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ABSTRACT:

In this paper, the work of Mahapatra & Maiti has been extended by considering the more realistic assumption
that the deterioration of the items starts after some time i.e. the concept of life time has been considered. The
production starts from zero stock level and goes on upto the stock level Q, at time & when the deterioration
starts. At this level the production is stopped and then stock level reduces due to demand and deterioration to
stock level zero at time T,;. The model has been developed in the case of shortages and without shortages.

Key Words: Deteriorating Products, Life Time, Multi Objective, Linearly Dependent etc.

1 INTRODUCTION:

Normally the demand of any item depends upon several factors, such as quality of the item, selling price, time and
stock level at the show room etc. In practice it is seen that the higher selling price of an item has negative impact on
the demand of that item while the less price has positive effect. Abad (2000) discussed the effect of selling price on
non-deteriorating items while Cohen (1977) and Mukherjee (1987) discussed the effect of selling price on
deteriorating items. Large stock of goods displayed in a super market also has great impact on the customers to buy
that product. Levin et al. (1972), Baker & Urban (1989) discussed the inventory models with stock dependent
demand.

The quality of an item plays big role to stimulate the demand of that item. But in developing countries where
majority of people live under poverty line price of the item is the deciding factor for the demand of that item.

It is normally assumed that the life time of the items is either infinite or the deterioration starts at the beginning of
the inventory. But in reality it is not true. Due to poor preservation conditions some portion of items like food
grains, vegetables fruits and drugs etc. are damaged or decayed due to dryness, spoilage and vaporization etc. and
are of no use. Mandal & Phaujdar (1989) and Mandal & Maiti (1999) discussed the inventory models for
deteriorated items assuming deterioration rate to be constant or linearly dependent on time or stock level. Also in
most of the cases deterioration of items does start in the beginning of the inventory. It starts after some time called
life time. Some authors studied the inventory model with life time.

Mahapatra & Maiti (2005) developed multi objective and single objective inventory models of stochastically
deteriorating items in which demand was considered as a function of inventory level and selling price of the
commodity. Recently Madhu etal. [2010] and Hari Kishan etal. [2012] developed an inventory model of
deteriorating product with life time and variable deterioration rate with declining demand.

In this paper, the work of Mahapatra & Maiti has been extended by considering the more realistic assumption that
the deterioration of the items starts after some time i.e. the concept of life time has been considered. The production
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starts from zero stock level and goes on upto the stock level Q, at time x when the deterioration starts. At this

level the production is stopped and then stock level reduces due to demand and deterioration to stock level zero at
timeT,;. The model has been developed in the case of shortages and without shortages.

2

Assumptions and Notations:

The assumptions used in this chapter are as follows:

(i)
(i)
(iii)
(iv)
V)
(vi)

(vii)

There are n items in the inventory system.

Lead time is considered negligible.

The planning horizon is infinite.

There is no repair or replacement of the deteriorated items.

The production rate is a function of quality level.

The demand rate is considered as function of selling price and instantaneous stock level. It is given by
d; =d, +d1iqi(t)’ for g; >0

d, =d,, for g, <0.

1
Deterioration is a function of quality level as well as time given by
o, (t, qu; ) = a,qu;” Bt

where ¢; and S, are positive and are scale and shape parameters respectively.

(viii)

Deterioration of items starts after time £ . At this stage the production of items is stopped.

The notations used in this chapter are as follows:

()
(i)
(iii)

(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)
(xv)
(xvi)

(xvii)

n: number of products in the inventory system
P: total average profit
S: available storage space
For ith product:
q; (t): inventory level at time t.

d, : demand rate

K, : production rate.

qu; : quality level of the product.

M - the life time.

h, : the holding cost per unit per unit time.

S, : the shortage cost per unit per unit time.

Q, : the maximum inventory level at time t = z.
S, : the maximum shortage level at time t =T,,.
D, : the total deteriorated units

D, : the deteriorated cost during one cycle.

dc, : the deteriorated cost per unit.

P; : the unit production cost

P,;: the total production cost

(xviii) s : the unit selling price
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(xix)  P;: the total average profit
(xx) S, : the setup cost
(xxi)  sp;: space required for one unit of item

3 Mathematical Formulation:

(i)  With Shortage:

Let the production of ith product starts at time t=0 and reaches stock level Q, at time z when the deterioration of
the items starts. At this stage the production of the product is stopped. The stock level reduces due to demand as
well as due to deterioration upto time T,; when stock level reduces to zero. After this shortage starts and goes upto
level S;. Then production of the product restarts and shortage is backlogged upto timeT,, . This inventory model

has been shown in figure 1. Our objective is to obtain the optimal values of different variables to maximize the
profit.

Inventory Level
9]

\

i T \T //’T Time
:/

If q (t) be the inventory level of the ith product at time t then the governing differential equations are given by

%=Ki_(d0i+diqi)’ O<t<u (1)
dg;

E:_(doi+diqi)_0i(thui)qi’ HUSTST (2
gq, _  —dy T, <t<T, .(3)
dt  1+b,(T, —t)

%:Ki—dm, T, <t<T ()

The boundary conditions are ¢, (t)=0 att=0,T, and T.

