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Non-Singular Submatrices of New Array & Triply Extended MDS Codes
B. S. Brar

Abstract

: Roth and Seroussi (1985) showed the construction over the field F = GF(q) of the arrays of the form S,
such that any submatrix of S, is non-singular and constructed arrays are maximal in the sense that, when
q is odd, no field element can be appended to any of the rows without creating singular submatrices. In
this paper, new arrays of the form Sq/ over the field F = GF(q) have been constructed such that every
square submatrix is non-singular; that when q is odd, then a singular submatrix is generated; when q is
even, and k = 3, then by appending v = a; or v = a, to row S,(3), we will never get a singular submatrix,
further we will get two maximal 4 x (q - 2) rectangles and combining these two 4 x (q - 2) rectangles

with identity matrix of order 4 x 4, we obtain generator matrices of order 4 x (g + 2) for triply extended
(g +2,4, q-1) MDS codes; and by appending v = a; or v = a, to row Sy(q - 3), we will never get a singular
submatrix , further we will get two maximal (q - 2) x 4 rectangles and combining these two (q - 2) x 4
rectangles with identity matrix of order (q - 2) x (q - 2), we obtain generator matrices of order (q - 2) x (q
+ 2) for triply extended (q + 2, q - 2, 5) MIDS codes.

Keywords; Arrays, GC and GEC matrices, generator matrices, primitive element and characteristic of
finite field, RS Codes, Triply Extended MDS Codes.
I. Introduction

A primitive element of a finite field F = GF(q) is a generator of the field’s multiplicative group
[Steven Roman (1995)]. The multiplicative group of a finite field is cyclic, and an element of the field is
called a primitive element of that field if and only if it is a generator for the multiplicative group. So,
every non-zero element of finite field F = GF(q) is power of a primitive element.

Roth and Seroussi (1985) considered the following triangular array over finite field F = GF(q):

1 1 1 1 —— p— 1L |
1 di d) ds . b 0 g3 dg2
1 dy ds dg . i o ag-2
5, (1)

1 dg3  dg2
1 dg-2
1
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1
where a; :1—i , 1<i<(q-2), for an arbitrary primitive element y of field F = GF(q).

If the field F = GF(5), i.e. if g = 5, then because a primitive element of field Fis a generator of the field
as multiplicative group, so for this multiplicative group the binary operation will be “multiplicative
modulo 5”. Keeping this in view, we find that 3 is a primitive element of field F = GF(q). Now taking y =

1
3 for field F = GF(5), (g =5, sothat 1 <i<(qg-2) implies 1<i< 3), and using a;= 1—| ,1<i<3,we
e
shall obtain: a; = 2, a,=3, az=4.
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Therefore (1) becomes as:
1 1 1 1 1

1 2 3 4
S 1 3 4 (2)
1 4
1
If the field F = GF(7), i.e. if g = 7, then because a primitive element of field F=GF(7)

is a generator of the field as multiplicative group, so for this multiplicative group the binary operation
will be “multiplicative modulo 7”. Keeping this in view, we find that 3 is a primitive element of field F =
GF(7). Now taking y = 3 for field F = GF(7), (q =7, so that 1 <i < (q - 2) implies 1 <i< 5), and using a;=

PR , 1< i< 5, we will obtain: a;=3,a,=6,a3=4,a,=2,a;=5.

1-y
Therefore (1) becomes as:
1] o TS 1 1
N Sy CREEAPT 2 5
1 6 4 2 5 (3)
S;: 1 LS 7) S
1 245
1 5

Every square submatrices of S, is non-singular. Such arrays [MacWilliams and Sloane (1977)]
were first put forward by Singleton for g =5 and q = 7 [R.C. Singleton (1964)]. But Singleton gave no
generalisation for larger fields. Roth and Seroussi (1985) showed that such arrays are maximal, that is, if
g is odd, no field element can be appended to any row, except to first row, without generating singular
matrices; and it is true when q is even, except for one element, which can be appended to each of the
3" and (q - 1)st rows. This leads to Triply Extended Reed- Solomon Codes.

Il. Non-Singular Submatrices of New Array

Consider the finite field F = GF(qg), and consider the array:

1 1 1 1 - e a1 1
1 a a, as . - . Aga Qg3
1 a, a3 az . . . Ag3 Qg2
1 a3 as as . . . ag2
AN o (4)
1 ags ag3 ag
1 ags ag
1

where a;= —— , 1<i<(q-2), for an arbitrary primitive element y of field F = GF(q).

