = 
 kkb

ka

2

n  

    









na

kb

k
2/1

2
 

Now if    





 n

m

mn

1'm

1'mn aa........aRe  

Then 
n

)(f




 ≥ 













 
n

1mj

j

jn

m

mn

1

1nn |||a|a.........aa  

  >  







m

mn

1

1nn a.........aa 






1mj

jBr  

  ≥  m

mn

1'm

1'mn a........aIm 





   - 






1mj

jBr  (by (2) & (3)) 

 >   





 1mj

j

n
2

Bra
kb

k
     (by (4)) 

 = 
)1r(r

B
m 

          (7) 

Thus in any case 
n

)(f




 > 

)1( 


rr

B
m

 . 

Since r ≥ b – k  and    1kbkbB
m

  

 
n

)(f




 > 

)1r(r

B
m 

  
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  ≥ 
   

)1r(r

1kbkb
m

m




  

  = 
   




















)1r(r

1kbkb
1

m

m

 

  = 
       






















)1r(r

kbkbkbkb
m

m1mm1m

 

  = 0 

 |f()| > 0 which is a contradiction because we have assumed f() = 0. 

In the case m < m´, (1) holds for j ≤ m 

i.e.   0Re j   for j = 1, 2, .........., m. 

 
n

)(f




 > an – 

)1r(r

B
m 

 

  ≥ 0
)1r(r

B
m




  

so |f()| > 0 which is a contradiction. Thus if   S then f()  0. Since all the conditions of Lemma 1.1 
hold so by lemma 1, we get f(x) is irreducible over rationals. 

Comments  

1.1.1 Theorem can be used to test the irreducibility of an arbitrary polynomial if b is choosen sufficiently 
large and a translation is made so that the coefficient of the polynomial are non-negative.  

Since if j’s are roots of f(x) and if 

 |Re(j)| < B  for all j,  

then we know that f(x + B) has non-negative coefficients and then by taking b sufficiently large, we can 
apply Theorem 1.1. 

1.1.2 In theorem 1.1, we can choose  as 

   1n cot1a   

since from theorem 1.1, we have 
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  kkb

ka

2

1
2

n



  

Set k  = 1sinb  

Then 
11

1

sincos

sin






bb

ban


  

  = 
1cot

a

1

n


  (By dividing by b 1sin  in denominator and numerator) 

Theorem 1.2 : Let f(x) = 



n

0j

j

j ]x[Zxa  be such that f(10) is a prime. If 30

nj 10aa0   for each j = 0, 1, 

........., n-1 then f(x) is irreducible. 

Proof : To prove this theorem, we use ideas from the proof of theorem 1.1. Take b = 10 and k = 1. 

Write  T = S1 U S2 U S3 where 

 



















 

10

1
sin||

32
,75.9r:reS 1i

1  

 






 




 

32
||

33
,64.9r:reS i

2  

 






 

 

33
||0,9r:reS i

3  

Then D =   T1|z10|:Z   

We need only to show for all   T, f()  0. Assume for some  = rei  T, f() = 0. Since the 

coefficients of f(x) are non-negative so   0. We may take  > 0. From the proof of Theorem 1.1, we can 

arrive at by (6) and (7), 
 
















)1r(r

Bf
mn

. 

Here choice of m and  depends to which set Sj, j = 1, 2, or 3  belongs with B ≤ an 1030. 

For S1, we may take  = an (0.035) 

  and  m = 31 

For S2, we may take  = an (0.089) 

  and  m = 31 
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For S3, we may take  = an (0.087) 

  and  m = 32 

 
 





n

f
 – 

)1r(r

B
n 

 

For S1, 
 


n

f




 an (0.035) – 

)1r(r

10a
31

30

n


 

      = 
   













175.975.9

10
035.0a

31

30

n  

     = 









916379.39

1
035.0an  

     > 0 

For S2, 
 





n

f
 

   














164.964.9

10
089.0a

31n

30

 

     = 









72693.27

1
089.0an  

     > 0 

Similarly for S3, we get 
 

n

f




 > 0. 

Thus in each case, we have 

 0|)(f|   with  30

n10aB  

which gives a contradiction since f( ) = 0. 

Thus for all 0)(f,T  . 

Hence all the conditions of theorem 2 are true so f(x) is irreducible over rationals. 

Lemma 1.2 : If f(x) Z*x+ is of degree n ≥ 1 and has non-negative coefficients then it has no zero in the 

sector S = 









n
eZ i 

  ||,0: . 

