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Abstract:

A set D of a graph G = (V, E) is a dominating set, if every vertex in V — D is adjacent to some vertex in D.
The domination number y(G) of G is the minimum cardinality of a dominating set. A dominating set D of
a connected graph G is called a complementary tree nil dominating set if the induced sub graph <V — D>
is a tree and V — D is not a dominating set. The minimum cardinality of a complementary tree nil
dominating set is called the complementary tree nil domination number of G and is denoted by y.nd(G).
In this paper, bounds for y..4(G) and its exact values for some particular classes of graphs are found.
Some more results on complementary tree nil domination number are also established.
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1. Introduction

Graphs discussed in this paper are finite, undirected and simple graphs. For a graph G, let V(G) and E(G)
denote its vertex set and edge set respectively. For v € V(G), the neighborhood N(v) of v is the set of all
vertices adjacent to v in G. N[v] = N(v) U {v} is called the closed neighborhood of v. A vertex v € V(G) is
called a support if it is adjacent to a pendant vertex. (That is, a vertex of degree one). If x = uv is a line of
G, and w is not a point of G, then x is subdivided when it is replaced by the lines uw and wv. If every line
of G is subdivided, the resulting graph is the subdivision graph S(G). The concept of domination in graphs
was introduced by Ore[5]. A set D € V(G) is said to be a dominating set of G, if every vertexin V(G) - D is
adjacent to some vertex in D. A minimum dominating set in a graph G is a dominating set of minimum
cardinality. The cardinality of a minimum dominating set in G is called the domination number of G and
is denoted by y(G). The concept of domatic partition in graphs was introduced by E.J. Cockayne and S.T.
Hedetniemi[2]. A partition A of its vertex set V(G) is called a domatic partition of G if each class of Ais a
dominating set in G. The maximum number of classes of a domatic partition of G is called the domatic
number of G and is denoted by d(G). A dominating set D of a connected graph G is a nonsplit
dominating set, if the induced subgraph<V(G) - D> is connected. Muthammai, Bhanumathi and
Vidhya[4] introduced the concept of complement tree dominating set. A dominating set DE V(G) is said
to be complementary tree dominating set (ctd-set) if the induced sub graph <V(G) - D> is a tree. The
minimum cardinality of a ctd-set is called the complementary tree domination number of G and is
denoted by y..4(G). Any undefined terms in this paper may be found in Harary[1]. Here, G is a connected
graph with p vertices and q edges.

We introduced the concept of complementary tree nil dominating set in [3]. A dominating set D SV(G) is
said to be a complementary tree nil dominating set (ctnd-set) if the induced subgraph < V(G) - D >is a
tree and V(G) - D is not a dominating set. The minimum cardinality of a ctnd-set is called the
complementary tree nil domination number of G and is denoted by yq(G).
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In this paper, bounds for y.ng(G) and its exact values for some particular classes of graphs and also
relationships between complementary tree nil domination number and other related parameters are
found.

2. Prior Results

Theorem 2.1.[2] For any connected graph G, d(G) < 8(G) + 1.

Theorem 2.2.[3] For any connected graph G with p vertices, 2 £ V«nd(G) £ p, where p = 2.

Theorem 2.3.[3]For any connected graph G, §(G) + 1 £ ynd(G).

Theorem 2.4.[3]Let G be a connected graph with p vertices. Then y..4(G) = 2 if and only if G is a graph
obtained by attaching a pendant edge at a vertex of degree p - 2 in T + K;, where T is a tree on (p — 2)
vertices.

Theorem 2.5.[3] For any connected graph G, ycnq(G) = p if and only if G =K, where p>2.

Theorem 2.6.[3] Let G be a connected graph with p =3 and 8§(G) = 1. Then ycn4(G) = p -1 if and only if
the subgraph of G induced by vertices of degree atleast 2 is K, or K;.

That is, G is one of the graphs Ky ,.1 or Sy n(m + n =p, m, n > 1), where S, , is a bistar which is
obtained by attaching m-1 pendant edges at one vertex of K, and n-1 pendant edges at other vertex of
K,.

