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ABSTRACT: We define First and second K-Eccentric indices as, BiE(G) = Yyelec(w) + eyg)(e)]
and B,E(G) = Zue[ec We) (e)], and the First and second K Hyper-Eccentric indices as HB{E(G) =

e [66(W) + €6y (@)]” and HBLE(G) = Suelec (W) ey ()]
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INTRODUCTION:

In the field of chemical graph the molecular topology and mathematical chemistry, a topological index
known as connectivity index is a type of a molecular descriptor that is calculated based on the
molecular graph of a chemical compound. Topological indices are the numerical parameters of a graph
which characterize its topology and are usually graph invariant. Topological indices are used for example
in the development of quantitative structure activity relationship (QSAR’S) in which the biological
activity or other properties of molecules are correlated with their chemical structure.

LetG = (V,E) be a graph with |V| =nand |E| = m. The eccentricity e;(v) of a vertex v is the
distance of any vertex farthest from v. Lete = uv € E(G). Let e;(5)(e) denote the eccentricity of an
edge e in L(G), where L(G) is the line graph of G. The vertices and edges of a graph are called the
elements of G. The line graph of an undirected graph G is another graph L(G) that represents the
adjacencies between edges of G. A Line graph of a simple graph is obtained by associating a vertex with
each edge of the graph and connecting two vertices with an edge iff the corresponding edges of G have
a vertex in common. The concept of Zagreb eccentricity (E; and E,) indices was introduced by Vukicevic
and Gravoc in the chemical graph theory very recently [1 — 4]. The first Zagreb eccentricity (E;) and the
second Zagreb eccentricity (E;) indices of a graph G are defined as E1(G) = Xy.ev(e) e;> and
E,(G) = Zviv]-EE(G) e;e; where E(G) is the edge set and e; is the eccentricity of the vertex v; in G. The

multiplicative variant of Zagreb indices was introduced by Todeschini et. al [5]. They are defined as
1.6 = Hvev(a)(dega(v))z and [[,(G) = (degs(w))(degs(v)). Also we recently defined Harmonic
Eccentric index and it is defined as HEI(G) = Yyvek (6) =

, where e, the is eccentricity of the
€u+€,;

vertex uin G.
In [6], Kulli introduced the first and second K Banhatti indices to take account of the contributions of
pairs of incident elements. and it was defined as

B1(G) = Xueldg(w) + dg(e)]. (1)
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B3(G) = Zueldc(w)ds (e)]. (2)
where d;(e) = dg(u) + dg(e) — 2.
In [7], Kulli introduced the first and second K Hyper Banhatti indices and it was defined as
HB;1(G) = Yye [de(w) + dG(e)]Z- (3)
HB,(G) = Yuelds(w)dg (e)]*. (4)
Here, we introduce some new Topological indices based on eccentricity as follows.
If Gis a graph with vertex set V(G) and the edge set E(G).Letu € V(G) and e € E(G), define
First and second K- Eccentric indices as,

B1E(G) = Tyelec(w) + eL(G)(e)]- (5)
ByE(G) = Tue[ecWey ) (e)]- (6)

Similarly, First and second K Hyper -Eccentric indices are defined as,
HBLE(G) = Sue [e6 (1) + ey (e)] " (7)
HB,E(G) = Zue[eG (w) eL(G)(e)]zl (8)

where in all the cases ue means that the vertex u and edge e are incident in G and ey (¢ (e) is the
eccentricity of e in the line graph L(G) of G.

1. K-ECCENTRIC INDICES, K HYPER-ECCENTRIC INDICES, OF SOME SPECIAL GRAPHS.
Theorem 2.1 :
Let G be a complete graph K,, then

() BiE(Ky) =3n(n—1). )
B,E(K,) = 2n(n — 1). (10)
(ii) HB{E(K,) =9n(n—1). (11)
HB,E(K,) = 4n(n — 1). (12)
Proof:
The complete graph K;, has n vertices,m = @ edges and all the vertices has eccentricity 1.