So, if the field F = GF(11), i.e. if g = 11, then because a primitive element of field F=GF(11)
is a generator of the field as multiplicative group, so for this multiplicative group the binary operation
will be “multiplicative modulo 11”. Keeping this in view, we find that 2 is a primitive element of field F =
GF(11). Now taking y =2 for field F = GF(11), (g=11,sothat1<i<(qg-2)implies 1<i< 9),

1
and using a;= 1—i, 1<i<9 ,wewill obtain: a;=2,a,=7,a3;=3,a,=8,as=6,a=4,a;,=9, ag=>5, ag=

2.
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Therefore triangular array (4) corresponding to field F = GF(11) becomes as:

17 1 1 1 1 1 1 1 1
1 10 7 3 8 6 4 9 5
1 7 3 8 6 4 9 5 2
1 3 8 6 4 9 5 2
S,/:1 8 6 4 9 5 2 (5)
1 6 4 9 5 2
1 4 9 5 2
1 9 5 2
1 5 2

If the field is F = GF(13), i.e. if g = 13, then because a primitive element of field F = GF(13)
is a generator of the field as multiplicative group, so for this multiplicative group the binary operation
will be “multiplicative modulo 13”. Keeping this in view, we find that 2 is a primitive element of field F =
GF(13). Now taking y = 2 for field F = GF(13), (g=13,sothat1<i<(q-2)implies 1<i< 11),

1
and using ai=1—i , 1<i<11 , we will obtain: a;=12, a,=4,a3;=11,a,=6,as=5,a=7,a;,=9, ag=

8, dg = 3, dip= 10, a1 = 2.
Therefore (4) becomes as:

1 1 1 181 1 B 1N AN
1 12 4 1886 s BB 9 B B B
1 4 11 ofsam EF B 30 ER
1 11 6 SiN7 Sagdl¥ 3 100 2
1 6 5 7%%g "geea. 0@
S,y 1 5 7 9 8 3 10 2 (6)
1 7 9 8 3 10 2
1 9 8 3 10 2
§ 3 3 1048
3l 10) 2
¥ 2

Theorem 1: Let F = GF(q) be the finite field. Consider the array (4). Then, every square submatrix of Sq/ is
non-singular.

Proof: Let Sq/* denote the array got from Sq/ by deleting its first row.

Therefore, Sq/* will be as:

1 a a, as . " . Qg4 Qg3
1 a a3 Ay . . . Qg3 Ag2
1 as ay #as . . Ag-2
/*.
Sq ¢ . . ’ ¥ B . 4 (7)

1 dg-4a  dg3 3dg2
1 dg-3  dg2

We take the first column of Sq/* as the zeroth column. Let S;, 1 <i<(q-3), 1<j<(g-i
- 1), denote the entries of Sq/* , except for the first row for which the value of jwillbeas1<j<(q—i-2).
Now for every row and 0" column of Sq/*, each entry is equal to 1. Therefore:
So=1, 1<i<(q-3). (8)

And for every row and other columns, each entry of Sq/* is given by:
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SiJ':ai+j_1, 1S|S(q'3),1SJS(q—|'1) (9)
except for first row for which the value of S; will be:
Sj=ana, 1<i<(q-3),1<j<(q-i-2). (10)

For example, consider the entry a3, which is present in the 2nd row and (q - 4)th column. Hence, for it,
i=2,j=(q-4). Therefore, S; = ai,.1 implies Sj= @, (q-4-1= aq-3 . Similarly, consider the entry a,.; in first
row, it lies in (q - 3)th column. So, i =1, j = (q - 3). Therefore, Si= @isj—1= A14(q-3)-1= dq-3-
1
Now a;= 1— ,1<i<(q-3), (given) (11)

We discuss the case of all rows, except the first row of Sq/*.
Now (10) and (11) implies:

Si= 1<i<(q-3),1<j<(q-i-1). (12)

Now 1<i<(q-3), 1<j<(q—i-1)implies1<i, 1<j,j<(gq-i-1)ie.1+1<i+]j, i+j<q-1li.e.
1+1-1<i+j-1,i+j-1<qg-1-1lie.1<i+j-1,i+j-1<q-2 ie.1<i+j-1< g-2.
Therefore in the above ranges, in which S;; is defined, always we have:
1<i+j—-1<q-2 (13)
Hencei+j-1#0.So ;/”H # 1 for an arbitrary primitive element y of field F = GF(q). Therefore S; given
by (12) stands.
Now we consider vectors:

X= (Xll ?(21 R - 7 Xq—3); y= (VO' Y, . - yq—3)

defined by: x;=- y "™ ,1<i<(q-3); yo=0; yj=y',1<j<(g-3)
=(i-1) =(i-1)

X; - - 1

Therefore ! = 7(}:71) il vy 4 T 1 =S (using (12))
X+y,  —yo o4yt A=y 1y
X.
Therefore S;= —, 1<i<(q-3), 1<j<(q-i-1). (14)
X+ Y,

Now for the first row,

Sij=ai+j_1=l_7/TH ,1<i<(q-3),1<j<(q—-i-2). (25)
Now 1<i<(q-3),1<j<(g—i-2)implies1<i,1<j, j<(q—i-2)i.el+1<i+]j, i+j<qg-2 i.e.
1+1-1<i+j-1,i+j-1<g-2-lie.1<i+j-1,i+j-1<qg-3 ie.1<i+j-1<q-3.
Therefore in the above ranges, in which S;; is defined, always we have:
1<i+j-1<q-3 (16)
Hencei+j-1#0.So ;/i”'l # 1 for an arbitrary primitive element y of field F = GF (q). Therefore S; given
by (15) stands.
Now we consider vectors:

X=Xy, X2, « « . ,X%Xq3), ¥Y=(Yo Yy - - - ,Yg3)
defined by: x;=- ¥y ™, 1<i<(q-3); yo=0; y;= y),1<j<(q-3).

X _ _ .
et Sy, T gt T uy T o (i)
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X.
Therefore  S;= L—, 1<i<(q-3), 1<j<(q-i-2). (17)
X; + yj
Hence (14) and (17) implies:
X:
Sj= ——,1<i<(q-3),1<j<(q—i-1);0R, 1<i<(q-3),1<j<(q—i-2) (18)
X; + yj
Because all x/'s are different and non-zero, so all y/'s are different, and x; + y; # 0 for i, j in
X:
defined ranges. Therefore S; = —,1<i<(q-3),1<j<(gq—i-1); OR, 1<i<(q-3),1
Y
i j
<j<(g—i-2)stands, and these represent all the entries of Sq/*. Hence if we consider any square-

submatrix of Sq/*, then that will be nonsingular GC (Generalised Cauchy) matrix.

Now two possibilities can be there. One, every square-submatrix of Sq/ may be a square-
submatrix of Sq/*, in which case it will be nonsingular (by above discussion); OR, may be a rectangular-
submatrix of Sq/* having an appended first row of 1s, in which case, such square-submatrices, being GEC
(Generalised Extended Cauchy) matrix, are also nonsingular. Therefore we conclude that every square-
submatrix of Sq/ is non-singular.

From this theorem, it follows that every sub-matrix A of Sq/ is either a GC (Generalised Cauchy)
or GEC (Generalised Extended Cauchy) matrix, hence non-singular. Therefore, we conclude that MDS
code having a generator matrix [I | A] in systematic form, will be either a GRS (Generalised Reed
Solomon) or a GDRS (Generalised Doubly-Extended Reed Solomon) code.

ll. New Array and (g + 2,4, q-1) and (q + 2, q - 2, 5) Triply Extended MDS Codes
Lemma: [Roth and Seroussi (1985)]. (i) Let F = GF(q) be a finite field of the characteristic other than 2.
Let a, b, c are distinct elements of F - {1} such that c # 0, and

1 N 1 2
l-a 1-b 1-c (19)
1
1 1
b 1 is singular over field.
Then the matrix: M = 1_E - —
C C C
I 1 1
1-a 1-b 1-c |
(ii) Let F = GF(q) be a finite field of the characteristic 2. Let a and b be elements of F-{0, 1}
such that
abz1. (20)