Theorem 2.7.[3] Let G be a connected noncomplete graph withd(G) = 2. Then yn(G) = p -1 if and only
if each edge of G is a dominating edge.
Theorem 2.8.[3] Let T be a tree on p vertices such that ycng(T) < p — 2. Then yund(T) = p — 2 if and only if
T is one of the following graphs.
(i) Tis obtained from a path P, (n = 4 and n < p) by attaching pendant edges at atleast one of
the end vertices of P,.
(i) Tis obtained from P; by attaching pendant edges either at both the end vertices or at all the
vertices of P;
Notation 2.9.[3] Let & be the class of connected graphs G with §(G) = 1 having one of the following

properties.
(a) There exist two adjacent vertices u, v in G such that CBJG(U) =1 and <V(G) - {u, v}> contains

Psas an induced subgraph such that end vertices of P; have degree atleast 2 and the central
vertex of P; has degree atleast 3.
(b) Let P be the set of all pendant vertices in G and let there exist a vertex vE V(G) - P having
minimum degree in V(G) - P and is not a support of G such that V(G) —  (Ny.p[v] - P) contains
Psas an induced subgraph such that the end vertices of P; have degree atleast 2 and the
central vertex of P; has degree atleast 3.
Theorem 2.10.[3] Let G be a connected graph with §(G) = 1 and ycna(G) # p -1. Then yna(G) = p - 2 if

and only if G does not belong to the class 4 of graphs.

Theorem 2.11.[3] Let G be a connected, noncomplete graph with p vertices (p=4) and §(G) = 2. Then
Vand(G) = p— 2 if and only if G is one of the following graphs.

@) A cycle on atleast five vertices.
(b) A wheel with six vertices (W¢).
(c) G is the one point union of complete graphs.
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(d) G is obtained by joining two complete graphs by edges.
(e) G is a graph such that there exists a vertex v € V(G) such that G — v is a complete
graph on (p — 1) vertices .
()] G is a graph such that there exists a vertex v € V(G) such that G—visK,_; —e,
(e € E(Kp-1) ) and N(v) contains atleast one vertex of degree (p —3) in K,_; —e.
Theorem 2.12. [4] y.q(T) = m if and only if each vertex of degree atleast 2 is a support, where m is the
number of pendent vertices in T.

3. Main Results

Definition 3.1.

The one point union Cr(lt) of t-copies of cycle C, is the graph obtained by taking a new vertex u as
a common vertex such that any two distinct cycles C; and C; are edge disjoint and do not have any vertex
in common except u.
Theorem 3.1.

Fort>2andn =>4, yctnd(Cr(lt)) = {(; i_ ?)t +1, 11??1 i L;
Proof.

Let G = Cl(lt) and u be the vertex of union of t cycles of length n. G has t(n — 1) + 1 vertices. Let
the vertex set of k™ cycle in G be V= {u, V&, v¥, ..., vK_;} and edge set be Ex ={(u, vX), (uvE_ U

UM2(vE, vK,). Therefore, V(G) = UL_; Vi, E(G) = UL_; Ex.
Case l:n=4and |V(G)| =3t + 1.

If D = Uk_1{v§} U {v},vi} € V(G), then D is a dominating set of G. Also <V(G) - D>= K; 5 ,,
N(v2) € D and hence D is a ctnd-set of G. Therefore, yctnd(Cit)) < |D| =t + 2. LetD’ be any ctnd- set of
cff). Since D’ contains atleast one vertex v such that N(v) € D’, D’ contains vertices of N(v;) for some v,
v; EV(G), where deg(v;) = 2 in G. To dominate vertices which are adjacent to u, a vertex from each cycle

must belong to D’ except one vertex, and hence D'contains atleast 3 + t — 1 vertices. Therefore, [D'| >t
+ 2.

That is, yctnd(Cgt)) =t+2.
Case2:n=5and |V(G| =(n-1) t+ 1.

Let D = Uk {V5, V5, .., vK_,} U {vi} SV(G). Then <V(G) — D >= Ky 5;_4, N(vf) €D, i=3,..n-1,
k=1,2,.. tand hence D is a ctnd-set of G. Therefore, y.ns(G) = |D| <t (n-3) + 1.

Since Vung(Ch) = N — 2, n =5 and there are t cycles and one vertex is common to all cycles,
VendC D)=t (n=2) - (t—=1) > t (n—3) + 1.