Also every vertex of K, is incident with (n — 1) edges, that is “Every edge of K,, is incident with
exactly 2 vertices “. Also ey (x, y(e) = 2.

(i) BE(Ky) = Zue[el(n W + eL(Kn)(e)] Y Ze,[ekn(u )+ eL(Kn)(e])]

n n-1

ZZ [1+2] ZB(n—l)—Bn(n—l)

uj

Also BoE(Ky) = Z[eKn<u> e160()] = ZZ[eK (up) exqx) (@)

nn1

ZZ 1% 2] 22(n—1)—2n(n—1)

(ii) HByE(Ky) = Tuelex, (W) + ey (@]
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Z Z[exn ) + ey (e)]”
n n-1

ZZ[1+2]2 29(11 1) = 9n(n — 1).

Also HB,E(K,) = Z[eKn(u) eL(K,) (e)]

n n-1

ZZ[eKn(u ) eL(Kn)(e])] Z Z = Ple.= Z 4(n—1) = 4n(n — 1).
Theorem 2.2: d g

Let G be a cycle graph C,,, then

A 2n(n —1),nis odd
B{E(C ={ 13
O BiE(Cy) 2n?,n is even. {12)
12
%, nis odd
BE(C) =1 (14)
—, nis even.
2
. 2n(n — 1)%,nis odd
() HB,EC) ={" D (15)
2n°,n is even.
%(n —1D* nisodd
HB,E(C,) = n5 (16)

,nis even.

Proof:
Let C,, be a Cycle withn > 3 vertices. Every vertex of C, is incident with exactly two edges,
Every edge of C,, is incident with exactly two vertices. Eccentricity of any vertex in

{nT_l,Vn23(nis odd) 21 nisodd
n:

.Also ey )(e) = {nz

n .
—,nis even.
2

S/Vnz 2(nis even)
Proof of (i):
Case 1:If nis odd

(i) B1E(Cy) = Zue[ecn(u) +eLc,y (@] = ZulZe,[ecn (W) +epc,(e )]

ZZ[n_l n_] EZ(n—l)—Zn(n—n

u; ej

Also BZE(Cn) = Zue[ecn(u) €L(Cn) (e)] = Zui Zej[ecn(ui) X eL(Cn)(ej)]
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Zz[n—1 n—1] Z [(n—l)] n(n—l)z

u; ej
Case 2: If nis even

® BlE(cn)—Z[ecn(u)+eL(cn)(e)] ZZ[ecn(ulHeL(cn)( D)

e

Zz ] ZZ(n)—Zn

Also BE(Cy) = Zue[ecn(u) eL(Cn)(e)] Zu, Ze,[ecn(ul) X eL(Cn)( )]

Zznn izz n3

u; ej

n

4

>

Proof of (ii):
Case 1:If nis odd

HBLE(Cp) = Suelec, () + e,y (@] = Sy, Be;lec, ) + eve,(e)]’

ZZ[n_l "_1] ZZ[n—l = 2n(n — D2

u; ej

Also  HB,E(Cy) = ) [ec, (u) - ZZ[eCH(u Devc (]

ue €j

O e X

Case 2: If nis even
2 2
HBlE(Cn) = Zue[ecn(u) + eL(Cn) (e)] = Zui Zej[ecn(ui) + eL(Cn) (e])]

DM RTE

u; e;j

Also  HB3E(Cy) = Suelec, @) sy (@]’

S $SET-S ) -

ui ej

Theorem 2.3 :
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Let G be a wheel graph W, then

(i) B,E(W,) =15(n—1). (17)
B,E(W,) = 14(n — 1). (18)
(i) HBLE(W,) = 57(n — 1). (19)
HB,E(W,)) = 52(n — 1). (20)

Proof:

Let W, be a wheel graph. The wheel graph W,, has n vertices and 2(n-1) edges. Every edge of
W, is incident with exactly two vertices. In W}, there are n-1 edges in centre with eccentricity 1and the
remaining n-1 edges incident with centre u. Also we have e(u) = 1,and e(u;) = 2 in G. The vertex u;
is incident with exactly 3 edges. Also e;y, y(e) = 2 for all edges.
Hence

(O BiEM) = ) [ew, @) + erny(©)]
= > lem @) + esguy(ep]

n-1 ‘g n
D lewa@ + evany@] + O > [ew, @) + ermy (€]
=1 i=2 ¢
ZZ[(1+2)+(2+2)] —(m-1)A+2)+(n=1)x3x[2+2]=15(n—1).

