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Abstract : 
 In this paper, we introduce the concept of  k-Super harmonic mean labeling  and investigate k-

super harmonic mean of some  graphs. Let G be a (p, q) graph and                          𝑓: 𝑉 (𝐺) → {𝑘, 𝑘 + 1, 

𝑘 + 2, … , 𝑝 + 𝑞 + 𝑘 − 1} be an injection. For each edge e = uv, let 𝑓∗ 𝑒 =  
2𝑓 𝑢 𝑓(𝑣)

𝑓 𝑢 +𝑓(𝑣)
  𝑜𝑟  

 2𝑓 𝑢 𝑓(𝑣)

𝑓 𝑢 +𝑓(𝑣)
  , 

then f is called k-Super harmonic mean labeling if           𝑓 (𝑉) ∪ {𝑓∗ (𝑒) : 𝑒∈𝐸(𝐺)} = {𝑘, 𝑘 + 1, 𝑘 + 2, … 

, 𝑝 + 𝑞 + 𝑘 − 1}. A graph that admits a       k-Super harmonic mean labeling is called k-Super harmonic 

mean graph. 

 

key words:Super harmonic mean labeling, Super harmonic mean graph, k-Super harmonic mean labeling, 
k-Super harmonic mean graph. 

 

1. Introduction 
 By a graph 𝐺 = (𝑉 𝐺 , 𝐸 𝐺 )  with 𝑝  vertices and 𝑞  edges we mean a simple, connected and 

undirected graph. In this paper a brief summary of definitions and other information is given in order to 

maintain compactness. The term not defined here are used in the sense of Harary [3]. 

 
A graph labeling is an assignment of integers to the vertices or edges or both subject to certain 

conditions. A useful survey on graph labeling by J. A. Gallian (2016) can be found in [1]. Somasundaram 

and Ponraj [12] have introduced the notion of mean labeling of graphs. R. Ponraj and D. Ramya 
introduced Super mean labeling of graphs in [5].S. Somasundram and S.S. Sandhya introduced the 

concept of Harmonic mean labeling in [6] and studied their behavior in [7,8,9].S. Sandhya and C. David 

Raj introduced Super harmonic labeling in [9]. 
 

 In this paper, we investigate k-Super harmonic mean labeling of some graphs.  

 

Definition 1.1: 

 Let G be a (p, q) graph and 𝑓: 𝑉 (𝐺) → {1, 2,3 … , 𝑝 + 𝑞 } be an injection. For each edge e = uv, 

let f ∗ e =  
2f u f(v)

f u +f(v)
  or  

2f u f(v)

f u +f(v)
 , then f is called Super harmonic mean labeling if 𝑓 (𝑉) ∪ {f ∗(𝑒) : 

𝑒∈𝐸(𝐺)} = {1, 2, … , 𝑝 + 𝑞}. A graph that admits a Super harmonic mean labeling is called Super 

harmonic mean graph. 

 

Definition 1.2: 

 Let G be a (p, q) graph and 𝑓: 𝑉 (𝐺) → {𝑘, 𝑘 + 1, 𝑘 + 2, … , 𝑝 + 𝑞 + 𝑘 − 1} be an injection. For 

each edge e = uv, let f ∗ e =  
2f u f(v)

f u +f(v)
  or  

 2f u f(v)

f u +f(v)
 , then f is called k-Super harmonic mean labeling if 

𝑓 (𝑉) ∪ {f ∗(𝑒) : 𝑒∈𝐸(𝐺)} = {𝑘, 𝑘 + 1, 𝑘 + 2, … , 𝑝 + 𝑞 + 𝑘 − 1}. A graph that admits a k-Super harmonic 

mean labeling is called k-Super harmonic mean graph. 

 

 

Definition 1.3: 

 𝑃𝑛
+ is a graph obtained by joining a single pendant edge to each vertex of a path 𝑃𝑛 . 
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Definition 1.4:  

 If G has order n, the corona of G with H, 𝐺⊙𝐻 is the graph obtained by taking one copy of G 

and n copies of H and joining the i 
th
 vertex of G with an edge to every vertex in the i 

th
 copy of H. 

 

Definition 1.5:  
 If G is a graph, then S (G) is a graph obtained by subdividing each edge of G by a vertex. 

