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Abstract
Let G=(V,E) be agraph with p vertices and ( edges. A graph G is said to admit Zq+l multiplicative labeling
if its vertices can be labeled by non negative integers such that induced edge labels obtained by the products of

the labels of end vertices modulo (-+1are the positive numbers up to g. A graph admit such a labeling called Zq+l
multiplicative graphs. In this paper we give certain graphs which admit ZQ+lmuItipIicative labeling and certain

graphs not admit Z_ , multiplicative labeling.

g+1
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1. Introduction

By a graph we mean a finite, connected, simple undirected graph with. The vertex set and the edge set of
the graph G are denoted by V(G) and E(G) respectively. For various graph theoretic notations and terminology we

follow F. Harrary [1]

Definition 1.1 Let G =(V,E) bea (p, Q) graph. The graph G s said to be a

Z_ . -multiplicative labeling if there exist a one-to-one function f :V(G) > N

g+l
(where N is the set of all positive integers ) that induces a function ™ : E(G) > Z,., —{0} of the edges of G
defined by " (uv) = f (u) f (v) mod(q+1) for every e=uv e E(G). The graph which admits such a labeling is

called a Zq+l-multiplicative graph.

Example 1.2 Z,-multiplicative graph.
Define f:V(G) —> N by
f(v)=41(,)=31(v)=2 f(v,)=1 f(v)=5,f(v)=10.

Now we discus about star graph.

Theorem 1.3 : Let The star graph K, is Z_,, -multiplicative graphs.

Proof : Let v, be the apex vertexand Vv,,V,,...,V, be the pendent vertices of the
star graph K,

define f(v,)=n+2

f(v,)=i for i=12,...,n.
E(Ky,) ={VoVi, VgV ey VoV | -
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f(v,) f(v,) =(n+2)imod(n+1)
=imod(n+1)
= f*(VOVi)

We see that the induced edge labels obtained by the product of the labels of the
vertices are the first n positive integers.

Theorem 1.4 : The cycle C, is not Z,-multiplicative graph.
Proof :Llet V,,V,,V, be vertices of C,. Define f:V(G)—> N by
f(v,)=a, f(v,)=b, f(v,) =c,where a,b,care distinct integers.
Let f7(vV,)=2(mod4)
thatis f(v,)f(v,) =ab=2(mod4).
= a or b must be even. = ac or bc must be even.
= ac= f(v)f(v)=f"(vv,) or bc= f(v,)f(v)=f"(V,V,) mustbeeven.
Then either f*(v,v,) nor f"(v,v,) congruent to 1 or 3 modulo 4.
Which contradict definition of .

= C, isnot Z,-multiplicative graph.

Theorem 1.5 : The cycle C, is Z. -multiplicative graph.

Proof : Define f :V(G) —> N by
f (Vl) =1f (Vz) =6, f (Vs) =3, f (V4) =4

vy (2) U3

Theorem 1.6 : The cycle C, isnota Z,-multiplicative graph.
Proof : Let V,,V,,V,,V,,V; be vertices of C. Define f :V(G) —> N by

f(v)=a, f(v,)=b, f(v,)=c,, f(v,)=d, f(v;)=e,, where a,b,c,d,e are distinct
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integers.

Let f™(v,v,)=3(mod 6)
thatis f(v,)f (v,) = ab=3(mod6)

—=>a or b must be a multiple of 3. Let it be a.

Now,
ifaiseven = a=0(mod6) = ab=0mod6
ifbiseven= ab=0mod6)

thatis f(v,v,) = f(v,) f (v,) =ab =0(mod6) . Which is not possible.