Also BEW,) = ) [en, () ey (@]

ue

n—-1 n
Z[ewn(u) X eL(Wn)(ej)] + Z Z[eWn(ui) X eLw,) (ej)]
j=1 i=2 ej

ZZ[(1x2)+(2x2)]=(n—l)(1x2)+(n—1)><3><[2><2]=14(n—1).

u; ej

(i6) HBEWy) = ) [ew, @) + exqmy (]

= By Sey[ewp, () + exwy (€))]°

n-1 n 2
D lew, @ +evamp(ep] + D D lew, @) + eL(Wn>(ei)]]
j=1 i=2 ¢
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ZZ[(1+2)2+(2+2)2]=(n—l)(1+2)2+(n—1)><3x[2+2]2 —57(n— 1).

€j

Also HB,E(W,,) = Z[ewn(u) eLw,) (e)]z

a Z Z [ew, (uj; eLw,) (ei)]z

u; e]'
2

n-1 n
Z[ewn(u) X ey, (€))] + Z Z[eWn(ui) X ey (e))]
=1 im2¢

m—1)(1%x2)?+n-1)x3x[2x2]>=52(n—-1)

=(n—-1D[4+16(n—1)] = (n—1)[16n —12]

Theorem 2.4 :
Let G be a star graph S, then
(i) BLE(S,) =5(n—1). (21)
B,E(S,) =3(n—1). (22)
(ii) HB{E(S,) =13(n—1). (23)
HBE(SyWas(n—1). (24)
Proof:

The Star graph S, has n vertices and n-1 edges. Every edge of S, is incident with exactly two
vertices. Let v be the central vertex ofS,, and u;,i = 1,2,3 ...n — 1 be other pendant vertices.The vertex
v is incident with n — 1 edges , u; is incident with only one edge such that e(v) = 1land e(u) = 2. Also

ey, (e) =1fore € E(G).
Hence

(i) B1E(Sp) = Zue[esn(u) ar eL(Sn)(e)] = ZuiZe,.[esn (w) + eL(Sn)(ej)]

n—1 n-1
Z(1+1)+ZZ(2+1)=2(n—1)+Z3=5(n—1)

uj €

Also B,E(S,) = Z[esn(u) eL(Sn)(e)]

e

- ZZ[esn(ui) eLs(e)] = niu x 1) + 22(2 x1)=({n—1) + niz —3(m-1)
1 1

uj e]- Ui e]-
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(i6) HBLEGSy) = ) [es,(0) + eysp(@)]’

= z Z[esn (u'ii) + eL(Sn)(ej)]Z
Z(1+1)2+ZZ(2+1)2 = 4(n—1)+29 =13(n-1)

Also HBZE(Sn) - Z[esn (w) eL(Sn)(e)]

- ZZ[esn(ui) eL(Sn)(e]-)]z = 2(1 x 1)% + ZZ(Z x1)2=(m-1)+ 71214 =5(n-1)
u; ej 1 uj e 1

=5(n-1)
Theorem 2.5 :
Let G be a complete bipartite graph K, ,,, then
() ByE(Kpy) = 8mn. (25)
ByE(Kmy,) = 8mn. (26)
(i) HBE(Kyy) = 32mn. (27)
HB,E(Km,) = 32mn. (28)
Proof:

Let K,,, be a complete bipartite graph with m +n vertices. Also V =V, UV,,|V;| =
mand |V,| = n.