Proof : Let Z =  ie   S. If Z is zeal then since f(x) has non-negative coefficients so f(Z) ≠ 0. Suppose Z is 

not real then either Im(Zj) > 0 for all j = 1, 2, ........, n or Im(Zj) < 0 for all j = 1, 2, ........n. 
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Now f(Z) = a0 + a1Z + a2Z2 + ........ + anZn 

     = a0 + a1ei + a2
2 e2i + ............ + an

nein 

 Im f(Z) =  nsina........2sinasina n

n

2

21  

 |nsina........2sinasina||)Z(fIm| n

n

2

21   

If Im(Zj) > 0 that is j sin j > 0  for  j = 1, 2, .........., n, 

then |Im f(Z)| > 0. 

If Im(zj) < 0 that is pj sin j < 0 for  j = 1, 2 -, ............., n, 

then |Im f(z)| = | -(a1 sin + a2 2 sin 2 + .............. + an sin n| 

           = a1  sin  + a2 2 sin 2 + ........... + an n sin n 

           > 0 (since aj ≥ 0 for j = 1, 2, ........., n) 

Thus |Im (fZ)| > 0. 

So f(z) ≠ 0 because for f(z) to be zero, it’s real and imaginary part must be equal to zero. 

Hence we have shown for z  S, 

f(z) ≠ 0, i.e. f(x) has no zero in the sector. 

 S = 






 

 

n
||,0:ez i . 

Theorem 1.3 : Let b > 1 be an integer and let N1 = 














b

1
sin 1

. If f(x)  Z[x] is of degree n < N1 and has 

non-negative coefficients and if f(b) is prime then f(x) is irreducible.  

Proof  : We prove this theorem by using lemma 1.1. In order to prove this we have to show that f(x) has 
no zeros in the set 

 S = {z : |b – z| ≤ 1} 

Now {z : |b – z| ≤ 1}  
















 

b

1
sin||,0:ez 1i   







 

 

n
||,0:ez i . 

But by lemma 1.2, we have proved that f(x) has no zeros in the sect 

 






 

 

n
||,0:ez i . 
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So f(x) has no zeros in the set S. 

Then by lemma 1.1, f(x) is irreducible. 

Lemma 1.3 : If g(x)  z [x] has no non-negative real roots then there is an h(x)  z[x] such that g(x) h(x) 
has all positive coefficients.  

Proof : Suppose g(x)  z[x] has no non-negative real roots. Then the constant term of g(x) is non zero. 
Since g(x) h(x) is to have positive coefficients, we consider only  

h(x)  z[x] with non-zero constant terms.  

Now if g(x) h(x) = 



n

0j

j

j ]x[Zxa  

has non-negative coefficients then for a suitable positive integer d, we get 

  1..........xx)x(h)x(g 1dd    

has all positive coefficients. Thus we have to show that for given g(x)  Z[x] there is an h(x)  Z[x] with 
real coefficients such that g(x)h(x) has non-negative coefficients. 

Write  

 g(x) = 


r

0j

j

jxb  

and let R be a positive integer such that Rg(x) h(x) has all its coefficients greater than 

 


r

0j

j |b|  

write 

 Rh(x) = 



s

0j

j

jx  

and set Cj = [ j ] where [ ] denotes the greatest integer function. Let 

 H(x) = ]x[Zxc
s

0j

j

j 


. 

Then g(x) H(x) = g(x)  











s

0j

j

jj xc)x(Rh      (1) 
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Since Rh(x) -  



s

0j

j

jj xc  

 =  



s

0j

j

jj

s

0j

j

j xcx  

 =         s

ss

s

s xcxccxx   ................ 110010  

 = c0 + c1 x + c2x2 + .............. + c2 xs 

 = 


s

0j

j

jxc  

 = H(x) 

 Rh(x) –   )x(Hxc
s

0j

j

jj 


. 

From (1), we get 

 g(x) H(x) = Rg(x) h(x) – g(x)  











s

0j

j

jj xc  

which has all positive coefficients since each coefficient of  

 g(x)  











s

0j

j

jj xc  ≤ ||max||
0

0
jj

r

j
sj

j cb 



  

and these bj are positive. 

Write 

 g(x) =br     



v

1j

2

jjj

2
u

1j

j rxcosr2xx  

where br is an integer, j  > 0 for j = 1, 2, 3, ......., u and rj > 0 and 0 < j < π for j = 1, 2, .............., v. Let k = 

ei and  = e-i where  > 0 and 0 <  < . 