Theorem 1.7 : Complete graph K, is not Z, — multiplicative .
Proof : We know that K, =C;.
Already proved that C, is not Z, — multiplicative graph.
Theorem 1.8 : For a Complete graph K with (p—1)edges where P is a prime number then K is not Zp—l —
multiplicative graph .
Proof : Let V,,V,...,V be vertices of K .
Consider v, with f"(v.v. ;) =1mod(p 1)
f(v)f (V1) = F(vv,,,) =1mod(p-2)

Thisimply f(v,)=1mod(p—1) and f(v,,)=1mod(p—1) or

f(v,)=—1mod(p-1) & f(v,,,)=—1mod(p-1)

If f(v,)=1mod(p—-1) & f(v.,)=1mod(p-1)

i+1
ConsiderV;, j#IL I+l
fr(vv;) =T () f(v;) = f(v;)mod(p-1)
f*(Vi+1Vj) =f(v,)f (Vj) =f (Vj) mod(p—1).
Which is not possible

If f(v,)=-1mod(p-1) & f(v,,)=-1mod(p—-1)

ConsiderV;, j#IL I+l

£y = F) f(v,) == (v,) mod(p-1)
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7 (vvy) = f (v0) T (v)) =—f (v;) mod(p -2)

Which is not possible. There for no such labeling exist.

Theorem 1.9 : For a Complete graph K with p2 —ledges where p isa prime number then K is not sz -
multiplicative graph .

Proof : Let V,,V,...,V,be vertices of K, .Define f:V(G)— N by f(Vv,)=4a, where & are distinct integers,

for every i.

Since K is complete then the edge set E(G) ={vv; ; 1<i,j<n, i= j}.
Assume K| is sz —multiplicative graph .

Let f7(v,v,)=p

= (4 ) f(v;)= p(mod p*)

= a,a; = p(mod p°)

Then either g, or @;is a multiple of p.

Letitbe a, .

= a,a, Isamultiple of p,forevery 1<i<n.

= f7(vv,) =aa, isamultipleof p,forevery 1<i<n.
= f7(vV,) has the possibilities p,2p,...,(p—1)p

there are p—1 possibilities . But there are n—1 edges,

Then p—1>n—-1 mustsatisfy =>n<p

n(n-1)<p(p-1) (1)
Since K, has n(nz_l) edges.
:n(n_l):pz—l =n(n-1)=2p>-2

2
(1) Imply  2p*-2=n(n-1) < p(p-2)
p’<2-p<2-2=0 [ p=2]
p® <0 Is a contradiction .

There for K, is not sz —multiplicative graph .
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Theorem 1.10 : For a Complete graph K with p™ —1edges where p isa prime number and m>1 is any

integer then K| is not me — multiplicative graph .

Proof :For m =2 the resultis above theorem.

Now assume m> 2.

Let V,,V,...,V, be vertices of K, .Define f:V(G)— N by f(v,)=4a, where &, are distinct integers , for every
i

Since K is complete then the edge set E(G) ={vv; ; 1<i,j<n, i= j}.

Assume K, is me —multiplicative graph .

Let f(v,v;)=p

= f(v) f(v;)=p(mod p™)

= a,a; = p(mod p™)

Then either @, or @;is a multiple of p.

Letitbe a, .

= a3, Isamultipleof p,forevery 1<i<n.

= f'(vv,) =aa, isamultiple of p,forevery 1<i<n.

= f7(v,) has the possibilities p,2p,...,(p—1)p, p>,2p%,....(P=D) p* .0, P" ooy (P-1) p™
there are (N—1)(p—1) possibilities . But there are N—1 edges,

Then (M—=1)(p—1) > n—1 must satisfy .

=n(n-1) <[(m-D)(p-DI[(m-D(p-1)+1]

imply

n(n—1) < p*’(m* —2m+1) + p(-2m* +5m—3) + m* —3m+2 (2)
-1

Since K, has n(n-1) edges.