Then the matrix:
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1 1 1
1 1 1
N=|1,ab 1+a% 1+a | Issingularover field F = GF(q). (22)
1 1 1
1
1+b 1+a o 1
L b _
Theorem 2: Let F = GF(q) be the field. Consider the array (6). Let S4(0), Sq(1),
Sq(2), . . . ,S4(q - 3) denote the rows of Sq/. Then attempt to append an element of field F = GF(q) to

first three rows Sq(0), Sq(1), Sq(2) will result to get only 1x1 submatrix [v], and if v is a non-zero element
of field, then this submatrix [v] is non-singular, and if v is zero element, then this submatrix [v] is
singular. Further appending element v = 0 of field to any row S4(k), 3 < k < q - 3, results in having a non-
singular submatrix. Let L={1}U{a;: k<i<(q-2)} If v(=#0)belongs to L, we get a singular
submatrix . If v ( # 0) does not belong to L, and q is odd, then a singular submatrix is generated. If v ( # 0)
does not belong to L, g is even, and k = 3, then by appending v = a; or v = a, to row S4(3), we will never
get a singular submatrix, further we will get two maximal 4 x (q - 2) rectangles and combining these two
4 x (q - 2) rectangles with identity matrix of order 4x4, we obtain generator matrices of
order 4 x (q + 2) for triply extended (g + 2, 4, g - 1) MDS codes; and by appending v = a; or v = a, to row
Sq(a - 3), we will never get a singular submatrix, further we will get two maximal (q - 2) x 4 rectangles
and combing these two (g - 2) x 4 rectangles with identity matrix of order (q - 2) x (q - 2), we
obtain generator matrices of order (q - 2) x (q + 2) for triply extended (q + 2, g - 2, 5) MDS codes. If v ( #
0) does not belong to L, g is even, 4 <q<q/2, q>8 then we will get a singular submatrix.

Proof: Consider v as an arbitrary element of field F = GF(q). It is clear from the form of array Sq/ that if
we try to append any arbitrary element of field F = GF(q) like v to first three rows S4(0), Sq4(1), Sq(2) of the
array Sq/ (appending v to any of these first three rows is a similar thing, because all a/’s and 1 are the
non-zero elements of the field, say to row S,(0), then Sq/ will become as:

1 1 1 1 —— o1 1 v
1 a a, as . . . Qg4 Qg3
1 a as az . . . Ags ag2

1 as a, as . : . Ag2

Sq/ K

1 g4 dg3 QAg2

1 Ag3  Ag2
Therefore, by utilising this v, we will be able to get only 1 x 1 submatrix [v], and if v is a non-zero
element of field, then this submatrix [v] is non-singular, and if v is zero element, then this submatrix [v]
is singular.
Now we discuss the situation when we append arbitrary element v of the field F = GF(qg) to any
one of the rows S4(3), Sq(4), Sq(5), . . ., Sqla - 3) of array Sq/. Generally speaking it means that we
append arbitrary element v of the field F = GF(q) to any row Sq(k), 3<k<q-3.

If v = 0, then because all ai's and 1 are distinct and some non-zero elements of the field, then only a

trivial 1 x 1 singular submatrix [v]ix1 = [0]1x1 Will be formed. It is because the array Sq/ will become as
(appending v = 0 to 4" row i.e. Sq(3) row (say)):
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1 1 1 1 . .1 1
1 dg dy CERE . . Ag4 Qdg3
1 dp ds dg . . . g3 dg2
1 ds dg ds . . . dg-2 v=0
S,
1 g4 QAg3 QAg2

1 dg-3  dg-2
Or, in general array Sq/ will be (by appending v to row Sq/(k), 3<k<qg-3):

1 1 1 1 e A §1 1
1 a 2> "IN . . . Aga Qg3
1 a as az . . . Ags ag2
1 as a; as . . . Ag2
Sq/:
1 3 As1 A2 - v=0

1 g4 Ag3 Qg2
1 g3 Ag2
Now let v # 0. Because there is symmetry between rows and columns of Sq/, therefore without
any loss of generality, we take k< (q - 3) / 2 when g is odd, and k< q /2 when g is even. Let L = {1}U{a; : k
<i<(q-2)}. Soclearly L consists of all the elements of row S4(k).

If vbelongstol,i.e.vcan beanyoneofas asas, . . . ,ag3 and1,sayv=acorl,thenarray
Sq/ will become as:
1 1 1 1 .. o1 1
1 a a, az . : . Qg4 3g3
1 a as az . . . Ags Qag2
1 as 3, aJ. . . Ag2
Sq/:
1 a¢ a1 A v(=acorl)
1 Aga g3 Ag2
1 g3 g2

Therefore, we shall get a submatrix of the form {1 1 } or F- 1} , Which is clearly singular.
a, a, 1 W

Now let v does not belong to L. Because 1,a;,a,, . . . ,aqexhaustall non-zero elements of

the field, thereforev=a,, 1 <r<k(i.e. v can be of any of a; and a,).
Now q can be odd or even.