We need only show that for such k and  there is an h(x)  R[x] (depending on k and ) such that 

 (x – k) (x – ) h(x) 

has all non-negative coefficients. Let s be the non-negative integer satisfying 
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 12 
























s  for j = 0, 1, 2 ........, s, define 

      kkc 1js1js

j        (2) 

 
   








ii

jsijsjsijs

j
ee

ee
c










1111

 

     
    

)sini(cos)sini(cos

)1jssin(i)1jscos()1jssin(i1jscos 1js1js








 

     
  

)sinicossini(cos

)1jssin(i)1jscos()1jssin(i1jscos1js








 

      
 

)sini2(

)1jssin(i21js








 

      







sin

)1jssin(js

 

      > 0 for j = 1, 2, ............, s. 

Let h(x) = 


s

0j

j

jxc . 

Then (x – k) (x - ) h(x) = [x2 – (k + ) x + k] (h(x)) 

       = [x2 – (k + ) x + k] (c0 + c1x, ............., csx
s) 

But from (2), 







k

k
c

1js1js

j  

  







k

k
c

1s1js

0  

  





k

k
c

ss

1  

   ---------------- 

------------------- 

  1
k

k
cs 




  
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So [(x – k) (x - )] h(x) = (x2 – (k+)x + k) 

  
















 

x.1........x
k

k

k

k ss1s1s

 

 = xs+2 – 












 

k.
k

k
x

k

kk
x

k

kkk 1s1s1s1s2s1s1s2s

 

 = xs+2 – 
   








 

k

kk

k

k 1s1s2s2s

 

But 












ii

)2s(i2s)2s(i2s2s2s

ee

ee

k

k
 

        = 
 

]sinicossini[cos

)2ssin(i)2scos()2ssin(i)2scos(2s



 

 

        = 
 

]sini2[

)2ssin(i22s



 

 

       = 


 

sin

)2ssin(1s

 

and 












ii

)qs(iqs)qs(iqs1s1s

ee

ee

k

k
 

       = 
 

)sinicossini(cos

)1ssin(i)1scos()1ssin(i)1scos(1s



 

 

        = 
 

)sini2(

)1ssin(i2s




 

Hence (x – k) (x - ) (h(x) = xs+2 – 


 

sin

)2ssin(1s

x – 



 

sin

)1ssin(2s . 

But from choice of s, we get 

 (x – k) (x – ) (h(x)) has non-negative coefficient. 

Hence we have shown that there is h(x)  Z[x] such that g(x) h(x) has all positive coefficients. 

Lemma 1.4 : Let b > 1 be an integer and N2 = 








b

1
tan 1 . 
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Let n be the positive integer such that N2 ≤ n < N2 + 1. Then there is a polynomial of degree n with non-
negative coefficients and positive which is divisible by (x – b)2 +1. 

Proof : Let  = (b2 + 1) and  = tan-1 








b

1
. 

Now if k = ei,  = e-i  with the coefficient is 

 (x – k) (x – )  = (x – ei) (x - e-i) 

   = x2 - e-i x - ei x + 2 

   = x2 - x (e-i + ei) + p2 

   = x2 - x (2 cos ) + 2 

   = x2 - 1b2   (2 cos ) x + b2 + 1 

But tan = 








b

1
  cos = 

1b

b
2 

 

 (x – k) (x – )  = x2 – 2bx + b2 + 1 

   = (x – b)2 + 1 

Taking h(x) = 


r

0j

j

jxc  gives a polynomial form lemma 1.3 

 (x – k) (x – ) h(x) = f(x) 

 ((x-b)2 + 1) h(x) = f(x) 

 f(x) = (x – b)2 + 1) h(x) 

with non-negative coefficient of degree n. Now f(x) has already integral coefficients. Furthermore,   

 f(x) = (x – k) (x - ) h(x) 

        = xs+2 - s+1 








sin

)1sin(

sin

)2sin( 2 





 ss s

  (from lemma 1.3) 

Here f(x) is of degree n = s + 2. So the coefficient of x in f(x) is 

 







sin

nsin1n

 

For b ≥ 2, N2 is not an integer. 
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Lemma 1.3 describes how to modify f(x) so as to obtain a polynomial of degree n which has  non-
negative integer coefficients and which is divisible by (x – b)2 + 1. 

Now π= N2 < n < (N2 + 1) 

 = N2 +  

 = π +  

 < 2 π. 

So that the coefficients of x in f(x) is non-zero. Since n lies between  and 2 and sin e is negative in 

third and fourth quadrant. Thus coefficient of x in f(x) i.e.  



















 

sin

nsin1n  is positive and is divisible 

by (x – b)2 + 1. 

Hence the result.  
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