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ABSTRACT

The objective of this work is to introduce the concept of magic labeling in intuitionistic fuzzy graph and to obtain
some results related to this concept on some graphs like path, cycle and star graphs.
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INTRODUCTION

In 1736, Eular [9] introduced the concept of a graph. In 1965, Zadah [22] introduced the concept of fuzzy set which
is an extension of crisp set. This concept developed a mathematical theory to deal uncertainty and impression. In
1975, Rosenfeld [18] introduced the concept of fuzzy graph. After that many authors worked on this new concept,
fuzzy graph (see [7, 8, 21]). As an extension of fuzzy set, Atanassov [4, 5] introduced the idea of intuitionistic fuzzy
set. In 1994, Sovan and Atanassov [2] introduced the concept of intutionistic fuzzy graph. Serveral authors have
studied this new concept (see [14, 15, 16, 17]). Sadlack [19] introduced the notion of magic graph in 1964.Many
other researchers have investigated different forms of magic graph (see [6, 21]. Gani and Subhashini [12]
introduced the notion of fuzzy labeling graph. Recently, Gani and Subhashini[11,13] introduced fuzzy magic
labeling graph. Motivated by fuzzy magic labeling graph, we introduce Intuitionistic fuzzy magic labeling graph
and to obtain some results related this new concept on some graphs, like path, cycle, star graph.

2. PRELIMINARIES

Definition2.1. A graph G = (V, E) consists of a set of objects V = {uy,Up,Us,.......... } called vertices, and another set
E={ese6s,......... }, whose elements are called edges, such that each edge e, is identified with an unordered pair
(u;, u;) of vertices. The vertices u;, u; associated with edge ey are called the end vertices of ey .

Definition2.2. Let E be the universal set. A fuzzy set A in E is represented by A = {(X, Ha(X)) | Ha (X) > 0, X € E},
where the function pa : E — [0,1] is the membership degree of element x in the fuzzy set A.

Definition2.3. Let a set E be fixed. An Intuitionistic Fuzzy set A in E is an object of the form

A = {(X, Ha (X), Ya(X))| x € E}, where the function pa : E — [0, 1] and ya : E — [0, 1] determine the degree of
membership and the degree of non - membership of the element X € E, respectively and forevery Xx€E, 0
<pa () +YaX) < 1.

Definition 2.4:- Let V be a non-empty set. A fuzzy graph is a pair of functions G: (o, u) where ¢ is a fuzzy subset
of V and [ is a symmetric fuzzy relation onc.i.e.6:V — [0, 1] and u:V xV — [0, I] such that p(u, v) < o(u) /\
o(v)forallu, vin V.

Definition 2.5:- A star in a fuzzy graph consist of two node set VV and U with |[V| =1and |U| > 1, such that p(v,
u;) >0and p(v, u;) =0, 1 <i<n. Itis denoted by Sy ,.
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Definition 2.6:- A graph G: (o, p) is said to be fuzzy labeling graph, if 6: V — [0, I] and H:V XV —]0,I] are
bijective such that the membership value of nodes and edges are distinct and p(x, y) < o(x) A o(y) for all x, y in V.

Definition 2.7:- A fuzzy labeling graph is said to be a fuzzy magic graph if B,(x) + Bg(X, y) + B, (y) has a same
magic value for all x, y in V.

Definition 2.8:- An Intuitionistic Fuzzy Graph (IFG) is of the form G = (V, E), where
(i) V={vy, vz, ... V}suchthat By: VV— [0, 1] and y,4 : V' — [0, 1] denote the degree of membership and non-
membership of the element v; € V respectively
and 0 < By (vi)+ ya(vi) <1, foreveryvie V(i=1,2,...,n).
(i) EeVxV,where B : Vx ¥V —[0,1]and yp: ¥V x V— [0, 1] are such that
B (Vi Vi) <min [B(vi), Ba(v))]
Y (Vi Vi) <max [ya(vi), va (V)]
and 0 <Bg(vi,vj) +yp(vi,v;) <1forevery (vi,vj) € E.

3. INTUITIONISTIC FUZZY MAGIC LABELING GRAPH

Definition 3.1:- A graph G” = (A, B) is said to be Intuitionistic fuzzy labeling graph By V—1[0,1], ysa:V
—[0,1], Bz : Vx V— [0, 1] and y5: V' x V' — [0, 1] are bijective such that if B, (X), y4a(X), Bz(X, y), vs(X,y) €
[0,1] all are distinct for each nodes and edges, where B, is degree of membership and y,is degree of non-
membership of nodes, similarly Bz and yzare degree of membership and non-membership of edges.