Hence ycmd(Cr(,t)) =t(n-3)+1.
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Example 3.1.
For the graph Cé3) given in Figure 3.1, D = U13(=1{V12‘,v'3‘,v}f} U {vi}is a minimum ctnd-set of
C?)and hence ycmd(CS)) =|D| = 10.

v2

Figure 3.1

Definition 3.2.

Let G;, G,, ...,Gx be k copies of a graph G, where k= 2. G(k) is a graph obtained by adding an
edge from G;to G;,1;i=1, 2, 3, ..., k-1 and the graph G(k) is called the path union of k copies of the graph
G.

Theorem 3.2.

Let C,(t), t = 2, n = 3 be the path union of t cycles of length n. Then

t+ 2, if n=3
Yernd(Calt))=9 2t + 1, if n=4

(n—2), if n=5
Proof.

Let C,(t) denote the path union of t copies of the cycles C,with vertices Vg in the j™ copy of Cn,
where 1<i<n and 1< j<t. Let the vertices Vi‘ and V¥+1 (1< k <t-1) be joined by an edge. The
vertices vi and vt are of degree 3, the vertices Vi‘, 2 < k <t-1 are of degree 4 and the remaining vertices
are of degree 2 and C,(t) has nt vertices.

Casel:n=3

Here [V(C3(D)| = 3t. Let D = Ul_,{vh} U {v],vi}. Then D is a dominating set of C5(t). Also
<V(C5(t)) =D >= 2t -2, N(v3 ) € D and hence D is a minimum ctnd-set of C5(t).
Therefore, yung (C3(t)) = |D|= t+2.

Case2:n=4
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Here [V(C4(t))| = 4t. Let D = Uf_,{v},vi} U {vi}. Then D is a dominating set of G. Also <V(C4(t)) - D >
is a tree obtained by attaching a pendant edge at a vertex of P..; of P.; 0 Ky, N( V31, ) € Dand D is a ctnd-
set of G and hence, Ycng (C4(t)) = |D| <2t+1. Let D’ be any ctnd- set of G. Since D’ contains atleast one
vertex v such that N(v) € D’, D’ contains vertices of N(v;) for some v;, where v; € V(C,(t), where deg(v;) =
2in C4(t). Therefore, D' contains atleast 3 + 2 (t—1) vertices. Hence|D'| = 2t + 1 and y ng(Ca(t)) = 2t + 1.
Case3:n=5

Let D =U!,{vi, vl ..,vl}. Then D is a dominating set of C,(t). Also < V(C,(t)) = D >= P K,
N( Vli() €D, k=4,5,..,n-1,i=1, 2, .., tand hence D is a ctnd-set of C,,(t) and hence, Y4 (C,(t)) =
ID| < (n-2)t.
Vetnd(Cn) = N — 2, n =5, But there are t cycles and < {v%,vf .., Vi} >= P. Therefore, Veind(Ca(t)) = t(n = 2)
- (t=-1)=t(n-3)+1.
Hence yena(Ca(t)) = t(n —3) + 1.
Example 3.2.

For the Cs(5) graph given in Figure 3.2, D = Uiszl{vé,vilvé} is @ minimum ctnd-set of C5(5) and hence
Yetnd(Cs(5)) = 15.

1 2 3 4
\&1 Vi vy \& Vf
1 2 3
Vs V3 vZ V3 Vs vj v V3
v
1 3 4 4 5 5
V3 Vl 2 > V3 V3 V3 V4 V3 V4_
V3 V4
Figure 3.2

Definition 3.3.

A t-ply Py(u,v) is a graph with t paths joining vertices u and v, each of length atleast two and no two
paths have a vertex in common except the end vertices u and v in P(u,v).
Theorem 3.3.
Yend(Pi(u, v)) = p—t, where p is the number of vertices in P,(u,v).
Proof.

Let the vertices of t path P“), i=1,2,..tbeu, V%, VE, ..., Ve, v (n = 2). The vertices u and v are of
degree t and the remaining vertices are of degree 2.

