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Abstract

Let G = (V,E) bea (P,q)graph and gop(X):1+ X+ X° + ...+ X" be the cyclotomic

polynomial associated with G. Then the cyclotomic index of G is defined as ¢, (q)(mod p) andis

denoted by cyl(G). In this paper we shall attempt to compute the cyclotomic index of some special type
of graphs. We also establish some fundamental properties of cyclotomic index of certain graphs.
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Introduction

By agraph G = (V,E) we mean a finite undirected graph with neither loops nor multiple edges. The

order and size of the graph are denoted by p and g respectively. For various graph theoretic notations
and terminology we follow F. Harrary [1] and for basic number theoretic results we refer [4].
Definition 1.1 Let G be a (P, () graph. Consider the pth cyclotomic polynomial associated with G

given by @, (X)=1+x+ X% +...4+ X" ™. Then the cyclotomic index of G defined as »,(g)(mod p)

and is denoted by cyl(G).
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Every graph G has a cyclotomic polynomial and every cyclotomic polynomial is of some simple graph
G. But There is infinite number of graph for a given cyclotomic polynomial.
The following are some simple observations which follow immediately from the definition of a

cyclotomic polynomial.

Observation 1.2 G be a graph of order nthen cyl(G)<n.
Observation 1.3 LetG,, G, be two isomorphic graph then cyl(G,) =cyl(G,).

Observation 1.4 The cyclotomic polynomial of trivial graphs with n vertices is

@, (X) =1+ x+X* +...+ X" " and cyl(G) = ¢, (0)(modn) =1.

Observation 1.5 The cyclotomic polynomial of a (|P,() graphs Gwith p=n,q=n+1is

@, (X) =1+ X+ X +...+ X" and cyl(G) =0.

Observation 1.6 The cyclotomic polynomial of a (P,Q) graphs Gwith p=n,q=11is

0, (X) =1+ X+ X +...+ X" and cyl(G) =0.

Observation 1.7 The cyclotomic polynomial of a (p, q) graphs Gwith P=N,4=nN —1is
1 ifnisodd

5 . 0 ifniseven
@, (X) =1+ X+ X" +...+X"" and cyl(G) = )

0 ifnisodd
Observation 1.8 The star graph K, cyl(K ) = o :
1 ifniseven

1. Main Results

0 ifniseven
Theorem 2.1: For any tree T with order n, cyl(T) =

1 ifnisodd
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Proof : If Tisatree with n vertices then it has precisely n—1 edges. Then the cyclotomic polynomial

@, (X) =1+ X+ X" +...+ X" and

eyl(M) =1+(n-1) +(n-1)° +...+ (n=1)"*(mod n)
=1+ (-1 +(-1)° +...+ (=D)"*(mod n)

0 ifniseven
|1 ifnisodd
Hence the proof.
Theorem 2.2 : Let G be connected (P, (]) graph which is unicyclic then, cyl(G) =1.

Proof : G be connected graph with p vertices and it is unicyclic then it has precisely p edges. Then

the cyclotomic polynomial @, (X) =1+ X+ X*+...+x" " and

eyl(G) =1+ p+ p° +...+ p”*(mod p)
=1(mod p)
=1

Theorem 2.3 : There is no graph G of 3 vertices with cyl(G) =2.
Proof : :letGbea (3, q) graph. Then the cyclotomic polynomial ¢,(X) =1+ X+ x* and
cyl(G) =1+q+q*(mod 3).
Now consider ( is of the form 3N+r ,where 0<r<2.
If g=23n
cyl(G) =1+ g +9*(mod 3)
=1+3n+(3n)*(mod 3)
=1

Ifq=3n+1
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cyl(G) =1+ g+9g*(mod 3)
=1+3n+1+(3n+1)*(mod 3)
=1+1+1(mod 3)
=0

Ifg=3n+2

cyl(G) =1+ g +g*(mod 3)
=1+3n+2+(3n+2)*(mod 3)
=1+2+4(mod 3)
=il

So the possible Cyl(G)are o and 1. For any graph of 3 vertices cyl(G) =0 or 1.

