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ABSTRACT 

“Two-dimensional MH Dmixed convection boundary layer flow of heat andmass transfer stagnation-

point flow of a non-Newtonian power-law Nano fluid towards a stretching surface with thermal 

radiation and heat source/sink in the presence of viscous dissipation and variable suction/injection is 

investigated numerically. “The governing partial differential equations are converted into nonlinear, 

ordinary, and coupled differential equations and are solved using bvp4c Matlab solver. The numerical 

results are compared with the published data and are found to be in good agreement 

.Keywords: MHD, Mixed convection, Heat and Mass Transfer, Viscous Dissipation, Heat Source/Sink, 

Suction/injection. 

INTRODUCTION 

“Many of the non-Newtonian fluids encountered in chemical engineering processes are known to follow 

the empirical Ostwald-de Waele power-law model. The concept of boundary layer was applied to 

power-law fluids by Schowalter [1].Hatami et al.  [2] studied the heat transfer and flow analysis for a 

non-Newtonian third grade nanofluid flow in porous medium of a hollow vessel in the presence of 

magnetic field.Rashad et al. [3] studied the effect of uniform transpiration velocity on free convection 

boundary-layer flow of a non-Newtonian fluid over a permeable vertical cone embedded in a porous 

medium saturated with a nanofluid.KeshavarzMoraveji and Beheshti [4] investigated the forced 

convection heat transfer of non-Newtonian nanofluids in a horizontal tube with constant wall 

temperature under turbulent flow conditions using computational fluid dynamics tools. Khan et al. [5] 

investigated the non-similar solution of free convective flow of power law nanofluids in porous medium 

along a vertical cone and plate with thermal and mass convective boundary conditions.Khan and Gorla 

http://www.nrcresearchpress.com/doi/abs/10.1139/cjp-2014-0471
http://www.nrcresearchpress.com/doi/abs/10.1139/cjp-2014-0471
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[6] studied the  effects of magnetic field on combined heat and mass transfer in non-Newtonian 

nanofluids over a stretching surface with prescribed wall temperature and uniform surface nanoparticle 

concentration. Das et al. [7] investigated the effect of buoyancy force on mixed convective Couette flow 

of a reactive viscous incompressible nanofluid between two concentric cylindrical pipes under 

bimolecular, Arrhenius and sensitised reaction rates. Chamkha et al. [8] studied the Non-Darcy natural 

convection flow for non-Newtonian nanofluid over a cone saturated in porous medium with uniform 

heat and volume fraction fluxes. Uddin et al. [9] studied the two-dimensional magnetohydrodynamic 

boundary layer flow of non-Newtonian power-law nanofluids past a linearly stretching sheet with a 

linear hydrodynamic slip boundary condition and concluded that increasing thermophoresis parameter 

boosts both the temperatures and nanoparticle concentration magnitudes throughout the boundary 

layer regime.Abbasi et al. [10] studied the peristaltic motion of a non-Newtonian nanofluid in an 

asymmetric channel.Bég et al. [11] studied the bio convection flow of non – Newtonian nanofluids along 

a horizontal flat plate in a porous medium saturated with gyrotactic microorganisms. Mahesh and Gorla 

[12]   investigated the MHD boundary layer flow past a wedge in a non-Newtonian nanofluid.Ternik et 

al. [13] investigated the heat-transfer characteristics of a non-newtonian Au nanofluid in a cubical 

enclosure with differentially heated side walls.Nadeem et al. [14] investigated the stagnation point flow 

of non-Newtonian nanofluid over an exponentially stretching surface.Hatami and Ganji [15] studied the 

natural convection of a non-Newtonian nanofluid flow between two vertical flat plates and concluded 

that Cu as nanoparticles makes larger velocity and temperature values for nanofluid compared to Ag. 