Here |V(P(u, v))| = nt+2. Let D = UL {vi, v}, ...,vi_;} U {u,vi}. Then D is a dominating set of P(u,
v) and <V( Py(u, v) ) = D>= K; 1 N(u) € D and hence, D is a minimum ctnd-set of G and hence, ynq(G)
=ID|=(n-1)t+2=nt—-t+2=p—t.

Let D be a ctnd-set of P,(u, v). Then < V (P,(u, v)) — D> is a tree. If <V(P,(u, v)) — D> contains a path
P,, then D is not a dominating set of G. Therefore, <V(P(u, v)) — D> is a star and hence ID’| =p -t
Yend(Pelu, v)) = p —t.
Hence Veng(Pi(u, v)) =p —t.
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Example 3.3.
For the graph given in Flgure 33,D = Pt 1{v1,v2} U {u,vi}is a minimum ctnd-set of G and
hence, Vcna(G) =|D|= 14.

Figure 3. 3

Theorem 3.4.
Let G be a graph such that both G and its complement G are connected. Then,
(i) 6 < Vetna(G) + Verna(G) < 2(p - 1)
(i1) 9 < VetnalG) - VernalG) < (p— 1)*
Proof.

Let both G and G be connected. By Theorem 2.2, 2< ycna(G). But if yeng(G) = 2 if and only if G is a
graph obtained by attaching a pendant edge at a vertex of degree p- 2 in T + Ky, where Tis a tree on (p —
2) vertices, then G has an isolated vertex. Therefore, 3 < Vna(G). Hence 6 < yena(G) + Vena(G) and 9 <
Vetna(G) - VCtnd(C)

By Theorem 2.5, Vcna(G) = p if and only if G is a complete graph on p vertices. But in this case G is
disconnected. Therefore, yenda(G) < p = 1. Hence, Vend(G) + Vena(G) £ 2( p — 1) and Verna(G) - Yerna(G) < (p —
1)%

Both lower and upper bounds are attained, if G is a path on 4 vertices.

4. Relationship between Complementary Tree Nil Domination Number and Other related Parameters
Theorem 4.1.

For any connected graph G, d(G) < Ycnd(G), where d(G) is the domatic number of G.
Proof.

By Theorem 2.3, for any connected graph G, 6(G) + 1 < yun(G). By Theorem 2.1, for any
connected graph G, d(G) < 6(G) + 1. Hence d(G) < Vctna(G).

Equality holds, |f G =K,

Theorem 4.2.

For any connected graph G with p vertices (p = 3), dng(G) =1
Proof.

By the definition of complementary tree nil dominating set, if D is a ctnd-set, then V — D is not a
dominating set. Exactly one domatic partition can be constructed in ctnd- set for any connected graph G.
Therefore, any two ctnd-sets of G are not disjoint and hence, d(G) = 1
Theorem 4.3.

For any connected graph G, G % Ky, p.1, Vena(S(G)) = p + q - A(G), where S(G) is the subdivision
graph of G.

Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Aryabhatta Journal of Mathematics and Informatics
http://www.ijmr.net.in email id- irjmss@gmail.com Page 70




.O“alJou,
JM
5 == 5 V0l.09 Issue-01, (January - June, 2017)  ISSN: 2394-9309 (E) / 0975-7139 (P)

V’M Aryabhatta Journal of Mathematics and Informatics (Impact Factor- 5.856)

Proof.
Let G be not a star. Let v be a vertex of maximum degree in G and let u be a subdivided vertex
adjacent to v in S(G).
If D = Ny(g)[v] — {u}, then V(S(G)) — D is a dominating set of S(G), < D >sq) = Ky a(g)-1

and|D|= A(G). Since G is a not a star, there exists an edge say e not incident with v in G. Then w be the
subdivided vertex of the edge e in S(G). Therefore, w € V(S(G)) — D such that Nyg)(w) € V(S(G)) — D.
Therefore, V(S(G)) - D is a ctnd-set of S(G) and hence yeq(S(G)) < |V(S(G)) — D| =p +q - A(G).

Let D’ be a ctnd-set of G. Then < V(S(G)) — D’> is a tree. If < V(S(G)) — D> contains a path P,, then
D' is not a dominating set of G. Therefore, < V(S(G)) — D’> is a star on A(G)vertices in G and hence |D’| >
P +q-A(G). Vena(S(G)) = p + g - A(G).

