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Abstract
Let G = (V,E) be a graph having order n and <d,,d,,...,d, > be the degree sequence of G,

n
where d, >d, >...>d,, then the polynomial @ (X) =[1(X—d.) is called the degree sequence
i=1

polynomial of G . In this paper we give the degree sequence polynomial of some special type of graphs

and describe the degree sequence polynomial of the Join, Corona, and Cartesian product of two graphs.

Degree sequence polynomial of graph, graphic polynomial, polynomial index associated with a
Keywords

positive integer.
Introduction

By a graph we mean a finite undirected graph with neither loops nor multiple edges. The vertex set and

the edge set of the graph G are denoted by V(G) and E(G) respectively. The degree of a vertex V €V (G)
, denoted bydeg,(V), is equal to the cardinality of the neighborhood of Vin G. For various graph

theoretic notations and terminology we follow F. Harrary [1] and for basic number theoretic results we

refer [4].
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Definition 1.1 Let G be a graph of order n and d,,d,,...,d, are degrees of the vertices of G, where
d,>d, >...>d, . Then we refer to the sequence <d,,d,,...,d, > as the degree sequence of G. Then
the polynomial @ (X) given by CDG(X)=i]i(X—di) is called degree sequence polynomial of G. A
polynomial f(X)is said to be a graphic polynomial if there exist a simple graph G such that

D, (x)=f(x).

Every graph G has a degree sequence polynomial, but it is not true that a general polynomial is always

a degree sequence polynomial of some simple graph G. (There is no simple graph G with @ (X) =x—-1

).
The following are some simple observations which follow immediately from the definition of a

degree sequence polynomial.

Observation 1.2 The degree sequence polynomial of some graphs are given below.

e Foracomplete bipartite graph K, @y (X)=(X—m)"(x—n)"
e For the Star graph K;, @, (X) =(x—n)(x-1)"

e Foracompletegraph K , @, (X)=(Xx-n+1)"

e Forapath P, @, () =(x-1)*(x-2)"*

 Foracycde C,, @ (X)=(x-2)"

e Forawheel W (I)Wm1 (X)=(x- 3)n (x—=n)

n+l’

n

e Forak-regular graph G of ordern, @ (X) =(x=k)
e For aDodecahedron, @ (X) = (X -3

e For aPetersen graph, CDG (X) = (X — 3)10
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Observation 1.3 Let G’ be a spanning sub graph of G then degree of CDG! (X) is less than or equal to

the degree of @ (X)

Observation 1.4 The polynomial f (X) =q t+aX+..+ X"is graphic = a, is even.

In the following remark we present some properties of a degree sequence polynomial.
Remark 1.5

1. The degree of the polynomial is the number of vertices of the graph.

2. The absolute value of the coefficient of the second highest degree term of the
polynomial is twice the number of edges of the graph.

3. The constant term of the polynomial is equal to the product of the degrees of vertices of
the graph.

4. A graph has n vertices then every zeros of the polynomial is less than n.

5. Agraph has pendant vertices then the polynomial has a factor (x—1)", for some
integer r >0.

6. For an empty graph (without edges) with n vertices the polynomial is X" .

7. Foranull graph the polynomial is x.

8. If the degree sequence polynomial has (X —d) as a factor with multiplicity rand d is

odd then r must be even.

Note 1.6:

1. Isomorphic graphs have same degree sequence polynomials. But the converse need not

be true.

For example the degree sequences of G and H (see the figure below) are
<3,3,2,2,2> and <3,3,2,2,2> respectively, hence the corresponding degree sequence
polynomials are D (X) =(X— 3)*(x— 2)3,CDH (x) = (x—3)*(x—2)°. Both are

same. But G and H are not isomorphic.

Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Aryabhatta Journal of Mathematics and Informatics

http://www.ijmr.net.in email id- irjmss@gmail.com Page 690




S\
g WMRY Vol.09 Issue-01, (January - June, 2017)  ISSN: 2394-9309 (E) / 0975-7139 (P)

onal Joy, ",
%,

€
@%@ Aryabhatta Journal of Mathematics and Informatics (Impact Factor- 5.856)

A ]

v ¥
H
Graph G Graph H

2. Consider a graphic polynomial f (X) having a constant term K . There exists infinite

number of simple graphs for each k>1

For example, if k =1 there are simple graphs with degree sequence polynomials are
X*(x=1%, s>0, r>1
Similarly for K =2 there are simple graphs with degree sequence polynomials are

xX*(x=1)*"(x-=2), s=0, r>1

Thus, there arises naturally the problem of finding the number of connected simple graphs for a

particular value of k. So let us define the following.

