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Abstract

In this paper we introduce some operations on fuzzy digraph .We also define fuzzy digraph labeling and
some of its properties.
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1 Introduction

The first definition of fuzzy graph by Kaufmann in 1973 was based on Zadeh’s fuzzy relations.Then Rosen
field introduced fuzzy graphs to include fuzziness in relations. After the work of Rosenfield, Yeh and
Bang introduced various connectedness concepts of graphs and digraphs into fuzzy graphs.In [5],Sunil
Mathew and Sunitha M S introduced fuzzy analogues of several graph theoretic concepts such as
subgraphs, paths ,connectedness etc.Mordeson and Peng introduced the operations on fuzzy graphs. In
[1],John N Mordeson and Premchand S Nair presented many concepts and theoretical results of fuzzy
graphs.

By graph labeling we mean an assignment of integers to the vertices or edges.In [2], A Nagoor Gani and
D Rajalaxmi (a) Subahashini introduced fuzzy labeling and its properties.
In this paper, we introduce some operations of fuzzy digraphs and fuzzy digraph labeling.

2 Preliminaries

Definition 2.1
The union of two fuzzy graphs G; =(V;,my,p1) and G,=(V,,m,,p,) is the fuzzy graph G=G,U G,-( m;U
m(v) ifvev, -V,
m,, p1U p,) defined by (m; U m,) (v) = m,(w)if v €V, —V;
my(v)Vm,(v) if v € VNV,

p1(w,v) ifu,v €E — K,

and (p1 U pa) (u, v) = p2(w,v) ifu,v EE—E;
p1(w,v) V p,(w, v)if (u,v) € E;NE,

Definition 2.2
The join of two fuzzy graphs G; =(V1,my,p1) and G,=(V,,m,,p,) with VNV, = ¢ is a fuzzy graph
G=(V; + V,, my+ m,, p1+ p,) defined by
( my+ my)(v) = (my U m,) (v) for all ve V,UV,.
_((p1 U p2)(u,v) if (u,v) EE; UVE,
And (pr+p2) (U, v) = { my (w) Amy(v) otherwise
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Definition 2.3
Let G =(V,m,p) be a fuzzy graph. The complement of G is the graph G¢=(V,m,1-p).

Definition 2.4

A fuzzy labeling is a function from the set of all vertices and edges G to [0,1]which assign each nodes
m®(u), m®(v) and edge p®(u,v) a membership degree such that

p®(u,v) <m®(u) Am®(v).

3 Main Results

Definition 3.1
The union of two fuzzy digraphs DG; =(V1,m4,p1) and DG,=(V,,m,,p,) is the fuzzy digraph DG=DG;U
DG,-( V;UV,,m:U m,, p1U p,) defined by

m(v) ifvev, -V,
(mumy) (v)={ m@ifveVv,-V

my (v)Vm,(v) if v € V1NV,
p1(w,v) if (w,v) €E; — E,

and (p; U py) (u,v) = p2(w,v) if(w,v) €EE—E;

p1(w,v) V po(w, v)if (u,v) € E;NE,
where E; and E, are the set of ordered pair of vertices in DG; and DG, which symbolize the directed
edges.

Definition 3.2
The join of two fuzzy digraphs DG, =(V;,m4,p;) and DG,=(V,,m,,p,) with V; NV, = ¢ is a fuzzy digraph
G=(Vy + V;,, mi+ my, p1+ p,) is defined by
( my+ my)(v) = (my Um,) (v) for all vEV,UV..
(p1 U p2)(u,v) if(u,v) € E; VE,
And (pydpy) (uv) :{ m, (w) A m,(v) otherwise
where E; and E, are the set of ordered pair of vertices in DG; and DG, which symbolize the directed
edges.

Definition 3.3
If DG =(V,m,p) is a fuzzy digraph , then the complement is the fuzzy digraph DG’ =(V,m,1-
p) with direction of edges preserving.

Proposition 3.4
The underlying fuzzy graphs of any two complements are isomorphic.

Definition 3.5

If DG =(V,m,p) is a fuzzy digraph , then the fuzzy complement G’ =(V,m,1-p) is the fuzzy digraph with the
same vertex set and the edge set consisting of those ordered pair of vertices which are not in G and the
membership grade of an edge (u,v) is 1 if neither (u,v) nor (v,u) is in DG.

Definition 3.6
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A fuzzy digraph DG 1 is said to be the inverse of a fuzzy digraph if there exist a bijection from the set
of all edges and vertices of DG and DG~ such that f(v) = v and f((u,v))=(v,u).