 

Definition 1.6: 
 The middle graph M(G) of a graph G is the graph whose vertex set is V(G) ∪E(G) and in which 

two vertices are adjacent if and only if either they are adjacent edges of G or one is a vertex of G and the 

other is an edge incident on it. 

 

2.Main results 

 

Theorem 2.1: 

 The path 𝑃𝑛   is a k-super harmonic mean graph for all n ≥ 2. 

Proof: 

 Let 𝑉 𝑃𝑛 = {𝑣𝑖 ; 1 ≤ 𝑖 ≤ 𝑛} and E(𝑃𝑛 ) = {𝑒𝑖 =  𝑣𝑖 , 𝑣𝑖+1  ; 1 ≤ 𝑖 ≤ 𝑛 − 1} 

Define a function 𝑓: 𝑉(𝑃𝑛) →  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 2𝑛 − 2   by  

   𝑓 𝑣𝑖 = 𝑘 + 2𝑖 − 2     1 ≤ 𝑖 ≤ 𝑛 

Then the induced edge labels are 

f ∗ 𝑒𝑖 = 𝑘 + 2𝑖 − 1     1 ≤ 𝑖 ≤ 𝑛 − 1 
 Thus 𝑓 𝑉 ∪  𝑓∗ 𝑒 : 𝑒𝜖𝐸 𝐺  =  𝑘, 𝑘 + 1, 𝑘 + 2, … , 𝑘 + 2𝑛 − 2 . 
Hence 𝑃𝑛  is a k -Super harmonic mean graph. 

 

Example2.2: 
 

 

 
 

 

500-super harmonic mean labeling of  𝑃10  
 

 

Theorem 2.3: 

 The comb 𝑃𝑛
+ is a k-super harmonic mean graph for all n ≥ 2. 

Proof: 

Let 𝑉  𝑃𝑛
+ = {𝑢𝑖  , 𝑣𝑖  ; 1 ≤ 𝑖 ≤ 𝑛}  

E(𝑃𝑛
+) = {𝑒𝑖 = (𝑢𝑖 , 𝑢𝑖+1 ); 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑒𝑖 ′ = (𝑢𝑖  , 𝑣𝑖  ); 1 ≤ 𝑖 ≤ 𝑛} 

Define a function 𝑓: 𝑉( 𝑃𝑛
+) →  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 4𝑛 − 2   by  

𝑓 𝑢𝑖 = 𝑘 + 4𝑖 − 2              1 ≤ 𝑖 ≤ 𝑛 

                                             𝑓 𝑣1 = 𝑘     
𝑓 𝑣𝑖   = 𝑘 + 4𝑖 − 5             2 ≤ 𝑖 ≤ 𝑛 

 

Then the induced edge labels are 

 f ∗ 𝑒𝑖  = 𝑘 + 4𝑖                     1 ≤ 𝑖 ≤ 𝑛 − 1 

       f ∗ 𝑒𝑖′ = 𝑘 + 4𝑖 − 3             1 ≤ 𝑖 ≤ 𝑛 

Thus𝑓 𝑉 ∪  𝑓∗ 𝑒 : 𝑒𝜖𝐸 𝐺  =  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 4𝑛 − 2 . 

511 509 507 505 503 501 

512 510 508 506 504 502 500 

517 515 513 

518 516 514 
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Hence 𝑃𝑛
+ is a k -Super harmonic mean graph.  

 

Example 2.4: 

 

 

    
    

 

 
 

 

800-super harmonic mean labeling of  𝑃10
+  

 

Theorem2.5 : 

 n𝑃𝑚  is a k-super harmonic mean graph for all m ≥ 2, n ≥ 1. 

Proof: 

Let 𝑉 n𝑃𝑚  ={𝑣𝑖,𝑗  , 1 ≤ 𝑖 ≤ 𝑛 , 1 ≤ 𝑗 ≤ 𝑚 }. 

Then     𝐸(n𝑃𝑚 ) = { 𝑣𝑖,𝑗  , 𝑣𝑖,𝑗 +1 ;  1 ≤ 𝑖 ≤ 𝑛 , 1 ≤ 𝑗 ≤ 𝑚 − 1} . 