Theorem 2.3 : There is no graph G of 4 vertices with cyl(G) =2.
Proof : :letGbea (4, q) graph. Then the cyclotomic polynomial ¢,(X)=1+X+ x*+x* and
cyl(G) =1+g+09*+qg°(mod 4).
Now consider (is of the form 4N+ I ,where 0 <1 < 3.
If g=4n
eyl(G) =1+ +9° +g°(mod 4)
=1+4n+(4n)? + (4n)*(mod 4)
=1

If q=4n+1

eyl(G) =1+ +9° +g°(mod 4)
=1+4n+1+(4n+1)° + (4n+1)°(mod 4)
=1+1+1+1(mod 4)
=0
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If g=4n+2

cyl(G) =1+q+9° +g*(mod 4)
=1+4n+2+(4n+2)* +(4n+2)*(mod 4)
=1+2+4+8(mod 4)
=3

If g=4n+3

cyl(G) =1+q+9° +g°(mod 4)
=1+4n+3+(4n+3)° +(4n+3)°(mod 4)
=1+3+9+27(mod 4)
=10

So the possible cyl(G)are 0, 1 and 3. For any graph of 4 vertices cyl(G) =0, 1or 3.

Theorem 2.4 : There is no graph G of 5 vertices with cyl(G) =2,3 and 4.
Proof : :letGbea (5,() graph. Then the cyclotomic polynomial o (X) =1+x+ x> +x2+x* and
cyl(G)=1+q+09°+q°+q*(mod 5).
Now consider (is of the form SN+ T ,where 0 <1 <4,
If g =5N
cyl(G)=1+g+09°+9°+q*(mod 5)
=145n+(5n)* +(5n)° + (5n)* (mod 5)
=1

If q=5n+1
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eyl(G) =1+q+9°+g*+q*(mod 5)
=1+5n+1+(5n+1)*+(5n+1)° + (5n+1)*(mod 5)
=1+1+1+1+1(mod 5)

=0

If q=5N+2
cyl(G)=1+9+9°+9°+q*(mod 5)
=1+5n+2+(5n+2)* +(5n+2)° + (5n +2)*(mod 5)

=1+2+4+8+2"(mod 5)
=4

If =5n+3

cyl(G)=1+g+9°+9°+qg*(mod 5)
=14+5n+3+(5n+3)* + (5n+3)° + (5n+3)*(mod 5)
=1+3+9+27+3"(mod 5)
=1

If g=9n+4

cyl(G) =1+q+9° +9°+q*(mod 5)
=1+5n+4+(5n+4)* +(5n+4)° +(5n+4)*(mod 5)
=1+4+4%*+4° +4*(mod 5)
=1

So the possible cyl(G)are 0 and 1. For any graph of 5 vertices cyl(G) =0 or 1.

Theorem 2.5 : There is no graph G of 2 vertices with cyl(G) =2, where P is a prime number .

Proof : :letGbea (n, q) graph. N = 2 P . Then the cyclotomic polynomial

0, (X) =1+ X+ X" +...+Xx"* and

eyl(G) =1+q+g° +...+q9" " (mod n) .
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If g=1(modn) then cyl(G) =0

If g =1(modn) then

eyl(G)=1+q+09° +...+9"*(mod n)

q' -1

By Euler theorem g”™ =1(mod n) since gcd(qg,n) =1.
¢(n) =¢(2p)=p-1
So g° ' =1(modn) thatis q° = q(modn) then

q"=g*" =g*(modn)

2

cyI(G)=q—_11(modn) i _1l(mod n)

=(q+1(modn)
since  =1(modn) , cyl(G) =g +1cannot be 2.
Theorem 2.6 : Let G is (P, Q) graph. If p is a prime number then cyl(G) =1, provided g #1(mod p).

Proof : :letGbea (,() .Thenthe cyclotomic polynomial
@, (X) =1+ x+X*+..+x"™" and

cyl(G) =1+q+9g° +...+g"*(mod p)

P_
4= 1(mod p)
q-1

Now consider (is of the form NP + T ,where 0<r < p.

q°=(np+r)°’=r’mod p
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Since 0 <r < pandpis prime,gcd(r, p) =1

r’ =r(mod p) so

q” =r(mod p)
P_
YI(G) = (mod p)
= r—_1(mod p) [ q=rmod p]
q-1
:r—_lzl(mod 9))
r-1

Corollary 2.5 : There is no graph G of P vertices with cyl(G) =2,3,...p—1 . where P is a prime

number .

Problem 2.6 : The Cycle C_, cyl(C,) =1.

0 ifniseven
Problem 2.7 : The Path P,, cyl(P,) = .

1 ifnisodd

2+1 ifniseven
Problem 2.8 : The Complete graph K, cyl(K,) = M bt
ITNISO

2+1 ifkisodd
Problem 2.9: The regular graph G of order n, cyl(G) = 1 if kiseven |

1 ifniseven
Problem 2.10 : The Wheel W_ ., cyl(W, ;) = )

3 ifnisodd
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