Every vertex of V] is incident with n edges and every vertex of V;, is incident with m edges. Let
Vi ={v1, 05,03 ...V} and V, = {wy,w,, w5 ... w,}. The eccentricity of all vertices are 2. Also
eL(Km’n)(e) =2, for e € (G).
Hence

() BiE(Kmp) = Z[eKm,n () + €1k, (©)]

(€K (V) + €L, (€] + (€K (W) + €101, (D]
ZZ ZZ

:ii[“ZHZZ[HZ] =Zn(4)+zm(4)

=mn(4) + mn(4) = 8;nn
150 B2E (Kn) = D [e6, ) et (@)

ue
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ZZ[eKmn(v,) X ey (€] + ZZ[eKmn<w) X €116 ()]

Vi Wj el

ZZ 2% 2] +ZZ[2><2 zn(4)+zm(4)

Vi Wi €

=mn(4) + mn(4) = 8mn

(i) HByE(Kpp) = Z[eKm,n @) + e, @)

Z Z[exmn(vl) +eynm@)]” + Z Z[eKmn(w )+ s @]’

wj e

ZZ [2+ 2] +EZ [2 + 2] 2—Zn(16)+zm(16)

Vi Wi €

=mn(16) + mn(16) = 32mn

Also HBZE(Km'n) = Z[e,{m’n (u) €L (Kyn) (e)]2

=] Z[exmn(”i) X €1 @] + D D [, W) X exgr (@]’

Vi wj e

ZZ [2 % 2] +ZZ 2 x 2] Zn(16)+zn:m(16)

Vi Wi €
=mn(16) + mn(16) = 32mn
Theorem 2.6 :
Let G be a Path graph P,, then
()BLE(P,) = { 22r+ (4r+3)+(Ur+7)+ @Ar+11)+ -+ (8r—9)+ (4r — 1)],nis odd
1N 2[4r =24+ (4r+3)+(@r+7)+ (4r+11)+ -+ (8r — 9) + (4r — 3)],n is even.
(29)

B,E(P,) =
{ 2[2r2 4+ 2r2 +3r+ 1)+ 2r>+7r + 6) + -+ (8r? = 10r + 3) + (8r? — 18r + 10) + (4r% — 2r)],n is odd
2[(4r? —4r+ 1)+ (4r2+6r +2) + (4r2 + 14r + 12) + -« + +(1672 — 361 + 20) + (412 — 67 + 2)],nis even
(30)

(ii) HBE(R) =
{ 2[2r2 + (4r +3)> + (4r + 7)? + - +(8r —5)2 + (8r — 9)? + (4r — 1)?],nis odd .
[

2[(4r —2)2 + (4r +3)2+(Ur+ 7>+ (4r +11)% + -+ (8r — 9)2 + (4r — 3)?],nis even
(31)
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HB,E(P,) =

{ 2[8r* + (2r2 +3r+ )2+ 2r2+ 7r + 6)% + -+ (412 — 107 + 6)? + (472 — 2r)?],nis odd

2[(4r? —4r + D? + (4r2 + 6r + 2)2 + (4r% + 14r + 12)? + - +(1612 — 367 + 20)%? + (1672 — 8r + 9)?],nis ev
(32)

Proof:

Proof of (i):

Case 1:If nis odd
Let r be the radius of B,. Thenr = nT_l andn = 2r + 1. Then

P, has only one unicentral vertex with eccentricity r,
P, has two vertices with eccentricity r+1,

P, has two vertices with eccentricity 2r,

Inthiscase L (B,) = P,_,n—1=2r.
P,,_1 has 2 central vertices with eccentricity r, 2 vertices with eccentricity r + 1,...... 2 vertices with
eccentricity 2r — 1.
G has only one vertex with e(v) = r and it has two incident edges with e, )(e) = 7;
2 vertices with eccentricity e(v) = r + 1 and each vertex has 2 incident edges with
ey(e) =randr+1,... and 2 peripheral vertices with eccentricity 2r with one incident edge
having eccentricity 2r — 1.
(DB1E(P) = Tyeler, (W) + eypy(e)] = De; Yu;ler, () + epp,)(e)]
=1+ +C+D]+2[(C+D+0)+ (C+ D+ @+ 1D)]
+2[(C+2)+ @+ D)+ (r+2)+ (r+2))]
++2[(Rr-1D+@r-2))+(2r-1)+ @r—1D)]+2[(2r-3)+ @2r-2)) + (2r—2) +
(2r—2))] + 2[2r + 2r — 1].
=22r+Ar+3)+@r+7)+ @r+11)+ -+ (8r—9) + (4r — 1)].