Definition 3.2:- A Intuitionistic fuzzy labeling graph is said to be a intuitionistic fuzzy magic graph if the degree of
membership value ( B, (X) + Bz (X, y) + B (y) ) remain equal V X,y € V and degree of non-membership value ( y,(x)
+ v(X, ¥) + ya(y) ) remain equal Vv x,y € V. The magic membership value denoted my(G) and the magic non-
membership value denoted my(G*). We denote an intuitionistic fuzzy magic graph by M,(G).
Where M(G") = (mg(G"), m, (GH).

Theorem 3.3:- For all n > 1, the path P, is an intuitionistic fuzzy magic graph.
Proof:- Let P be any path with length n > land vy, v, vs,..., v, and viv;, V,V3, V3V4,..., V,_1V, are nodes and
edges of P. Let g, &, € [0,1] such that we choose £;=0.01 and &, = 0.1 if n <4 and £=0.001 and &, = 0.01 if n > 5.
Where &; and &, choose for set of membership and non-membership degree in Intuitionistic fuzzy labeling.
Such intuitionistic fuzzy labeling is given as:
When length is odd:

n+1

By(vak—1)=(@n+2-K) g , 1 SksT

VAo 1) =@n+2-K) g, 1 <k<X
21 n+1
By (v2r) = min {8y (vz-1) | 1 Skf%}— key , 1sk<—

: 1 1
Ya(zi) = min {yy(var-1) | 1 SkSnT}— kez , 1 SkSnT

B(vn—k+2’ vn+1—k) = maxXx {A(vk) | 1<k< 1'1+1}— min {A(vk) | 1<k< n—I—l}— (k—l)Sl ,
1<k<n.
YB(Wn—k+2: Vns1-k) = Max{ya(vy) | 1 <k <ntlj—min{y,(vy) | 1 <k<ntl}—-(k-1)e,, 1<k<n
Case (i) k is even.
Then k = 2a, where a€ Z* and for each edge vy, V44
mg(P,) = Ba(v) + B (g, Viq1) + Ba(Vies1)
= By (v24) + Bp(V2q, V2a+1) + Ba(V2a41)
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= min {8 (vz—1) | 1 Sk<=} - ae+ max{By(ve) |1 <k<ntl}
—min{B,y(vy) | 1Sk<ntl} —(n—2a)e+ (2n—a+l) g
= min {8 (vai—1) | 1 Sk <73+ max{B(v) |1 <k <n+l}
—min {B(vy) [1Sk<ntl} +(n+ 1) &
m,(P,) =va(i) +ve Wk, V1) + YaWi 1)
=Ya(V24) + ¥8(V2a, V2a+1) + Ya(W2a41)
= min {y;(vze—1) | 1 <k <™ — agp+ max{y, (v) |1 <k <nt1}
—min{y,(v) | ISk<nt+l}—(n—2a)e,+ (2n—a +1) &,
= min {y;(vze—1) | 1 Sk <=} + max{ya(vie) |1 <k <n+l}
—min{y,(vp) | ISk<nt+l} + (n+1) &
So that My (P,) = (ma(P,), m, (B,)).
Case (ii) k is odd.
Then k= 2a + 1, where a€ Z" and for each edge vy, vy41.
meg(Py) = Ba(vi) + B (vk, V1) + Ba(Vict1)
=By (v2a+1) + Bp(V2a+1s V2a+2) + Ba(V2a+2)
=(2n—a+1) g + max {By(vy) [1 <k <n+1} —min{B(v;) [I<k <n+l1}
~(1-2a-1) &y + Min{B (1) | 1sk<" 7} -@+ e
= Min{ (vay—1) |1 <k <553+ max{Ba(vy) | 1 sk<nl)
—min{By(v;) | 1<Sk<ntl} +(n+1)¢g.
my(B,) = va(i) + vk, Vics1) + Va(Vr41)
=Ya(2a+1) + ¥8(V2a+1, V2a+2) + Ya(V2a+2)
=@2n-a+l) e +max {ya(vr) | 1 <k<ntl} —min{ys(vy) | ISk <n+l}
~(0-2a-D)e; + min {ravar) | 15k<}-@+ D,
= min {ya(vzi1) | 1<k<"73+ max{ya(i) | 1 <k <nt1}
—min{y,(vg) |1k <ntl} +(n+ 1) &.
So that My (P,) = (mp(P,), m, (B,)).
When length is even:
Ba(var) = (n+2-K) &g, 1<k<Z
yavar) = (@n+2-K) &, 1<k<Z
Ba(Vaie—1) = Min{By(vze) | 1<k<2} ke, 1<k<™2
Ya(aie—1) = Mindya(vzi) | 15k<3} ke 1<k<™>
O (Vn—k+2) Vn—k+1) = Max{By (vg) |1 <k <n+l1} —min{B,(v;) | 1 <k<n+l}-(k-1)¢;, 1<k<n.
YB(Wn—t+2, Vns1-k) = MaX{ya(vi) [l <k <ntl} —min{y,(vy) | 1<sk<ntl}-(k-1)e;, I1<k<n
Case (i) k is even.
Then k = 2a, where a€ Z* and for each edge vy, vj41.