Define a function 𝑓: 𝑉(𝑛𝑃𝑚 ) →  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 𝑛(2𝑚 − 1) − 1   by  

               𝑓 𝑣𝑖,𝑗  = 𝑘 +  2𝑚 − 1  𝑖 − 1 + 2𝑗 − 2  ;    1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

Then the induced edge labels are 

         f ∗ 𝑣𝑖,𝑗 , 𝑣𝑖,𝑗 +1 = 𝑘 +  2𝑚 − 1  𝑖 − 1 + 2𝑗 − 1 ;    1 ≤ 𝑖 ≤ 𝑛 , 1 ≤ 𝑗 ≤ 𝑚 −1. 

Thus 𝑓 𝑉 ∪  𝑓∗ 𝑒 : 𝑒𝜖𝐸 𝐺  =  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 𝑛 2𝑚 − 1 − 1  
Hence 𝑛𝑃𝑚  is a k -Super harmonic mean graph.  

 

Example 2.6 : 

 

 
 

 

 
  

 

 
 

  

     

 
 

 

 
 

 

 

400-super harmonic mean of 4𝑃8 

𝒗𝟏,𝟖 𝒗𝟏,𝟏 409 407 405 403 401 

410 408 406 404 402 400 

413 411 

414 412 

𝒗𝟐,𝟖 𝒗𝟐,𝟏 424 422 420 418 416 

425 423 421 419 417 415 

428 426 

429 427 

𝒗𝟑,𝟖 𝒗𝟑,𝟏 439 437 435 433 431 

440 438 436 434 432 430 

443 441 

444 442 

𝒗𝟒,𝟖 𝒗𝟒,𝟏 454 452 450 448 446 

455 453 451 449 447 445 

458 456 

459 457 

832 828 824 820 816 812 808 804 

829 825 821 817 813 809 805 801 

823 827 819 815 811 807 803 800 

802 830 826 822 818 814 810 806 

836 

837 833 

 835 831 

834 838 
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Theorem 2.7: 

 𝑃𝑛 ⊙ 𝐾2
    is a k-super harmonic mean graph for all n ≥ 2. 

 

Proof: 

 Let 𝑉 𝑃𝑛 ⊙ 𝐾2
    = {𝑢𝑖 , 𝑣𝑖 , 𝑤𝑖 ; 1 ≤ 𝑖 ≤ 𝑛}  

 E(𝑃𝑛 ⊙ 𝐾2
   ) = {(𝑢𝑖  , 𝑢𝑖+1 ); 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {(𝑢𝑖 , 𝑣𝑖  ); 1 ≤ 𝑖 ≤ 𝑛} ∪ {(𝑢𝑖 , 𝑤𝑖  ); 1 ≤ 𝑖 ≤ 𝑛} 

Define a function 𝑓: 𝑉(𝑃𝑛 ⊙ 𝐾2
   ) →  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 6𝑛 − 2 by 

      𝑓 𝑢𝑖 = 𝑘 + 6𝑖 − 4             1 ≤ 𝑖 ≤ 𝑛 

       𝑓 𝑣𝑖 = 𝑘 + 6𝑖 − 6            1 ≤ 𝑖 ≤ 𝑛 

             𝑓 𝑤𝑖 = 𝑘 + 6𝑖 − 1              1 ≤ 𝑖 ≤ 𝑛 − 1 

                                               𝑓 𝑤𝑛 = 𝑘 + 6𝑛 − 2     
Then the induced edge labels are 

 f ∗ 𝑢𝑖𝑢𝑖+1 = 𝑘 + 6𝑖 − 2          1 ≤ 𝑖 ≤ 𝑛 − 1 

 f ∗ 𝑢𝑖𝑣𝑖      = 𝑘 + 6𝑖 − 5           1 ≤ 𝑖 ≤ 𝑛 

 f ∗ 𝑢𝑖𝑤𝑖     = 𝑘 + 6𝑖 − 3           1 ≤ 𝑖 ≤ 𝑛 

Thus𝑓 𝑉 ∪  𝑓∗ 𝑒 ; 𝑒𝜖𝐸 𝐺  =  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 6𝑛 − 2 . 

Hence 𝑃𝑛 ⊙ 𝐾2
    is a k -Super harmonic mean graph.  

 

Example 2.8: 

 
 

 

 
 

     

 

 

600-super harmonic mean of 𝑃7 ⊙ 𝐾2
    

 

Theorem 2.9: 

 𝑃𝑛 ⊙ 𝐾3
     is a k-super harmonic mean graphfor all n ≥ 2. 