Case 1 (When q is odd):
We consider all the unordered pairs {b4, b,} of distinct elements of field F such that b;+ b, =2v=2 a,
(because v = a,). Now cardinality of L=1 + {(q - 2) — k + 1} = g - k. Because the case of q being odd is
being discussed, where it has been assumed that k<(q—3)/2 ie-k=-(q-3)/2ie.q-k=
g-(q-3)/2ie.q-k=2(2g-qg+3)/2 i.e.q-—k=(g+3)/2. Therefore cardinalityof L= q—k=(g+3)/
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2. So, at least one such pair of the type {by, b,} such that b;+ b, =2v =2 a,, can be found out among
elements of L.
Such a pair is either of the form {1, a;}, k <j < (q - 2) or is of the form {a;, a}}, k<i<j<
(a-2).
When this pair is of the form {1, aj}, k <j<(q - 2), then 1 + a; = 2v = 2a,. Now condition of Lemma
1 1
s + =
l-a 1-b 1l-c
. Putting these in the above condition of Lemma, we obtain:
1 1 2
+ — — - e 1/1+a=2(a)
1-0 1-y! 1-y

i , Where a, b, c are distinct elements of field F-{1}. Takea=0,b = }/j ,C= }/r

[because a;= 1—| ,1<i<(q-2),so for an arbitrary primitive element y of the field F

= GF(q), j satisfies k <j<(q - 2), r satisfies 1 < r < k]. So, we have 1 + a; = 2 a,, which is true. Therefore
condition of Lemma is satisfied. Hence by Lemma, the matrix:

1
is singular over field F.
1_E 1_9 1_1
C C C
1 1 1
|1-a 1-b 1-c |
1 il
- : 2 is singul field F
& j is singular over field F.
e v
Y 7
1 i 1
| g 1-7" |
1 1 1
1 1 o 1
ie |1 o — is singular over field F.
1=y 1=y
1 1 . 1
L 17 17 ]
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1 1 1
i.e. L i - s is singular over field F.
1=y 1-@y
1 1 _ 1
NS A S
drgeil 1
- il 1 - is singular over field F
i.e. 1_7/14 1_(7/q_1)7/_r g .
1 1
Y-

[because F = GF(q) is cyclic multiplicative group, therefore if its primitive element (generator) is y,

then y %' =e (multiplicative identity element of field F = GF(q)) is 1 (Vasishtha and Vasishtha (2006))].

1 1 1

1 1
ie. | 1 T 3 is singular over field F.
1=y 1—py

1 1

1 J

s - — -
11
i.e. a;. is singular over field F.
1 a a (— v
[because aj= —— ,1<i<(q-2)]

When the pair is of the form {a;, a;}, k<i<j<(q-2), thenaj+a;=2v=a. Wetake a= ]/i, b=

,C= }/r . Putting these in the condition of Lemma, we obtain:
1 1 2 A L 1 2

+ = , Which implies = — ’
l1-a 1-b 1-c 1-y' 1-y' 1-y

]

/4

i.e. aita; =2a

F=GF(a),

1
[because a;= 1—i, 1<i<(q-2), for an arbitrary primitive element y of the field

j satisfies k <j<(q-2), rsatisfies 1 <r<Kk]. So, we have 1 + a; =2 a,, which is true. Therefore condition
of Lemma is satisfied. Hence by Lemma, the matrix:

Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Aryabhatta Journal of Mathematics and Informatics

http://www.ijmr.net.in email id- irjmss@gmail.com Page 606




N
2
S

IMRY

——
%N

onal Jo”’
%,

Vol.09 Issue-01, (January - June, 2017)  ISSN: 2394-9309 (E) / 0975-7139 (P)

@ Aryabhatta Journal of Mathematics and Informatics (Impact Factor- 5.856)