mp(B,) =B4(vi) + Bp(vi, Vis1) + Ba(V41)

=By (v24) + Bp(V2as V2a+1) + Ba(V2a+1)
=(2n+2-a) e + max{By(vy) |, 1 <k <nt+l} —min{By(v;) | 1 <k<ntl}

—(n—28)e; + Min{By(vz) | 1sk<Z}—(@+1)sg
= min{B,; (vz1) |, ISkS%} + max{B,(vy) | 1 <k <nt+l}
—min{By(vy) | 1Sk<ntl}+(n+1)e.
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my,(P,) =va(i) +ve Wk, V1) + YaWi 1)

=¥a(V24) * ¥8(V20: V2041) + Ya(V2a41)
=@2n+2-a) e +max{y,(vp) | 1 £k <nt+1} —min{y,(vy) | 1Sk <nt+1}

—(n—2a)e; + min{ys(vo) [1 sk <7} —(a+ e,
= min{ya (vy) | 1Sk =33+ max{ya(v) | 1 Sk=ntl}
—min{y,(v;) |[1I<k<n+l1} +(n+1) ¢,
So that Mo (F,) = (mg(P,), my ().
Case (ii) k is odd.
Then k = 2a + 1, where ae Z" and for each edge vy, v 41
me(P,) = Ba(vy) + B (i, Vit1) + Ba(Vi+1)
=By (Vaa+1) + Bp(Vaa 41, V2a+2) + Ba(V2aq2)
=min {8y (o) | 1<sk<Z}-@+1) e + max{Ba(v) |1 <k<n+l}
—min{By(v;) | ISk<ntl} -(n-2a-1)g + (2n—a+l) g
= min{B, (v;) |1 <k <2} + max{By(v,) | 1 <k<n+l}
—min{@y(v;) | 1Sk <n+l} +(n+1)¢.
my(B,) =va(i) + v (Wi, Vies1) + Va(Wr41)
=Ya(2a+1) + ¥B(V2a+1) V2a12) + Ya(V2a+2)
=min {ya(var) | 1<ks< 23— (@+1) ey + maxfya(vy) |1 <k<n+l}
—min{y,(v) | ISk <n+l}-(n—2a-1)e;, + (2n—a +1) &,
=min {ya(var) | 1<k<Z}+max{ya(vi) | 1 <k <n+1} —min{y,(vy) [1sk<n+1}
+(n+ 1)e,.
So that My (P,) = (mu(P,), m, (P,)).
The magic value My(P,) is same and unique in above cases. Thus B, is intuitionistic fuzzy magic graph for alln> 1.

Example 3.4:- An example of an Intuitionistic fuzzy magic labeling Path graph P,

[0.07.0.7] [0.06.0.6] [0.05,0.5]
V1 70 721V3 4041Vs
® [EI_IZILEI_I]. [D.U-ﬁ._]. JD_D—LDA] .3*
V2 [0.03,0.3]V4
[0.09.0.9] [0.08,0.8]
Figure 1

Every pair of vertices the magic value is same

mg(B,) = B, (X) + Bg(X, y) + By (y) = 0.07+0.01+0.09 = 0.17

my (F,) =va(X) +yp(X, y) +va(y) = 0.7+0.1+0.9 = 1.7

MO(Pn) = (m(Pn)’ my(Pn)) = (0-17’ 17)

Theorem 3.5:- If nis odd, then the cycle C,, is an intuitionistic fuzzy magic graph.

Proof:- Let C, be any cycle with odd number of nodes.v, v, vs,..., v, and vv,, Vo3, V3V,,..., U, V1 are having
nodes and edges of C,. Let &, &, € [0,1] such that we choose £,=0.01 and &, = 0.1 if n < 3 and &=0.001 and
& = 0.01 if n > 4. Where &; and &, choose for set of membership and non-membership degree in Intuitionistic
fuzzy labeling.