Proof: 

 Let 𝑉 𝑃𝑛 ⊙ 𝐾3
    = {𝑢𝑖 , 𝑣𝑖 , 𝑤𝑖 , 𝑠𝑖 ; 1 ≤ 𝑖 ≤ 𝑛}  

             E(𝑃𝑛 ⊙ 𝐾3
   ) = {(𝑢𝑖 , 𝑢𝑖+1 ); 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {(𝑢𝑖 , 𝑣𝑖  ); 1 ≤ 𝑖 ≤ 𝑛} ∪ 

                                           {(𝑢𝑖 , 𝑤𝑖  ); 1 ≤ 𝑖 ≤ 𝑛} ∪ {(𝑢𝑖 , 𝑠𝑖  ); 1 ≤ 𝑖 ≤ 𝑛} 

The ordinary labeling of 𝑃𝑛 ⊙ 𝐾3
      is given below 

 

 

 
 

 

 
 

 

Define a function 𝑓: 𝑉(𝑃𝑛 ⊙ 𝐾3
   ) →  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 8𝑛 − 2   by  

𝑓 𝑢𝑖 = 𝑘 + 8𝑖 − 1               1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑣𝑖 = 𝑘 + 8𝑖 − 8               1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑤𝑖 = 𝑘 + 8𝑖 − 6               1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑠𝑖  = 𝑘 + 8𝑖 − 2               1 ≤ 𝑖 ≤ 𝑛  

603 609 621 615 633 627 

604 

612 600 605 606 611 617 618 623 624 629 630 635 

632 626 620 614 608 602 610 616 622 628 

601 607 613 619 631 625 
639 

636 640 

638 

637 

634 

𝑠1 𝑤1 𝑣1 

𝑢1 

𝑠2 𝑤2  𝑣2 

𝑢2 

 

𝑠𝑛  𝑤𝑛  𝑣𝑛  

𝑢𝑛  
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Then the induced edge labels are 

 f ∗ 𝑢𝑖𝑢𝑖+1 = 𝑘 + 8𝑖 − 4            1 ≤ 𝑖 ≤ 𝑛 − 1 

 f ∗ 𝑢𝑖𝑣𝑖      = 𝑘 + 8𝑖 − 7            1 ≤ 𝑖 ≤ 𝑛 

 f ∗ 𝑢𝑖𝑤𝑖     = 𝑘 + 8𝑖 − 5            1 ≤ 𝑖 ≤ 𝑛 

 f ∗ 𝑢𝑖𝑠𝑖      = 𝑘 + 8𝑖 − 3            1 ≤ 𝑖 ≤ 𝑛 

Thus𝑓 𝑉 ∪  𝑓∗ 𝑒 : 𝑒𝜖𝐸 𝐺  =  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 8𝑛 − 2 . 

Hence 𝑃𝑛 ⊙ 𝐾3
    is a k -Super harmonic mean graph.  

Example 2.10 

 

 

 

 

 
 

 

 

500 𝑠𝑢𝑝𝑒𝑟 𝑚𝑒𝑎𝑛 𝑙𝑎𝑏𝑒𝑙𝑖𝑛𝑔 𝑜𝑓 𝑃5 ⊙ 𝐾3
    

 

Theorem 2.11 :   

 𝑃𝑛
2 is a 𝑘-super harmonic graph for all 𝑛 ≥ 4. 

Proof:  

 Let 𝑉 𝑃𝑛
2 =  𝑣𝑖  ;  1 ≤ 𝑖 ≤ 𝑛  

               𝐸 𝑃𝑛
2 = {𝑒𝑖 =  𝑣𝑖  , 𝑣𝑖+1 ; 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑒𝑖

′ =  𝑣𝑖  , 𝑣𝑖+2 ; 1 ≤ 𝑖 ≤ 𝑛 − 2}  

The ordinary labeling of the graph  𝑃𝑛
2  is given below  

 
 

 

 
 

 

 

First we label the vertices as follows:  

Define 𝑓: 𝑉 𝑃𝑛
2 → {𝑘, 𝑘 + 1, 𝑘 + 2, … , 𝑘 + 3𝑛 − 4} by  

 𝑓 𝑣𝑖 = 𝑘 + 3𝑖 − 3,                 1 ≤ 𝑖 ≤ 𝑛 − 1, 
 𝑓 𝑣𝑛 = 𝑘 + 3𝑛 − 4 

Then the induced edge labels are  

 𝑓∗ 𝑒𝑖 = 𝑘 + 3𝑖 − 2,                 1 ≤ 𝑖 ≤ 𝑛 − 1 

 𝑓∗ 𝑒𝑖
′ = 𝑘 + 3𝑖 − 1,                1 ≤ 𝑖 ≤ 𝑛 − 2 

Thus𝑓 𝑉 ∪ {𝑓∗ 𝑒 : 𝑒 ∈ 𝐸(𝐺)} = {𝑘, 𝑘 + 1, … , 𝑘 + 3𝑛 − 4}. 