Definition 1.7: Let K >1 be a positive integer. Then the number of connected simple graphs with a
graphic polynomial having constant term K is called the polynomial index associated with K and is

denoted by p(k)

Example 1.8: ,0(1) =1 since for a connected simple graph the possible degree sequence polynomial is

D, (x)=(x —1)%. also, p(2)=1and p(3) =1.

But p(4) = 2 since the possible degree sequence polynomials are (X—1)*(x—4), (x—1)*(x—2)?
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An exclusive study of polynomial index associated with a particular positive integer k would provide

scope for an independent direction of research, which we leave open at this stage.

1. Main Results

Theorem 2.1: Let G be a graph of order n, with degree sequence < dl, dz,..., dn >, then

CDGC (x)= (_1)”q)G (n-1- X) where G°®is the complement of G.

Proof : Let G be a graph of order n, v, v, V, be vertices of G such that d(v;) =d,.

We know that GUG® =K ,

degs(v;)+deg . (v;)=n-1 sothat, deg_(v,)=n-1-d,
O () =]](x~(n-1-d)))
i=1
=] [(x—n+1+d)
i=1

= (—1)”ﬁ(—x+ n-1-d,)

= (-)" P (N-1-x)

Hence the proof.

Theorem 2.2 : Let G be a graph of order n and H be a graph of order m. If

V(G) N V(H)= ¢ then D, (X) = Dg (X)D,, (X).
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Proof : Let G has n vertices having degree sequence < dl, dz,..., dn > and H has m vertices with

degree sequence < P, P,,..., P, >. G UH has mn vertices having degrees

d,d,,....d;, P, Pyyos Py - Hence @y (X) = ﬁ(x_di)ﬁ(x_ ) =Pg ()P, (X).

Definition 2.3: Join of graphs

The Join G +H of two graphs G and H is the graph with vertexset V(G+H)=V(G)UV(H) andthe
edgeset E(G+H)=E(G) VE(H)U{uv:ueV(G),veV(H)}

Theorem 2.4: Let G and H be graphs with degree sequence polynomials @ (X) and®,, (X) having

orders n, m respectively. Then the degree sequence polynomial of G +H is

D, (X) = D (X—m)D, (X—n)

Proof : Let G has n vertices and < dl, dz,..., dn > be the degree sequence of G. Let H has m vertices

and < P, Py,..., P, > be the degree sequence of H.

Let veV(G+H) =V(G) UV(H)

If veV (G) then the neighborhood of Vin V(G + H) = the neighborhood of Vin V(G) +m
if veV(H) then

the neighborhood of Vin V(G + H) = the neighborhood of Vin V(H) +n

.. Degree sequence of verticesin G+H are d, +m,d, +m,...,d +m, p,+n,p,+n,..., p,,+N in

some order. It follows that

@09 = [ Tx-(@ +m) (e~ (p, +)
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~[T-m-d)[ J(x-n-p,)

= O (x—m)D, (x—n)
Hence the proof.
Corollary 2.5: Let G be a graph with polynomial @ (X) has order n, and Hbea k-regular graph of
order m . The polynomial @, ,, (X) is @, (X) = (X—(n+Kk))" "D (Xx—m)
Proof : Using Theorem 2.1 and H is k-regular graph of order m so
D, (x—n)=(x—n-k)" =(x—(n+k))"
D, (X) = D (X—M)P, (X—N) = (X—(N+K))"Dg (X—m).
Corollary 2.6: Let n and m are positive integer . Then @, (X) = (x—m)"(x—n)"

Proof : G be an empty graph(without edge) with n vertices and H be an empty graph(without edge)

with m vertices . Then G+H =K_ and @ (x) =x",®,, (x) =x"

n

Using Theorem 2.1, we get
@, (X)=Dgyy (X) = D (X—M)D,, (X—1) = (x—m)" (x—n)".
Definition 2.7: Corona of graphs

The corona GoH of two graphs G and H is the graph obtained by taking one copy of G of order n and
n copies of H, and then joining the i vertex of Gto every vertex in the iy copy of H. For every

veV(G), denote H'the copy of Hwhose vertices are attached one by one to the vertex v.