Proposition 3.7

The underlying graphs of the fuzzy digraph and its inverse is same.

Definition 3.8

Let DG=(V,m,p) be a fuzzy digraph. By fuzzy digraph labeling we mean the existence of two functions
m:V*—[0,1] and p: E —[0,1] both injective and p(a,b) < m(a) A m(b) ,where V* is an ordered set of
vertices and E is the fuzzy edge set of directed edges.

A digraph DG with a fuzzy digraph labeling is called a fuzzy labeling digraph.

Definition 3.9
The fuzzy labeling digraph DH =(W,n,T) is called a fuzzy labeling subgraph of DG =(V, m, p) if
n(v) £m(v) forallue V and t(u, v) < p(u, v) forallu,v € V.

Proposition 3.10
Union of two fuzzy labeling digraphs DG; =(V;,m4,p1) and DG,=(V,,m,,p,) is again a fuzzy labeling digraph
if ViNV, = .
Proof
Let V; NV, = .
m(v) ifvev, -V,
Then (m; U my) (v) ={
m,(w)ifv eV, -V,

and

p1(wv) if (w,v) €E; — E;
And (61 U po) (u) =} i o) pr e
Clearly both are injective.

my (wAm;(v) if (w,v) € E; — E,

Also, (agpal(u.v) < {mz WAmy(v) if (u,v) € E, — E;
Y {ml(u) if (u,v) €EE; —E,
= lm,()if (w,v) €E; — E4
< my(u) Amy(v)
<(mpUmy) (u) A (myUmy)(v)
Proposition 3.11
Join of two fuzzy labeling digraphs DG, =(V;,m4,p;) and DG,=(V,,m,,p,) need not be a fuzzy labeling
digraph.
Proof
Let V1 ﬂVz = (I)
Then( my+ my)(v) = (m; U m,) (v) for all véV,UV..

(p1 U p2)(u,v)if (u,v) €EE;UE,
And (p1 +p2) (u) ={ mq(u) Am,(v) otherwise

< (MU my)(u) A (myU my)(v)
< (mg+ my)(u) A (ma+ my)(v)

But p; + pyis not injective.
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Proposition 3.12

Complement of a fuzzy labeling digraph need not be a a fuzzy labeling digraph.
Proof

Let G=(V, m, p) be a fuzzy labeling graph and G’=(V,m,1-p) be its complement.
Since m and p are injective, 1- p is also injective.

p(u,v) < m(u) Am(v)

(1-p)(u,v) £ m(u) A m(v), for consider an edge (u,v) with m(u)= 0.5 m( v)=0.6 and
p(u,v)=0.4

Then (1-p)(u,v) =0.6 > 0.5=m(u) A m(v).

Proposition 3.13

The number of fuzzy complements of a fuzzy digraph DG =(V,m,p) is 2(nC,-¢e) ,where e = number
of edges in G.

Proof

Maximum number of edges in the underlying graph is nC,.

The number of edges in the complement of its underlying graph is nC,-e.

For each edge there are two directions possible and corresponding to each direction there is a graph
which is a complement of G.

So The number of complements of a fuzzy digraph is 2(nC,-e) .

Proposition 3.14

Fuzzy Complement of a fuzzy labeling digraph need not be a a fuzzy labeling digraph.

Proof

Let G=(V,m,p) be a fuzzy labeling graph and G’=(V,m,1-p) be its complement.

Since m and p are injective , 1- p is also injective.

p(u,v) < m(u) A m(v)

(1-p)(u,v) £ m(u) Am(v)

Proposition 3.15

The inverse of a fuzzy labeling digraph is also a fuzzy labeling digraph.

Proof

Since the inverse differs from the given graph only in direction of edges, all other properties are
satisfied and so a fuzzy labeling digraph.

Proposition 3.16
The sum of a fuzzy labeling digraph and its inverse is the trivial graph.

Proposition 3.17
Fuzzy Complement of a fuzzy labeling digraph is not unique.

Proof
Consider the fuzzy labeling digraph
a b
0.1O O 0.02
0.05 0402
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c0.5
The fuzzy complements are
a0.1 b 0.02 a 0.1 b 0.02
é ®
0.02 5
0.02 .05 and
c 05 c 05

Conclusion
In this paper we introduced some operations on fuzzy digraphs including union, join, complement and
fuzzy complement. We also introduced fuzzy digraph labeling and some of its properties.
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