Hence 𝑃𝑛
2 is a 𝑘-super harmonic mean graph. 

Example 2.12 
 

 

 

 

 

 

 

100 𝑠𝑢𝑝𝑒𝑟 𝑕𝑎𝑟𝑚𝑜𝑛𝑖𝑐 𝑚𝑒𝑎𝑛 𝑙𝑎𝑏𝑒𝑙𝑖𝑛𝑔 𝑜𝑓 𝑃8
2 

531 523 515 507 

     503 

506 502 500 

505 501 

504 

     511 

514 510 508 

513 509 

512 

      519 

522 518 516 

521 517 

520 

527 

530 526 524 

529 525 

528 

535 

538 534 

 

532 

537 533 

536 

100 106 

102 

103 109 

105 

112 

108 

115 

111 

118 

114 

120 

117 

101 104 107 110 113 116 119 

𝑣1 𝑣3 

 

𝑒1
′  

 

𝑣2 

 

𝑒2
′  

 

 

 

𝑣𝑛−2 

 

𝑣𝑛−1 

 

𝑒𝑛−3
′  

 

𝑣𝑛  

 

𝑒𝑛−2
′  

𝑒1 𝑒2 

 

𝑒3 

 

𝑒𝑛−2 

 

𝑒𝑛−1 

 

𝑣4 

 

𝑣𝑛−3 
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Theorem 2.13 : 

 A graph obtained by identifying the central vertex of 𝐾1,2at each pendent vertex of a comb  𝑃𝑛
+is a 

k-super harmonic mean graphfor all n ≥ 2. 

Proof: 

Let  𝑢1, 𝑢2 , … . , 𝑢𝑛  be the vertices of the  path 𝑃𝑛 . 

Let 𝑣𝑖  be a vetex adjacent to 𝑢𝑖  ,1 ≤ 𝑖 ≤ 𝑛 .The resulting graph is  𝑃𝑛
+ . 

 Let  𝑤𝑖 , 𝑣𝑖1, 𝑣𝑖2 be the vertices of  i
th 

copy of 𝐾1,2with  𝑤𝑖 is the central vertex.Identify the vertex 𝑤𝑖  with 

𝑣𝑖we get the required graph G whose edge set is  

                             𝐸 = {𝑢𝑖𝑢𝑖+1 ;  1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑢𝑖𝑣𝑖 , 𝑣𝑖𝑣𝑖1 , 𝑣𝑖𝑣𝑖2 ; 1 ≤ 𝑖 ≤ 𝑛} 

The ordinary labeling is given below 

 
 

 

 
 

 

 

 
 

Define a function 𝑓: 𝑉(𝐺) →  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 8𝑛 − 2   by  