Hence Vend(S(G)) = p + q - A(G).
Theorem 4.4.

Let T be a tree. Then y.nd(T) = V(T) + 1 if and only if each vertex of degree atleast 2 in T is a
support.
Proof.

Let S ={ vy, Vy, ..., Vm} be a pendant vertices in T and |S| = m. Let D and D be ctd and ctnd sets
respectively.

Sis a yaa- set of T if and only if every vertex of T is a support. Let vi€ <\/(T) — S > be an end vertex

of <V(T)-S>. Then SUN(v)) a yena —set of T if and only if each vertex of degree atleast 2 is a support.

Remark 4.1.
Vend(T) = Vera(T) if and only if y.4(T) > m, where m is the set of all pendant vertices in T.
Theorem 4.5.
For any connected graph G, y.n(G) + A(G) < 2p —1.
Proof.
For any graph with p vertices A(G) £ p - 1, by the Theorem 2.2, y.na(G) < p which implies yn4(G)
+ A(G) < 2p-1.
Theorem 4.6.
For any connected graph G, ycnd(G) + A(G) = 2p — 1 if and only if G =K,.
Proof.
If G =K, then yung(G) + A(G) = 2p — 1.
Conversely, assume Ycnd(G) + A(G) = 2p — 1. Then the only possible case is yng(G) = p and A(G) =

But ycna(G) = p if and only if G =K, and A(G) = p - 1.

Hence G =K,
Theorem 4.7.

For any connected graph G, y.n(G) + A(G) = 2p — 2 if and only if G is one of the following
graphs:

Ky,p-1, G is isomorphic to a graph K, — Y, where Y is a matching in K, by joining atleast one edge e
€Y
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Proof.