Subsequently denoted by v+H" the sub graph of the corona GoH corresponding to the join <{v}>+H",
veV(G)

Theorem 2.8: Let G be a connected graph with order nand H any graph of order m. Then

Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Aryabhatta Journal of Mathematics and Informatics
http://www.ijmr.net.in email id- irjmss@gmail.com Page 694




'\°“a”°”’119
7 1UMRY
= Vol.09 Issue-01, (January - June, 2017)  ISSN: 2394-9309 (E) / 0975-7139 (P)

@& Aryabhatta Journal of Mathematics and Informatics (Impact Factor- 5.856)

Dg.1y (X) = g (X—m)(f, (x=1))"

Proof : Let G has n vertices with degree sequence < dl, dz,..., dn > and H has m vertices with degree

sequence < Py, Py Py >
Let veV(GoH)

If veV (G) then the neighborhood of Vin V(G + H) = the neighborhood of Vin V(G) + number of

vertices in H = the neighborhood of Vin V (G) +m
If veV (H) then this v has n copies and each has one more degree in GoH asin H.
Hence the neighborhood of Vin V(G o H) = the neighborhood of vin V(H) +1

.. The degree sequences of verticesin G+ H are

d,+m,d,+m,...d +m,p,+1 p,+1..., p, +1 in some order, each p;, +1 with multiplicity n for

1<i<m.It follows that

Pes (=T [(x-(@ +m) [ﬁ(x—(pj +1»}

f[(x—m—di){f[(x—l— p,—)}

= O (x-m)[@,, (x-D]'

Hence the proof.

Corollary 2.9: Let G be a connected graph of order n and H an r-regular graph of order m, then

D1y (X) = (X=1=1)")"Dg (x—=m) = (X—=(r +1))™" D¢ (x—m).
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Corollary 2.10: Let G be a connected graph of order n and H a complete graph of order m, then

Dy (X) = (X—M)™ D¢ (x—m).
Definition 2.11: Cartesian product of graphs

The Cartesian product Gx H of two graphs G and H is the graph with V(GxH) =V (G)xV (H) and

(u,u)(v,v) € E(GxH) ifand only if either uv € E(G) and U =V or uV e E(H) and u=Vv.

Theorem 2.12: Let G be a graph having n vertices, <d,,d,,...,d > be the degree sequence and H has

m vertices wit degree sequence < P, P,,..., P,, >. Then

@ (0= [0 (x=p) =T T (x—)

Proof :Let G has nvertices V;,V,,...,V,, <d,,d,,...,d. > be the degree sequence of G such that

degG (Vi) = di and H has m vertices U, U,,...,U., < p,, P,,..., P, > be its degree sequence such that

deg, (U)=p;.

Let (UV;) €V (GxH) the degree of (u,) is d; + p, for 1<i<n,1< j<m

.. The degree sequences of verticesin GxH are

d, +p,d,+p,,...d, +p,.d,+p,d, +p,,....,d, + p,..,...d, + p,....d_ + p,, insome order.

It follows that

Do (9= [ T0= (6 + BN X~ + P [ Tx— (6, +p,)

=f[(x_di - pl)ﬁ[(x_di ~ pz)"'ﬂ(x_di = Pn)
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=@ (X~ )P (X~ P,)..Dg (X~ P,)

= H(DG (X=p;)
i=1
Also,

g (¥) =f[(x—<d1+ pi»_r"_"[(x—(dz + pi»...fﬂx—(dn +p)
~TTx=p ~d) [(x=pi—d). [ [(x-p —,)

- @, (X= )y, (x—0,)... D, (x—d,) = [ [y (x 0.

i=1

Corollary 2.13: Let G has n vertices, < dl, dz, .l dn > be degree sequence and H is cycle of order m .

Then
Dg iy () = [Pg (x-2)]"

Proof : @, (X) =(x—2)" using Theorem 2.12

oy () = [0 (x-d) = [ T[ (x~1| —2)m]={f[<x—di —2)}

3 [(DG (x— 2)]m

Corollary 2.14: Let G has n vertices, < dl, dz,...,dn > be its degree sequence and H is k-regular

graph of order m . Then
Dy (X) =[P (x=K)]"

Proof :Using Theorem 2.12, each p, =k

Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Aryabhatta Journal of Mathematics and Informatics
http://www.ijmr.net.in email id- irjmss@gmail.com Page 697




'\°“a”°”’119
7 1UMRY
= Vol.09 Issue-01, (January - June, 2017)  ISSN: 2394-9309 (E) / 0975-7139 (P)

@& Aryabhatta Journal of Mathematics and Informatics (Impact Factor- 5.856)

@ ()= [@e(x-p) = [ [@a(x—K)

= [@s (x—K)]".

Corollary 2.15: Let G has n vertices, <d,,d,,...,d > be its degree sequence and H = K, - Then
(DGXH (X) = [(DG (X i p)]q [(DG (X s q)]p
Proof : qu has p +g number of vertices and p of them are degree g and g of them are degree p .
Then using Theorem 2.12, we get
p+q P g
D, (X) =]__1[<DG(X— P) =l__1[<DG(X—q)]__1[(DG(X— p)
i= i= i
=[®g (x= p)]'[@s (x—0)]".
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