Ellahi et al. [16] studied the series solutions of non-Newtonian nanofluids with Reynolds’ model and 

Vogel’s model by means of the homotopy analysis method. Ternik and Rudolf *17+ investigated the 

laminar natural convection of non Newtoniannanofluids in a square enclosure with differentially heated 

side walls. Uddin et al. [18] studied the steady two-dimensional non-isothermal boundary layer flow 

from a heated horizontal surface which is embedded in a porous medium saturated with a non-

Newtonian power-law nanofluid. Niu et al [19] concluded that increase of the slip length always results 

in larger flow rate of the nanofluid and the heat transfer rate of the nanofluid in the microtube can be 

enhanced due to the non-Newtonian rheology and slip boundary effects.”Nadeem and Saleem 

[20]studied the rotating non-Newtonian nanofluid on a rotating cone. Mahdy and Chamkha [21] studied 

the heat transfer and fluid flow of a non-Newtonian nanofluid over an unsteady contracting cylinder 

mailto:snqau@hotmail.com
http://arc.aiaa.org/doi/abs/10.2514/1.T4145
http://www.emeraldinsight.com/action/doSearch?ContribStored=Mahdy%2C+A
http://www.emeraldinsight.com/action/doSearch?ContribStored=Chamkha%2C+A
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employing Buongiorno’s model. Khan and Pop [22] investigated the boundary-layer flow of a nanofluid 

past a stretching sheet.The effect of heat source/sink is very important in cooling process industries and 

radiative heat transfer in which heat is transmitted from one point to another without heating the 

intervening medium has been found very important in the design of reliable equipment, nuclear plants, 

gas turbines, and various propulsion devices for aircraft, missiles, satellites, and space vehicles.“Haile 

and Shankar [23] studied the heat and mass transfer in the boundary-layer flow of unsteady viscous 

nanofluid along a vertical stretching sheet in the presence of magnetic field, thermal radiation, heat 

generation, and chemical reaction. Zheng et al. [24] investigated the flow and radiation heat transfer of 

a nanofluid over a stretching sheet with velocity slip and temperature jump in porous medium.Madhu 

and Kishan [25] concluded that the influence of thermophoresis𝑁𝑡increases the velocity, temperature, 

and concentration profiles for the cases of pseudoplastic, Newtonian, and dilatants fluids and the effect 

of Brownianmotion𝑁𝑏is to increase the temperature profiles and decrease the concentration 

profiles.Aly [26] studied the radiation and MHD boundary layer stagnation-point of nanofluid flow 

towards a stretching sheet embedded in a porous medium in the presence of  suction/injection and heat 

generation/absorption with effect of the slip model and concluded that the reduced Nusselt number 

decreases with increase of Nt and Nb. Gangadhar [27] studied the radiation and viscous dissipation 

effects on chemically reacting NHD boundary layer flow of heat and mass transfer through a porous 

vertical flat plate. Gangadhar [28] investigated the radiation, heat generation and viscous dissipation 

effects on MHD boundary layer flow for the Blasius and Sakiadis flows with a convective surface 

boundary condition.Mohammed Ibrahim, Gangadhar and Bhaskar Reddy [29] investigated the radiation 

and mass transfer effects on MHD oscillatory flow in a channel filled with porous medium in the 

presence of chemical reaction.Sarkar et al. [30] investigated the magnetohydrodynamic peristaltic flow 

of nanofluids in a convectively heated vertical asymmetric channel in the presence of a transverse 

magnetic field and thermal radiation. Bhargava and Goyal [31] investigated the MHD non-Newtonian 

nanofluid flow over a permeable stretching sheet with heat generation and velocity slip. Murthy et al. 

[32] studied the influence of the prominent viscous dissipation and chemical reaction effects on 

boundary layer stagnation point flow past a stretching/shrinking sheet in a nanofluid for both assisting 

and opposing flows.” 
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 “However, the interactions ofMHDmixed convection boundary layer flowof heat andmass 

transfer stagnation-point flowof a non-Newtonianpower-law nanofluid towards a stretching surface 

with thermal radiation and heat source/sink in the presence of viscous dissipation and variable 

suction/injection is investigatednumerically.The governing boundary layer equations have been 

transformed to a two-point boundary value problem in similarity variables and the resultant problem is 

solved numerically using bvp4c MATLAB solver.”The effects of various governing parameters on the fluid 

velocity, temperature,concentration, Skin-friction and the rate of heat and masstransfer are shown in 

figures and analyzed in detail. 

2. MATHEMATICAL FORMULATION 

“Consider steady, laminar, heat, and mass transfer by mixed convection, boundary layer stagnation-

point flow of an electrically conducting and radiating, viscous dissipative, optically dense, and non-

Newtonian power-law fluid obeying the Ostwald-de Waele model (see [33]) past a heated or cooled 

stretching vertical surface in the presence of thermal radiation. Schematic diagram of the physical 

problem is shown in figure A.” 