                                                     𝑓 𝑢1 = 𝑘 + 6      
𝑓 𝑢𝑖 = 𝑘 + 8𝑖 − 4          2 ≤ 𝑖 ≤ 𝑛 

                                                    𝑓 𝑣1 = 𝑘 + 4 

  𝑓 𝑣𝑖 = 𝑘 + 8𝑖 − 2          2 ≤ 𝑖 ≤ 𝑛 

                                                   𝑓 𝑣11 = 𝑘 

𝑓 𝑣𝑖1 = 𝑘 + 8𝑖 − 9          2 ≤ 𝑖 ≤ 𝑛 

                                                   𝑓 𝑣12 = 𝑘 + 2 

                                                  𝑓 𝑣22 = 𝑘 + 8 

𝑓 𝑣𝑖2 = 𝑘 + 8𝑖 − 7          3 ≤ 𝑖 ≤ 𝑛 
Then the induced edge labels are 

                                  f ∗ 𝑢1𝑢2     = 𝑓 𝑢1 + 3      
f ∗ 𝑢𝑖𝑢𝑖+1  = 𝑘 + 8𝑖               2 ≤ 𝑖 ≤ 𝑛 − 1 

                                             f ∗ 𝑢𝑖𝑣𝑖       = 𝑘 + 8𝑖 − 3      1 ≤ 𝑖 ≤ 𝑛 

                                              f ∗ 𝑣11𝑣1    =  𝑘 + 1            
f ∗ 𝑣𝑖1𝑣𝑖     =  𝑘 + 8𝑖 − 6      2 ≤ 𝑖 ≤ 𝑛       
f ∗ 𝑣𝑖2𝑣𝑖     =  𝑘 + 8𝑖 − 5      1 ≤ 𝑖 ≤ 𝑛       

Thus 𝑓 𝑉 ∪  𝑓∗ 𝑒 ; 𝑒𝜖𝐸 𝐺  =  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 8𝑛 − 2 . 
Hence G is a k -Super harmonic mean graph. 

Example 2.14: 

 

 

 

 
 

 

 

 

700 -Super harmonic mean graph  of G 

𝒗𝟏𝟐 𝒗𝟑𝟐 𝒗𝟑𝟏 𝒗𝟐𝟐 𝒗𝟐𝟏 𝒗𝟏𝟏 𝒗𝒏𝟐 𝒗𝒏𝟏 

𝒗𝟏 𝒗𝟐 
𝒗𝟑 𝒗𝒏 

𝒖𝟏 𝒖𝒏 𝒖𝟑 𝒖𝟐 

721 713 705 

702 717 715 708 707 700 725 723 

704 714 722 730 

706 728 720 712 

731 733 

738 

736 

710 711 703 701 718 719 734 735 727 726 

729 737 

709 716 724 732 

745 

741 739 

746 

744 

 743 742 

740 
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Theorem 2.15 : 

 𝑆(𝑃𝑛 ⊙ 𝐾1)   is a k-super harmonic mean graphfor all n ≥ 2. 
 

Proof: 

 Let  𝑢1, 𝑢2 , … . , 𝑢𝑛  , 𝑣1, 𝑣2, … . , 𝑣𝑛 be the vertices of  𝑃𝑛 ⊙ 𝐾1 . 

Let 𝑥𝑖   1 ≤ 𝑖 ≤ 𝑛  be the vertex which divides the edge 𝑢𝑖 𝑣𝑖  1 ≤ 𝑖 ≤ 𝑛   

𝑎𝑛𝑑  𝑦𝑖 (1 ≤ 𝑖 ≤ 𝑛 − 1 ) be the vertex which divides the edge 𝑢𝑖 𝑢𝑖+1 (1 ≤ 𝑖 ≤ 𝑛 − 1 ) . 
Then 𝑉(𝑆 𝑃𝑛 ⊙ 𝐾1 = {𝑢𝑖 , 𝑣𝑖 , 𝑥𝑖 , 𝑦𝑗  ;   1 ≤ 𝑖 ≤ 𝑛 , 1 ≤ 𝑗 ≤ 𝑛 − 1 }  

Define a function 𝑓: 𝑆(𝑉 𝑃𝑛 ⊙ 𝐾1 ) →  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 8𝑛 − 4   by  

                                                  𝑓 𝑢1 = 𝑘 + 4      
𝑓 𝑢𝑖 = 𝑘 + 8𝑖 − 8               2 ≤ 𝑖 ≤ 𝑛 

                                                  𝑓 𝑣1 = 𝑘      
      𝑓 𝑣𝑖 = 𝑘 + 8𝑖 − 3                2 ≤ 𝑖 ≤ 𝑛 − 1 

                                                 𝑓 𝑣𝑛 = 𝑘 + 8𝑛 − 4    
𝑓 𝑥𝑖 = 𝑘 + 8𝑖 − 6                 1 ≤ 𝑖 ≤ 𝑛 

                                           𝑓 𝑦𝑖 = 𝑘 + 8𝑖 − 2                 1 ≤ 𝑖 ≤ 𝑛 − 1 
Then the induced edge labels are 