BLE(Py) = Yueler, W) X eppy ()] = Le; Yuiler, (i) X e,y (e)]
=1+ X+ +2[(c+ D xr)+ (r+ 1) x r+1))]
+2[(c+2)x+D))+ (C+2) x(+2))]+-
+2[((2r—1) x (2r-2)) + (2r—1) x (2r— 1))]
+2[((2r=3)x (2r—2)) + (2r—2) x 2r—2))] + 2[2r x 2r — 1]
=2[2r2+ (2r2+3r+ 1)+ Q2r2+7r+6) + .-+ (8r%2 — 10r + 3) + (872 — 18r + 10)
+ (4r% = 21)]

Case 2: If nis even
Let r be the radius of B,,. Thenr = % and n = 2r.Then

P, has two central vertices with eccentricity r,
P, has two vertices with eccentricity r+1,
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P, has two vertices with eccentricity 2r-1,

Inthiscase L (B,)) =P,_q,n—1=2r—1.
P,_1 has only one vertex with eccentricity r — 1, 2 vertices with eccentricity 7,............ 2 vertices with
eccentricity 2r — 2.
G has two vertices with e(v) =r and each one has two incident edges such that one edge has
eccentricity r — 1 in L(G) and another one has eccentricity r in L(G)
2 vertices with eccentricity e(v) = r + 1 and each vertex has 2 incident edges with
ep@) =randr+ 1., and 2 peripheral vertices with eccentricity 2r — 1 with incident
edges with e; ) (e) = 2r — 2.
(DBLE(P) = Tuelep, W) + epp,) (€] = T, Tl er, (i) + €1, (€]
=2[c+r—D+C+r—-D]I+2[(C+D+r)+ (c+ D+ +1)]
+2[(C+2)+ @+ D)+ (T +2)+ (r+2))]
++2[(@r-D+@r=-2))+(Q@r-1D+@r—-D)]+2[(2r-3)+ @2r—-2)) +(2r—2) +
(2r—2))] +2[2r—1+2r-2].
=2[4r—-2+@r+3)+U@Ur+7)+ @r+11)+ -+ (8r—9) + (4r — 3)].

BE(R,) = Zue[ePn(u) X eL(Pn)(e)] = Zei Zui[ePn (u) X eL(pn)(ej)]
=2[r+r—-1) x(r+r—1)] +2[((r+1) +r) X ((r+ D+ (r+ 1))]
+2[(c+D+ @+ D) x (T +2)+ (r+2))]
++2[(@r-D+@r-2))x(@r-D+Cr-D)]+2[(2r-3)+@2r-2)) x (2r-2) +
(2r—2))] +2[2r—1x2r—2].

=2[(4r? —4r+ 1)+ (4r? + 6r +2) + (4r% + 14r + 12) + -+ (1612 — 141 + 6)
+ (1612 — 367 + 20) + (472 — 61 + 2)]

Proof of (ii):
Case 1:Ifnis odd

Let r be the radius of B,. Thenr = nT_l andn = 2r + 1. Then

P, has only one unicentral vertex with eccentricity r,
P, has two vertices with eccentricity r+1,

P, has two vertices with eccentricity 2r,

InthiscaseL (B,) = P,_,n—1=2r.
P,_1 has 2 central vertices with eccentricity r, 2 vertices with eccentricity r + 1,...... 2 vertices with
eccentricity 2r — 1.
G has only one vertex with e(v) = r and it has two incident edges with e; ) (e) = 7;
2 vertices with eccentricity e(v) = r + 1 and each vertex has 2 incident edges with
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eL(G)(e) =randr+1,..... and 2 peripheral vertices with eccentricity 2r with one incident edge
having eccentricity 2r — 1.