 

uw(x)                         

 

 

                                                                  T        u      

                                     Twx       

                                                                                     g 

 

                                                                    y 

 

Slot            B0 

 

Fig.A: Schematic diagram of the physical problem. 
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It is assumed that the stretching velocity is given by ( )wu x cx  and the velocity distribution in 

frictionless potential flow in the neighborhood of the stagnation point at 0x y   is given by

( )U x ax .“We assumed that the uniform wall temperature wT  and nanoparticles volume fraction  wC  

are higher than those of their full stream values ,T C 
. A uniform magnetic field is applied in the 𝑦-

direction normal to the flow direction. The magnetic Reynolds number is assumed to be small so that 

the induced magnetic field is neglected. In addition, the Hall effect and the electric field are assumed to 

be negligible. The small magnetic Reynolds number assumption uncouples the Navier-Stokes equations 

from Maxwell’s equations. All physical properties are assumed to be constant except for the density in 

the buoyancy force term. By invoking all of the boundary layer, Boussinesq and Rosseland diffusion 

approximations, the governing equations for this investigation can be written as” 

Continuity equation 

 

0
u v

x y

 
 

 
         (2.1) 

Momentum equation 
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The boundary conditions are   
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( ) , ( ), ,w w w wu u x cx v x T T C C      at 0y   

 
( ), ,u U x T T C C    as y        (2.5) 

 𝑢, v, 𝑇, and 𝐶 are the 𝑥 and 𝑦 components of velocity, temperature, and nanoparticle volume 

fraction, respectively. 0, , , , , , *m B Tg D D B and    are the gravitational acceleration, fluid density, 

thermal diffusivity, Brownian diffusion coefficient, thermophoretic diffusion coefficient, magnetic field, 

coefficient of thermal expansion, and coefficient of concentration of expansion, respectively. ( ) 0w x 

is velocity of suction and ( ) 0w x   is velocity of injection, respectively. The term  0Q T T is 

assumed to be the amount of heat generated or absorbed per unit volume 0Q as a coefficient constant, 

which may take on either positive or negative value. When the wall temperature 𝑇 exceeds the free 

stream temperature T
the source term 0 0Q   and heat sink when 0 0Q  . We have 0

u

y





when 

0
a

c
  (the ratio of free stream velocity and stretching velocity) which gives the shear stress as 

 

n
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u
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        (2.6) 

“where𝐾is the consistency coefficient and 𝑛is the power-law fluid. It needs to be mentioned that, for 

the non-Newtonian power-law model, the case of 𝑛< 1 is associated with shear thinning fluids 

(pseudoplastic fluids); 𝑛 = 1 corresponds to Newtonian fluids and 𝑛> 1 applies to the case of shear 

thickening (dilatant).” 

Using the Rosseland approximation for radiation, the radiative heat flux is simplified as 
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where𝜎* and k* are the Stefan-Boltzmann constant and themean absorption coefficient, respectively. 

We assume that thetemperature differences within the flow, such as the term 4T , may be expressed as 

a linear function of temperature.Hence, expanding 𝑇4in a Taylor series about a free streamtemperature 

𝑇∞and neglecting higher-order terms, we get 

 
4 4 44 3T T T T           (2.8) 

Using (2.7) and (2.8) in the last term of (2.3), we obtain 
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In order to reduce the governing equations into a system of ordinary differential equations, the 

following dimensionless parameters are introduced 
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It is worth mentioning that the continuity equation (2.1) is identically satisfied from our choice of the 

stream function with u
y


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

and v
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.  

Substituting the dimensionless parameters into (2.2)–(2.4) gives 
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The transformed boundary conditions can be written as 
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where primes denote differentiation with respect to 𝜂 
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 “where Re w
x

u x


  is the local Reynolds number based onthe stretching velocity ( )wu x and  k is 

the thermal conductivity. fw> 0 ( < 0 ) is the suction(or injection), It should be noted that δ >   

corresponds to an assistingflow (heated plate), δ <   corresponds to an opposing flow(cooled plate), and 

δ    yields forced convection flow.” 

 The physical quantities of interest are the wall skin friction coefficient 𝐶𝑓x, the local Nusselt 

number Nu𝑥and the local Sherwood number Shxwhich are defined as 
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where Re e
x

f

u x


 is the local Reynolds number. 