1
1_§ 1_9 1_1 is singular over field F.
C C C
1 1 1
[1-a 1-b1-c |
1 1
1 . .
ie. . 3 1 is singular over field F.
N =
y/ d 4
1l il 1
1=y 1y 1-y"
1 1 1
1 1 1 ANE 5
ie. — — — is singular over field F.
11—y 1y 1y
1 1 1
| 1~y 1o
1 1 1
1 i 1 L .
i A = - is singular over field F.
1797 -y~
1 1 il
| - B 1-7
1 i 1
i ! 2 = is singul field F
ie. 1_7/i_r 1_71—r 1_(7/q_1)7_r is singular over field F.
1 1 1
1=yt 1=yt 1=
[because F = GF(q) is cyclic multiplicative group, therefore if its primitive

element(generator) is ¥, then

y

= e (multiplicative identity element of field F = GF(q)) is 1].
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onal Joy, ",
%,

1 1 1
1 1 1 L .
ie. — — is singular over field F.
1_7/ 1_7/1 1_7/q—1—r
1 1 1
| 1-7' LogiE
1 A
e |a, &, a.,, is singular over field F.
a8 a; a(=Vv)
1 .
[because aj= —— ,1<i<(q-2),v=a,,1<r<Kk]

Case 2 (When q is even):
Whenk=3:ThenL={1}U{a;: k<i <(g-2)}={1}U{a;:3<i<(q-2)}
=1,a3,a4, . . . ,3q1
Therefore, L contains all the non-zero elements of the field F = GF(q), except a4, a,. So, the only non-zero
elements of the field F, which are left outside L are a4, a,.
Now if we append v = a; or v = a, to row S4(3), we will get:

1 1 1 1 . . 1 1
1 di d) ds . . i Ag4 Qdg3
1 a as az . . . Ags Qag2
1 a a a . . . ag aora=v)

Sq/ ;

1 Aga g3 Ag2
1 g3 g2
Therefore, if we append v =a; or v = a, to row S4(3), we will never get a singular submatrix.
Further we see that by appending v = a; or v = a, to row S,(3), we will get two maximal 4 x (q - 2)

rectangles:

(11 1 4F. Jlg 1 ] [1 1 1 1 ol

1a aa.. .38, 38.; p la aa...a., 3.;

an

1a a a. .. .33 3., laa a. .. .38.,;3a,

1la a a. . .4, ai(:v)_Mq_Z) 1la 4 a.. .4, az(:v)_Mq_z)
Combining these two 4 x (q - 2) rectangles with this |, (identity matrix of order 4 x 4), we obtain:

111 1...1 1 1000 |

la aa...a., 3., 0100
la,a a...38,;23, 0010
laa a. . .a,a(=v) 0001

4x(q+2)
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[Herekxn=4x(q+

2). Thereforek=4andn=q+2,sod=n-k+1=(q+2)-4+1 =q-1].
and
111 1...1 1 1000 ]|
la a a...a,., 3., 0100
1a a a...38.,;3a, 0010
laa a. ..a,a(=v) 000 1_4X(q+2)
[Herekxn=4x(q+2). Thereforek=4andn=q+2,sod=n—-k+1=(q+2)-4+1 =q-1].

These two rectangles form generator matrices for triply extended (q + 2, 4, q - 1) MDS codes.
If we append v =a; orv = a, to row S4(q - 3), we get:

1 1 1 1 ] : gl 1
1 di d) ds . . . g4 Qdg3
1 dy ds dg . . . g3 dg2
1 as dg dsg . . . ag-2
Sq/:
1 dg4 Qdg-3 g2
1 Ags QAg2 a10ra(=v)
Therefore, appending v = a; or v = a, to row S,(3), we will get two maximal (g-2)x4
rectangles:
11 1981 (18 1918
1 ai aZ a‘S 1 ai aZ a3
la, a, a, 1o g a,
la, a, a 1 a  eaas
and
la,, a,; a,, la,, a,; a,,
la,; a,, & — 1la,; 8., & g
Combining these two 4 x (q - 2) rectangles with this I, (identity matrix of order (g-—2)x

(g - 2)), we obtain:
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11 1 1 100 .. .0
l1a a a 010 . 0
la, a a 001 . 0
la a a 0 0 O 0

LAERURECs O g Ofr0, (1 (RNESC)
la,a,a 0000001

—(9-2)x(q+2)

[Herekxn=(q-2)x(q+2). Thereforek=g-2andn=q+2,sod=n-k+1 =(g+2)- (q
-2)+1=5].
Ny 1 1 10 0 0 ]
1 aa a 010 0
la a a 00 1 0
la a a 00 O 0
and

la,a,;a, 0 000010
la;a,a 0000001

(a-2)x(q+2) .