                                f ∗ 𝑢1𝑦1    = 𝑘 + 5      
f ∗ 𝑢𝑖𝑦𝑖     = 𝑘 + 8𝑖 − 5            2 ≤ 𝑖 ≤ 𝑛 − 1 

                                          f ∗ 𝑦1𝑢2    = 𝑘 + 7           
f ∗ 𝑦𝑖𝑢𝑖+1 = 𝑘 + 8𝑖 − 1            2 ≤ 𝑖 ≤ 𝑛 − 1 

                                           f ∗ 𝑢1𝑥1    = 𝑘 + 3      
                                           f ∗ 𝑢𝑖𝑥𝑖     = 𝑘 + 8𝑖 − 7            2 ≤ 𝑖 ≤ 𝑛 

                                          f ∗ 𝑥1𝑣1    = 𝑘 + 1           
                                          f ∗ 𝑥𝑖𝑣𝑖     = 𝑘 + 8𝑖 − 4            2 ≤ 𝑖 ≤ 𝑛 − 1 

                                          f ∗ 𝑥𝑛𝑣𝑛    = 𝑓(𝑥𝑛) + 1 

                  f ∗ 𝑢1𝑥1  𝑓 𝑥𝑛 1           
𝑇𝑕𝑢𝑠  𝑓 𝑉 ∪  𝑓∗ 𝑒 ; 𝑒𝜖𝐸 𝐺  =  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 8𝑛 − 4 . 
Hence 𝑆(𝑃𝑛 ⊙ 𝐾1)is a k -Super harmonic mean graph. 

 

Example 2.16: 

 

 

 

  

 

   

 

 

 

 
 

 

 
 

 

 

400-super harmonic mean of 𝑆(𝑃6 ⊙ 𝐾1) 
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Theorem 2.17 : 

𝑀𝑖𝑑𝑑𝑙𝑒 𝑔𝑟𝑎𝑝𝑕 𝑜𝑓 𝑎 𝑝𝑎𝑡𝑕  𝑃𝑛  𝑖𝑠  𝑘 − 𝑠𝑢𝑝𝑒𝑟 𝑕𝑎𝑟𝑚𝑜𝑛𝑖𝑐 𝑚𝑒𝑎𝑛 𝑔𝑟𝑎𝑝𝑕 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ≥  2. 

Proof: 

 Let 𝑉(𝑀 𝑃𝑛 = {𝑣𝑖 , 𝑒𝑗  ;   1 ≤ 𝑖 ≤ 𝑛 , 1 ≤ 𝑗 ≤ 𝑛 − 1 }  

 E(𝑀 𝑃𝑛 ={𝑣𝑖𝑒𝑖 ; 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑣𝑖𝑒𝑖−1; 2 ≤ 𝑖 ≤ 𝑛} ∪ {𝑒𝑖𝑒𝑖+1 ; 1 ≤ 𝑖 ≤ 𝑛 − 2 }  
 𝑉(𝑀 𝑃𝑛  = 2𝑛 − 1 𝐸(𝑀 𝑃𝑛  = 3𝑛 − 4 

Define a function 𝑓: 𝑉(𝑀 𝑃𝑛 ) →  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 5𝑛 − 6   by  

𝑓 𝑒𝑖 = 𝑘 + 5𝑖 − 3         1 ≤ 𝑖 ≤ 𝑛 − 1 

𝑓 𝑣𝑖 = 𝑘 + 5𝑖 − 5         1 ≤ 𝑖 ≤ 𝑛 − 1 

                                                𝑓 𝑣𝑛 = 𝑘 + 5𝑛 − 6    
Then the induced edge labels are 

f ∗ 𝑒𝑖𝑒𝑖+1 = 𝑘 + 5𝑖 − 1           1 ≤ 𝑖 ≤ 𝑛 − 2    
  f ∗ 𝑣𝑖𝑒𝑖     = 𝑘 + 5𝑖 − 4           1 ≤ 𝑖 ≤ 𝑛 − 1       

                                          f ∗ 𝑣𝑖𝑒𝑖−1 = 𝑘 + 5𝑖 − 2           2 ≤ 𝑖 ≤ 𝑛 
Thus 𝑓 𝑉 ∪  𝑓∗ 𝑒 ; 𝑒𝜖𝐸 𝐺  =  𝑘, 𝑘 + 1, 𝑘 + 2, … . , 𝑘 + 5𝑛 − 6 . 
Hence 𝑀(𝑃𝑛) is a k -Super harmonic mean graph.  

 

Example 2.18: 
 

 

 
 

 

 

 
 

1000-super harmonic mean graph of 𝑀(𝑃9) 
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