The Intuitionistic fuzzy labeling for cycle is given as:

n—1

A(U2k)=(2n+1—k)€1 ,ISkST
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Yaa) = (@n+1-K gy, 1<k<™2

Ba(v2r—1) = min {By(v2) | 1 SkSnT_l}— kep , 1 §k§"2L1
Ya(Wak—1) = min {y,(v2) | 1 Skinz;l}— kep , 1 <k <22
Bg (v, vp) =§max {B,(v;) | 1<k<n}

2
1
Y1, vp) =5 max {ya(vy) | 1 <k <nj}
B (Vn—k+1, Vn-k) = Bp(vy, v,) —ker, 1 <k<n-1
YB(Wn—k+1, Vn-t) =¥(V1, vn) —kez , 1<sk=n-1.
Case (i) k is even.
Then k = 2a, where a€ Z" and for each edge vy, vj11.
me(Cn) = Ba(vi) + B (vk, Vi+1) + Ba(Vit1)
=By (v2q) + B(v2al’ V2a+1) T Ba(V2q+1)
=(2n+1-a)g + Emax{A(vk) | 1 <k<n}—(n-2a)g
+min {By(vzi) | 1 k<" - @+ ey
= ~max {8, (v) | 1 <k<n} +min {B(vz) | 1<k<"}+ng
m,(C,) = vai) + v Wi, Vics1) + Ya(Wi41)
=Ya(v2qa) + vB (v2a1! Vaa+1) * Ya(V2a+1)
=@2n+1l-a)e + Emax{yA(vk) | 1<k<n}-—(n-2a)e,
+min {ys (vze) |1 <k <=} - @@+ e
= S max {ya(vic) | 1 <k <n} + min {y4(vzi) | 1<k<""}+ney.
So that My (C,,) = (mg(Cy,), m, (Cy)).
Case (ii) k is odd.
Then k =2a + 1, where a€ Z" and for each edge vy, vy 41
ma(Cy) = By(vi) + B (i, Vicr1) + Ba(Vit1)
=y (v20+1) + B(V2a+1, 7712a+2) + A(UZa-iiZ)
= min {8, (vz;) |1 Sk <=} - (a+ L)ey +- max {By(v) | 1 <k <nj
—(n-2a-1)¢ +(2n-a)g
> %max {Ba(vi) | 1 =k <n} +min {By(va) | 1 Skfnz;l} +Nngg
my,(C,) = vai) + v Wk, Vis1) + Va(Vr41)
=Ya(v24) + ¥B(V2a, U2a+11) +Ya(V2a+1) .
=min {ys (vzr) 11 = kSnT_} —(@+1)e; + cmax{ya(v) | 1 <k <nj
—(n-2a-1)e +(2n-a)e,
= %max {ar) | 1 <k<n} +min {ys(vy) | 1 Skfnz;l} + ne;.
Hence My(C,) = (ma(C,), my (C,)).
The magic value M,(C,,) is same and unique in above cases. Thus C,, is an Intuitionistic fuzzy magic graph.
Example 3.6:- An example of an Intuitionistic fuzzy magic labeling cycle with five nodes and five edges in figure
2.
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[0.008.0.08]
Vi

[0.005.0.05] 0.001.0.01]

[0.006.0.06]

V2 [0.01,0.10]
Vs

[0.004.0.04
0.002,0.02]

V4
[0.009.0.09] K
[0.007.0.07]

Figure 2
Every pair of vertices the magic value is same
mp(C,) = By (X) + B(X, Y) + B (y) = 0.008+0.001+0.010 = 0.019
m,(C,) =ya(X) +yg(X,y) +ya(y) =0.08+0.01+0.10=0.19
M, (Cy) = (mg(C,), m, (C,)) = (0.019,0.19).