Let Yend(G) + A(G) = 2p — 2. Then either
(i) Vena(G) = pand A(G) =p—2or
(ii) Yena(G)=p—21andA(G)=p-—-1.
Case 1.y.ng(G) =pand A(G)=p -2
By Theorem 2.5, G =K. But for a complete graph, A(G) = p — 1 and hence this case is not possible.
Case 2.Yng(G) =p—1and A (G)=p—1.
Vand(G) = p— 1 if and only if G is one of the following
(i) Kypi0rSma(m+n=p,m,n=2),if §(G)=1.
(ii) Gis agraph in which each edge is a dominating edge, if 0 (G)= 2.
Subcase 2.1: Let G = Ky ,.10r Sy, (M +Nn=p, m,n=2).
In Spn, A(G) # p—1. Hence G = Ky 1.
Subcase 2.2: G is a graph in which each edge is a dominating edge.
If A(G) = p—1, then G is isomorphic to graph K, — Y, where Y is a matching in K, by joining atleat
oneedgee€Y,
Hence G is isomorphic to K; ,; or to a graph K, — Y, where Y is a matching in K, by joining atleast
oneedgee€Y,
Conversely if G is isomorphic to K; ,; or to a graph K, — Y, where Y is a matching in K; by joining
atleast one edge e €Y, then Vctna(G) = p— 1 and A (G) = p — 1. Hence ycina(G) + A(G) = 2p — 2.
Theorem 4.8.
For any connected graph G, y.nd(G) + A(G) = 2p — 3, if and only if G is one of the following
graphs:
1. Syn (n=2) Ky (n=2) W
2. G is a graph obtained from a complete graph by attaching pendent edges at exactly one
vertex.
3. Gisagraph which is the one point union of complete graphs.
4. Gis a graph such that there exists a vertex v € V(G) such that G — v is a complete
graph on (p — 1) vertices and G % K,.
5. Gis a graph such that there exists a vertex v € V(G) such that G- v is K,_— e,
(e € E(K,-1) ) and N(v) contains atleast one vertex of degree (p —3) in K,_;, —e.
Proof.
If G is a graph stated in the theorem, then y n4(G) + A(G) = 2p — 3.
Conversely, assume y.na(G) + A(G) = 2p — 3. Then there are three cases to consider
(i) VYetna(G) =pand A(G)=p—-3and
(i) Vena(G)=p—1andA(G)=p—2
(iii) Yena(G) =p—2and A (G)=p-1
Case 1.y.ng(G) =pand A(G)=p -3
By Theorem 2.5, G =K,. But for a complete graph, A(G) = p — 1 and hence this case is not
possible.
Case 2.y.nd(G)=p—1andA (G)=p-2
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Yend(G) = p — 1 if and only if G is one of the following graph:
(i) Kypa0rSma(m+n=p,mn=2),if §(G)=1.
(i) Gisagraph in which each edge is a dominating edge, if 0 (G)= 2.
Subcase 2.1. Let G =Ky, ,.10r Spyn, (M+Nn=p, m,n=>2).
If G =Ky, p.q, then A(G) = p—2.
If G =S, then A(G) = p — 2 is possible only if G = S, , (n = 2),
Hence G =S, ,(n = 2).
Subcase 2.2. G is a graph in which each edge is a dominating edge.
Since each edge of G is a dominating edge, every vertex of X is adjacent to all the vertices in V — X.
Let X ={x, y}and let V=X ={vy,v,, ..., Vpa}
Subcase 2.2.1 x and y are adjacent
Then A(G) = p -1. But A(G) = p - 2. Therefore no graph exists in this case.
Subcase 2.2.2 x and y are non adjacent.
If each edge of <V —X> is a dominating edge, then A(G) = p -1. But A(G) = p - 2.
If there exists atleast one edge in < V - X > which is not a dominating edge, then y..4(G) = p — 2.
But yena(G) = p—1.
If each edge of <V —X>isindependent, then G = K,, (n = 2).
Case 3.¥4nd(G)=p—2andA(G)=p-1
By Theorem 2.8, Theorem 2.10, and Theorem 2.11, y..4(G) = p — 2 if and only if G is one of the
following graphs:
1. G =T, whereTis a tree either
obtained from a path P, (n = 4 and n < p) by attaching pendant edges at atleast one of
the end vertices of P, .
or
obtained from P; by attaching pendant edges at either both the end vertices or all the
vertices of P3,
2. Ggg,if§(G)=1
3. If §(G) = 2, then G is one of the following graphs.
(i)  Acycle on atleast five vertices.
(ii) A wheel with six vertices.
(iii) Gis a graph which is the one point union of complete graphs.
(iv) G is obtained by joining two complete graphs by an edge.
(v) Gisa graph such that there exists a vertex v € V(G) such that G—v is
complete graphon (p—1) vertices and G % K.
(vi) Gisa graph such that there exists a vertex v € V(G) such that G—vis K,_1—e,
(e € E(K,-1) ) and N(v) contains atleast one vertex of degree (p—3) in K,_1—e.
Case 3.1.G =T,
In this case A(G) # p — 1. Since G # Ky 5.1 Therefore no connected graph exists in this case.
Case3.2.G ¢4 and §(G) =1
G is a graph obtained from a complete graph by attaching pendent edges at exactly one vertex.
Case 3.3.6(G) = 2.
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Subcase 3.3.1.A cycle on atleast five vertices.
A(Cy)=2and A (G) = p—1implies p = 3. But p = 5. Therefore no connected graph exists in this
case.
Subcase 3.3.2. G is obtained by joining two complete graphs by an edge.

In this case A(G) # p — 1. Therefore no connected graph exists in this case.
Subcase 3.3.3. A wheel with six vertices, G is the one point union of complete graphs, G is a graph such
that there exists a vertex v € V(G) such that G — v is a complete graph on (p — 1) vertices and G % K, or G
is a graph such that there exists a vertex v € V(G) such that G — v is K,_; — e, (e € E(K,-1)) and N(v)
contains atleast one vertex of degree (p —3) in K,_; —e.

In these cases, A (G) =p — 1.

Hence G is isomorphic to one of the following graphs

1. Sy, (n=2) Ky, (n=2) W,

2. Gis a complete graph by attaching pendent edges at exactly one vertex.
3. Gis a graph which is the one point union of complete graphs.
4. Gis a graph such that there exists a vertex v € V(G) such that G — v is complete graph on (p —
1) vertices and G % K.
5. Gis agraph such that there exists a vertex v € V(G) such that G—visK,_—e, (eE€
E(K,-1) ) and N(v) contains atleast one vertex of degree (p —3) in K,_, —e.
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