:@:pm—l =n(n-1)=2p"-2

(2) Imply  2p" —2=n(n-1) < p*(m*-2m+1) + p(=2m* +5m—-3) + m* —3m+2
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= 2p"—p*(Mm*-2m+1)+ p(2m? =5m+3)—(m* —-3m+4) <0 (3)
Consider,

2p™ — p*(m* —2m+1)+ p(2m* —5m+3) — (Mm* —3m+4)
> 2™ _4(m? —2m+1) +2(2m? —5m+3) — (m? —3m+4) [ p=>2]
> 2™ —m’+m+6=2""—(m+1)*+3m+7
> 2™ _(m+1)°.
Sincem>2 =m+1>3 =2™>(m+1)°
=2™ _—(m+1)*>0
Which imply = 2p™ — p*(m*—2m+1) + p(2m* —=5m+3)—(m*-3m+4) >0
Contradiction to equation (3) .
There for K, is not me —multiplicative graph .

Example 1.11: Complete graph K, are Z, — multiplicative.

Define f :V(G)— N by f(v,)=1 f(v,) =2, f(v,)=6, f(v,) =4

Example 1.12: Wheel W, are Z, —multiplicative.

Define f :V(G)— N by f(v,)=1 f(v,) =4, f(v,)=2 f(s)=6

(5)

Example 1.13: Wheel W, is not Z, —multiplicative.

Let V, be the central vertex and V,,V,,V,,V, are vertices of cyclein W, .
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_Def;ne f :V(G) > N by f(v,)=4a,, where a, are distinct integers , for every 0<i<4.
Let f(vv,)=3(mod9)
= f(v,)f(v,) =3(mod9)
= a,a, =3(mod9)
Then @, or a, is a multiple of 3.
Letitbe a, .
= a,a, Is a multiple of 3.
V,,V, areadjacentto V,
=a,a, and a,a, isa multiple of 3.
f7(vv,) & f7(v,V,) are multiple of 3
= f7(v,) =6(mod9) & f"(v,v,) =6(mod 9)

Which is a contradiction . So W, is not Zy, —multiplicative.

Example 1.14: Wheel W, are Z;; — multiplicative.

Define f :V(G)— N by f(v,)=4, f(v,)=10, f(v,) =7, f (v,) =6, f(v,) =2, f (v,) =8.

Vs

Vo (9)

Example 1.15: Wheel W, are Z,;, —multiplicative.

Define f:V(G)— N by f(v,)=1 f(v)=7,f(v,)=2, f(v)=12 f(v,) =10, f (v,) =6, f (V;) =5.
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Next consider about paths,

Example 1.16: The path P is Z —multiplicative graph for n <10.

For B,, f(v)=1 f(v,)=3

1)

LN
Fe

For P, f(v)=1 f(v,) =4, f(v,)) =2

f11 (2}

a9
20
T

For P,, f(v)=2, f(v,) =1 f(v,) =5, f(v,) =3

T
'Y
F1)

For P, F(v) =2, f(v,) =1 f(v) =6, f(v,) =4, f(v) =7

(20 o (1) o (1 o B o

vy U2 V3 (0 vs

For B, f(v) =4, f(v,)=2, f(v,) =5 f(v,) =1 f(v) =7, f(vy =3
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For P, f(v)=1 f(v,) =8, f(v,) =3, f(v,) =4, f(v) =5, f(v) =6, f(v,) =10

® 1 o B o 5l o (2] PR C) PY

m Va2 U3 (X1 Us Vg U7

For B, f(v)=1 f(v,)=9, f(v;) =2, f(v,) =6, f(v) =5, f(vy) =7, f(v,) =3, f(vy =13

o 1 o (g (1) o (g B o (B o ([ .
Us

(%] U1 U3 Uy Vg V7

For P, f(v)=1, f(v,) =10, f(v)) =2, f(v,) =11, f(v)) =8, f(v) =3, f(v)) =7, f(v) =5, f(v) =19

L 2 4 7 6) o B o (R o (5 o

U1 Vo U3 Uy Us Vg V7 Vg Vg

For Py, f(v)=1 f(v,) =11, f(v) =2, f(v,) =7, f(v) =4, f(v) =9, f(v) =3, f(v) =3, f(v) =21, K v,)=5

Problem 1.17 The path P,is Z, —multiplicative graph for all n.
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