HBE(P,) = Zue[ePn ) + eL(Pn)(e)]z = Y Zej[ePn(ui) + eL(Pn)(ej)]z

=1+ +C+DP+2[(C+D+r)+(C+ D+ @+ 1))]2 +2[(C+2)+ @+ D)+
(C+2D+@+2)] +-+2[(@r-1D+@r—2)+(@r—1)+@r—1D)]° +2[(2r-3) +
(2r—2)) + (2r—2) + (2r—2))] + 2[2r + 2r — 1]°.

=2[2r*+ (4r+3) 2+ (@r+7)*+ - +(8r — 5)% + (8r — 9)? + (4r — 1)?]

Also HB,E(R,) = Z[epn (W ‘3L(Pn)(e)]2 = Z Z[ePn(ui)eL(Pn)(ej)]z

ue ej

U+ X C+DP+2[(c+ D xr)+ (c+ D) x (r+ 1))]2 +2[(C+2)x(r+1)+
(C+2)xE+2))]2  +-+2[(@r—1)x @r—2)) +(@@r—1) x 2r—1)]* + 2[((2r - 3) x
(2r—2)) + ((2r — 2) x 2r — 2))]* + 2[2r x 2r — D%

=2[8r*+ (2r2+3r+ 12+ 2r2 + 7r + 6)?> + - + (472 — 101 + 6)? + (412 — 21)?]

Case 2: If nis even
Let r be the radius of P,. Thenr = % andn = 2r.Then

B, has two central vertices with eccentricity r,
P, has two vertices with eccentricity r+1,

P, has two vertices with eccentricity 2r-1,

Inthiscase L (B,)) =P,_y,n—1=2r—1.
P,,_1 has only one vertex with eccentricity r — 1, 2 vertices with eccentricity 7,............ 2 vertices with
eccentricity 2r — 2.
G has two vertices with e(v) =r and each one has two incident edges such that one edge has
eccentricity r — 1 in L(G) and another one has eccentricity r in L(G)
2 vertices with eccentricity e(v) = r + 1 and each vertex has 2 incident edges with
eL() @ =randr+1, .. and 2 peripheral vertices with eccentricity 2r — 1 with incident
edges with e; ) (e) = 2r — 2.

HB{E(P,) = Zue[ePn W) + ey (e)]z =D, Ze,-[ePn(ui) T eLpy (ei)]z

=2[c+r—D+C+r—-DP+2[(C+D+r)+(C+ D+ (+ 1))]2
+2[(c+2)+ @+ D)+ (r+2)+ (r+2))]
++2[(@r-D+@r-2))+(@r-1+@r- 1))]2 +2[((2r=3)+@r—2))+(@2r-2)+
(2r - 2))]* + 2[2r — 1 + 2r — 2J2,
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=2[(4r —2)>+ (4r +3) 2+ (4r + 1D? + (4r + 11)?> + -+ (8r — 9)% + (4r — 3)?]

onal Joy, ",
%,

2 2
Aso  HBLE(R) = ) [en, () eney (@] = D [ep, (ap)esr,y(ep)]
ue u; Ej
= 2[c+r—-DxT+r-DP+2[(c+D+r)x(c+ 1D+ (r+1))]2 +2[(c+2)+ @+ 1) %
(c+2)+C@+2)]++2[(@r—-D+@r—-2)) x((2r—1)+ (2r— 1))]2 +2[((2r-3)+
(2r —2)) x ((2r — 2) + @2r — 2))|* + 2[2r — 1 + 2r — 2J2.
=2[(4r? —4r + 1D? + (472 + 61 + 2)% + (4r? + 14r + 12)?
+ - +(161% — 201 + 6)2+ (1612 — 367 + 20)? + (1612 — 8r + 9)?]
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