[Here kxn=(q-2)x(q+2). Thereforek=g-2andn=q+2,sod=n-k+1 =(g+2)- (g
-2)+1=5].
These two rectangles form generator matrices for triply extended (q + 2, g - 2, 5) MDS codes.
When4<k<sq/2 qg=28:letv=a,1<r<k. letl1<s<kands#r. It should be noted that

-s -r
because 4 <k <q/2,s0k>3,and 1<s <k, sosuch s exists. Now taking a = 7 ,a= % , and utilising

Lemma (part 2), where field F = GF(q) is of characteristic 2, we see that:

1 1 1
1 1 1
1+ab 1+a% 1+a is singular over field F.
1 1 1
1
1+b 1+a , 1
[Note that because 1 <r<k,1<s<k,sol+1<r+s<k+k,i.e. 2<(r+s)<2k, i.e.2<(r+s)<

=S -
2.q/2 (because 4 <k < q/2),i.e.2<(r+s)<q,i.e, (r+s#0, and hence consequentlyab=7 7 -
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—s—r

ryooZ7

—(s+r)

# 1. Therefore, 1 +ab #1 + 1 # 2(1) # 0 (because 2 is characteristic of field F = GF(q), so

2(a) = a + a =0 for every a belonging to F = GF(q), hence 2(1) =1+ 1 =0, 1 belongs to F = GF(q) ).

1

Therefore, 1+ab stands].

1 1 1
1 i il
i.e. 1+ y" 1+ (7_5)2 1+y° is singular over field F.
il 1 i
1+y° 1+y7 1+
L I
1 1
1 |
i.e. o (_1)_7—5.7,4 1-(-1) 7/_25 B (_1)_7,—5 is singular over field F.
1 1 1
| 1-(-Dy" (Dl (.}
1 i 1
1 1 1
i.e. 1-Wy =y 12 ) 7/,23 1) is singular over field F.
1 1 1
1-Qy" 1-@7° -0 |

[Because characteristic of field F = GF(q) is smallest positive integar n such thatna=a+a+a+
upto n terms = 0 (zero element of field F for every a belonging to F, and because here characteristic of

field F = GF(q) is 2, therefore, 2 a =a + a =0 implies a+a =0, i.e. =

- a. Since 1 belongs to F =

GF(q), so 1 = -1 (additive inverse of 1). Also because 1 belongs to F, so -1 belongs to F].

1 1 1L
1 1 1
i.e. 1— (j,q—l).},—s—r 1— (yq—l).}/—ZS 1 (},q—l)_},—s is singular over field F.
1 1 1
L=y =0y 1y
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g-1
[because F = GF(q) is cyclic multiplicative group, so if its generator (primitive element) is 7/, then/ =e
=1 (multiplicative identity of field F].

1 1 1
1 1 1
i.e. 1— yq—l—s—r 1— },q+2$ 1— 7q—1—s is singular over field F.
1 1 1
1_7/q—1—r 1_7/q 1-s 1_7/I‘
1 1 1
i.e. Q34 r-s Qg5 g is singular over field F.
RN ndNCH
1
[because a;= — ,Vv=a,,1sr< k].
13%

IV. Conclusion

Roth and Seroussi have considered the array S, over the finite field F = GF(q), and they
constructed triply extended (q + 2, 3, g) and (q + 2, q - 1, 4) MDS codes. We have considered New Array
Sq/ over the finite field F = GF(q), and constructed triply extended (g+2,4, g-1) MDS codes and
triply extended (q + 2, q - 2, 5) MDS codes. So, corresponding to triply extended (q + 2, 3, gq) MDS code,
we have constructed triply extended (q + 2, 4, g - 1) MDS codes. Although block-length of the code does
not increase, but we are successful in increasing number of message-symbols, which means that our
code will transmit more number of message-symbols, and number of codewords within the code
increases thereby enhancing the utility of the code. And corresponding to triply extended (a+2,9-
1, 4) MDS codes, we have constructed triply extended (g + 2, g - 2, 5) MDS codes. Although block-length
of the code does not increase, and number of message-symbols do not increase, but we are successful
in increasing minimum distance of the code as a result of which error-correcting-capability of the code is
enhanced.
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