3 SOLUTION OF THE PROBLEM 

“The set of equations (2.11) to (2.13)were reduced to a system of first-order differential equations 

andsolved using a MATLAB boundary value problem solver called bvp4c. This program solvesboundary 

value problems for ordinary differential equations of the form  ' , , ,y f x y p a x b   , by 

implementing a collocation method subject to general nonlinear, two-pointboundary conditions

 ( ), ( ),g y a y b p . Here pis a vector of unknown parameters.Boundary value problems (BVPs)arise in 

most diverse forms. Just about any BVP can beformulated for solution with bvp4c. The first step is to 

write the ODEs as a system of firstorderordinary differential equations. The details of the solution 

method are presented inShampine and Kierzenka[34].” 

RESULTS AND DISCUSSION 

“The numerical results are compared in Tables 1 for local Sherwood number.Figs. 1(a)–1(c) illustrate the 

variation of velocity, temperature,and nanoparticles volume fraction profiles, respectively,for different 

values of power-law index 𝑛. The velocity,temperature and nanoparticles volume fraction profiles 

decrease with the increase of power-law index 𝑛from 0.6 to1.4. The effect of the increased values of 𝑛is 

to reduce theboundary layer thickness. It can be observed fromFig. 1(b)that the effect of power-law 

index 𝑛increases from 0.6 to 1.4;the temperature profiles decrease with an increasing 

viscosityofnanofluid, and thermal diffusion is depressed in the resume which cools the boundary layer 

and decreases the boundarylayer thickness. It can also be seen from Fig. 1(c) that the increase of power-

law index 𝑛from 0.6 to 1.4 decreases thenanoparticle volume fraction which decreases diffusion 
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ofnanoparticle volume fraction (concentration) boundary layerthickness.Figs. 2-4 present the changes in 

the velocity, temperature and concentration profiles with the effect of magnetic parameter 𝑀for 

shearthinning (𝑛< 1), Newtonian (𝑛= 1), and shear-thickening(𝑛> 1) fluids, respectively. The velocity 

profilesdecreasewith the raising of magnetic parameter 𝑀. This is due to magnetic field opposing the 

transport phenomena, sincethe variation of magnetic parameter 𝑀causes the variationof Lorentz forces. 

The Lorentz force is a drag like forcethat produces more resistance to transport phenomena andthat 

causes reduction in the fluid velocity. The effect ofmagnetic field is more in shear-thinning fluids than 

shearthickeningfluids.” The effect of magnetic fields increases the temperature and concentration 

profiles (Figs. 3&4).Fig. 5-7presents the velocity, temperature, andconcentration profiles for various 

values of ratio of velocityparameter C. It can be observed that an increase in Ccauses increase in velocity 

profiles and significant decrease on the temperature and concentration profiles.Figs 8 – 10 show the 

effect of dimensionless mixedconvection parameter δon velocity, temperature, and 

concentrationprofiles, respectively. The velocity profiles areincreasing with increasing values of 

δwhereas temperatureand concentration profiles are decreasing with increasingvalues of δ. The 

presence of the thermal buoyancy effectsrepresented by finite values of the mixed parameter has the 

tendency to induce more flow along the surface at theexpense of small reductions in the temperature 

and concentration.Distinctive peaks in the velocity profiles which are characteristics of free convection 

flows are also observed asδincreases. 

“Fig. 11-13 shows the effect of thermal buoyancy ratio 𝑁on velocity, temperature and concentration 

profiles for shear-thinning (𝑛< 1), Newtonian(𝑛= 1), and shear-thickening (𝑛> 1) fluids, respectively. Itis 

noticed that the increase of 𝑁values has a tendency toincrease the buoyancy effects changing more 

induced flowalong the stretching sheet in the vertical direction reflected by the increase in the fluid 

velocity and decrease in the fluid temperature and concentration. This enhancement in the fluid velocity 

has more in shear-thinning fluid (𝑛< 1) than shear-thickening fluid (𝑛> 1). This reduction in thefluid 

temperature and concentration has more in shear-thinning fluid (𝑛< 1) thanshear-thickening fluid (𝑛> 1). 