Theorem 3.7:- For any n > 2, Star graph S, ,, is an Intuitionistic fuzzy magic graph.
Proof:- Let S ,, be a star graph having v, uy, uy, uz, us,..., u, as nodes and vu,, vuy, Vus,..., vu, as edges. Let
€1, & € [0,1] such that we choose £;=0.01 and & =0.1if n<4 and £=0.001 and &, = 0.01 if n > 5. Where &
and &, choose for set of membership and non-membership degree in Intuitionistic fuzzy labeling.
Such an Intuitionistic fuzzy labeling is given as:-
Py(u) =[2(Nn+ 1) —Kle;, 1 <k<n
ya(ur) =2+ 1) —Kle; , 1 <k<n
A(V) = min {A(uk) | 1<k< n} =
YaW)=min{ya(u) | 1<k<n}-¢g
B (V, Uy —g ) = max {8 (vy),B4(V) | 1 <k <n}—min {B,(vy),By(V) |1 <k <n}-Kke; ,
0<k<n-1
YB(V, Un—k) = MaxX {ya(vi),ya(V) | 1 <k <n}—min {y4(vy),ya(V) |1 <k <n}-Ke; ,
0<k<n-1
Case (i) k is even.
Then k = 2a, where a€ Z" and for each edge v, u.
mg(S1n) = Ba(V) + Bp(V,ug) + By (i)
=By (V) + Bp(V,uzq) + Ba(uzq)
=min {B,(ux) | 1<k<n} —g+max {B(vy),B4(V) | 1 <k <n}
—min {8, (vy),B4(V) |1 <k <n}—(n—2a)e; + [2(n + 1) — 2a]e
=min {A(uk) | 1< kSl’l} + max {A(vk)aA(V) I 1< kfl’l}
—min {A(vk)’A(V) |1 <k< 1’1} + (I’l + 1)81
my(S1n) =va(V) +vp(Vawe) +va(uy)
=ya(V) + ¥p(Viuzq) + va(u2q)
=min{ya(ux) | 1 <k <n} — e+ max {ya(vg),va(v) | 1 <k <nj}
—min {y4(vi),ya(V)| 1 =k <nj}—(n-2a)e; + [2(n + 1) - 2a]e;
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=min {ya(u) | 1 <k <n} +max {y(vy)ya(v) | 1 <k <nj}
—min{ys(vi),ya(V) | 1 <k <n} +(n+ Dey.
So that MO (Sl,n) = (m(Sl,n)a my (Sl,n))-
Case (i) k is odd.
Then k = 2a + 1, where a€ Z" and for each edge v, u.
mg(S1,n) = Ba(V) + Bp(v,ug) + Ba(wy)
= By (V) + Bp(V,uzq+1) + Ba(Uzq+1)
= min {A(uk) |1 < k < Il} —€1+ max {A(vk),A(V) |1 < kS 1’1}
—min {8, (vr),B4(v) | 1 £k<n}—-(n—2a-1)g +[2(n+ 1) —2a + 1]&;
=min {B(ug) |1 <k <n} +max {B;(vy),B,(Vv) |1 <k <n}
—min {8, (ve),B4(V) |1 £k <n} + (n+ 1)gg
my (S1n) =va(V) +vp(vawe) + valuy)
=ya(V) + vp(Vitl2a+1) + va(Uza+1)
=min {ya(we) | 1 <k <n} —&+max {ya(vi).ya(v) | 1 <k <n}
—min {ya(vy),vaV)] 1<k<n}—(n—2a-1e, +[2(n+ 1) - 2a-1]e,
=min {ya(u) | 1 <k <n} +max {y(vy)ya(v) | 1 <k <nj}
—min {y,(vi),ya(V) | 1 <k <n} +(n+ Dey.
So that My(S1,,) = (Mma(S1,), My (S1,0)).
The magic value is same and unique in above cases. Thus star graphs are Intuitionistic fuzzy magic graph.

Example 3.7:- An example of an Intuitionistic fuzzy magic labeling Star graph S; 4

[0.05.0.5]
‘.:"

[0.01,0.1]

4
[0_09%1_9] [0.06.0.6]

u2 u
[0.08.0.8] [0.07.0.7]
Figure 3

Every pair of vertices the magic value is same

mg(S1n) = Ba(X) + B(X, y) + Ba(y) = 0.05+0.01+0.09 = 0.15
my (S1,n) = Ya(X) +ve(X, ¥) + ya(y) = 0.5+0.1+0.9 = 1.5

My (S1,,) = (mg(S1,) , m,(S1,)) = (0.15, 1.5).

4. CONCLUSION

In this work, we introduced the Intuitionsitic fuzzy labeling graph and Intuitionsitic fuzzy magic labeling
graphs. it has been growing fast and has numerous applications in various fields. Further, research on Intuitionsitic
fuzzy labeling graph has been witnessing an exponential growth; both within mathematics and its applications in
science and Technology. In future we can extend this concept to Neutrosophic graphs and also many properties

could be derived.
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