Figs. 14-16 present the velocity, temperature, and concentration profiles for various values of ratio of 

suction/injection parameter fw.” It can be observed that an increase in focuses decrease on the velocity, 

temperature and concentration profiles. 
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The effect of thermophoresis parameter 𝑁𝑡is to increase velocity, temperature, and concentration 

profiles for both Newtonian and non-Newtonian fluids are noticed in Fig. 17-19. It is observe that 

velocity, temperature and concentration of the fluid increases with increases the values of Nt.Fig. 20-22 

exhibit dimensionless velocity, temperature and concentration profiles for various values of Brownian 

motionparameter 𝑁𝑏. It can be seen that the velocity and temperature profile slightly increases with an 

increase in the value of Brownianmotion parameter 𝑁𝑏. The concentration profiles decrease with the 

value of Brownian motion parameter 𝑁𝑏.“The variations in heat source/sink parameter 𝑄on velocity, 

temperature and concentration profiles are given in Fig. 23-25; fromthefigureit can be seen that the 

velocity as well as temperature profiles increases with the increase of heat source/sink parameter 𝑄 but 

concentration increases near the plate and decreases for away the plate. A gradually increasing heat 

source/sink parameter increases the thermal boundary layer thickness which physically reveals the fact 

that an increase in the heat source/sink parameter means an increase in the heat generated inside the 

boundary layer which leads to higher temperature field. It is noted that the temperature profiles 

decrease for increasing strength of heat sink and due to increase of heat source strength the 

temperature increases. So the thickness of the thermal boundary layer reduces for increase with heat 

source parameter. These results are verymuch significant for the flow where heat transfer is given prime 

importance. Figs. 26-27 are drawn for the velocity and temperature profiles for different values of 

PrandtlnumberPr for the cases shear-thinning (𝑛< 1), Newtonian(𝑛= 1), and shear-thickening (𝑛> 1) 

fluids. The effect of Prandtl number Pr is to reduce the velocity and temperature profiles for both 

Newtonian and non-Newtonian fluids.Physically, fluids with smaller Prandtl number Pr have larger 

thermal diffusivity. ““Fig. 28 shows the effect of radiation parameter 𝑅onthe velocity profiles for both 

Newtonian and non-Newtonian fluids. It is noticed from the figure that the velocity of the fluidincreases 

with the increase of radiation parameter 𝑅values.It can be shown from Fig. 29 that temperature of 

thefluid increases with the increase of radiation parameter 𝑅.As expected, an increase of the radiation 

parameter 𝑅hasthe tendency to increase the effect of conduction as well asincreasing the temperature 

at each point away from the surface. Hence, higher values of radiation parameter 𝑅imply a higher 

surface heat flux.The variations in Eckert numberEcon velocity and temperature profiles are given in Fig. 

30-31; fromthefigureit can be seen that the velocity decreases but temperature increases with the 

increase of Eckert number Ec values.” 
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 Fig. 32 shows the effect of Nt, Nb and fwonlocal Nusselt number for shear-thinning (𝑛< 1), 

Newtonian(𝑛= 1), and shear-thickening (𝑛> 1) fluids, respectively. Itis noticed that the increase of 𝑁t or 

Nbvalues has a tendency todecreasetheNusselt number whereas increase the Nusslt number with an 

increase the values of fw. 

4 CONCLUSIONS 

“In this paper two-dimensionalMHDmixed convection boundary layer flow of heat and mass transfer 

stagnation-point flowof a non-Newtonianpower-law nanofluid towards a stretching surface with thermal 

radiation and heat source/sink in the presence of viscous dissipation and variable suction/injection is 

investigated numerically. Using similarity transformations, the governing equations are transformed to 

self-similar ordinary differential equations which are then solved using Bvp4c MATLAB solver. From the 

study, the following remarks can be summarized.” 

1. Fluid velocity, temperature and concentration increases with an increasing the values of 

thermophoresis parameter. 

2. Fluid velocity, temperature and concentration decreases with an increasing the values of 

suction/injection parameter. 

3. Fluid velocity decreases and fluid temperature increases with the influence of viscous 

dissipation. 

4. Fluid velocity and temperature of the fluid increases with a rising the values of Brownian motion 

parameter whereas concentration decreases with the influence of Brownian motion parameter. 

5. Local Nusselt number decreases with an increase Brownian motion parameter and 

thermophoresis parameter but in the presence of suction/injection the local Nusselt number 

increases. 
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Table 1: Comparison of '(0) when Pr Le 1 , n 1, M   fw   Ec   δ   Q    . 
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