Solving the differential equation (1) and using the boundary condition, we get
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b :(K%.dm)(l—e‘f‘i‘), - 9)

Solving the differential equation (2) and using the boundary condition, we get

N t s g
q = _d _e—(dlinaiaiqui""tﬂ' )J'ediueiaiqui Sit/i dt

t
= —d ettt ) J'(1+d t+Gaqu "t + = dl.t +;(<9a,qu e jdt
)7

= d d1.'f+t9aqu, it fi |:t+ dlit Iqu |tﬁ.+l
(B, +1)
t
d2I t3 0..qu” 2ﬂ,+l:|
|
|: d1it2 B0,a;qu; aghit
=—dy|t- -
2 (181 +1)
1 1 d.
L apa___ Y (p 24,42
+6 1 +2(2ﬂ1+1)( |qu ) (2,814- )( ,qu )

+doidg (1_ dyt - G,e,qu; " +%d12it2j
dy Ty N O.a,qu T A
2 (8, +1)

1 -5 P28+
—2(2ﬂ1+1)(6iaiqui J1; } ..(6)

6
Since q; (t) is continuous at t = & and (u) =Q,, we have from (5) and (6)
Q_ — (KI - dOi )(1_ediy)

d: T +0 cqu i T
where a,, =€ T+ )[Tli +

b odIT

d,
- _d. _dli/uz _ﬁleiaiquféiﬂﬂi+l
: 2 (8, +1)
it d T 1 (g_a_qu_—é‘i)zﬂzﬁﬁ-l_ d;; ( a,qu” ) 25 +2
22 ) 20251
+d0ia0i(1_dli/u O.a,qu u’ + = d j (D)

Equation (7) gives the relation between t;; and s .

Solving the differential equation (3) and using the boundary condition, we get

q, = dy; log(L+b, (T, —t)). ...(8)
Solving the differential equation (4) and using the boundary condition, we get
g, = (K, —d;)(T -t). ..(9)

Since q; (t) is continuous at t =t,; and q (tZi): S, , we have from (8) and (9)
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S; =dq; log(L+b,(T; - T, )
=(K; —dg T -T,). ..(10)
Equation (10) gives relations among T,;,T,;and T.
The deteriorated units during (z,T,; )are given by

f@i(t,qui)qi(t)dt. (11

The holding cost is given by

h{q dt+jq dt}
E '_d°' (- Yt

J‘ d d1|t2 lgllgiaiql'li_&itﬂiJrl
’ (6,+1)

d, 2
_d2t3 9 25+1 #9 - t2ﬁi+2 dt
e +z(z/aa+>( st - g v ) }

Ty
+jd0ia0i(l—dl,t O, quith + dl,t jd}
7

—d.. |:(T1i2 - :UZ ) _ d; (Tli3 - lLls)_ ﬂlé’iaiquiﬂ;i (Tliﬂ1+2 - ﬂﬂl+2)
o 2 6 (ﬂl +1)(:B1 + 2)

+ idlzi (T1;1 - ,U4)+

- j)(ﬂﬁ )(gaqu Pz, mm)}

dli -5 2 2 +3 L 2[3+3
_2(2/31+1)(2ﬁ1+3)(9i“‘q“i Pl - )}

+dgay; [(Tli _/u)_dli(%_#2)_‘9.05.(1[1._51 %—F%dﬁ(ﬂ? _Ns)j:|- ---(12)
1

The deterioration cost is given by

D, = dc, ﬁqi (t)dt}

=dc|—-d, (Tliz_’uz)_dli(Tlis_/us) S,0.c,qu; ( B2 ,Llﬂ1+2)
L 2 6 (B, +1)(ﬂ1 +2)

+ %dlzi (T1:1 - ﬂ4)+

1 24+1) _, 2(A+)
2D o T =)
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dli _5 \2 2pi+3 2543
— 0 i i T _ i
2025, +1)25, +3)( P - )}
AN dy (T1i2 _;UZ)_ -5, (Tliﬁ1+l _ﬂﬂl+1) 1 o(zs 3
+d0ia0{(Tli 1) 5 0.0.qu; G " ek (T2 -2)|]. .(13)
The shortage cost is given by
Toi T
Si =5, _[Qi(t)dt + IQi(t)dt
Ty Tai
[T, T
=s,| [dy log(L+b;(T, —t)dt+ [(K; —dy,)(T —t)dt}
| Tai Toi

=S dOi |:T2i Iog(1+ bi (Tli _T2i ))+ bi {(Tli _T2i )+ (1+ biTli )|09(1+ bi (Tli _T2i ))}

2 2
+(K, —d, {T?—TTE +%ﬂ .(14)

i=1,2,...n. ...(16)
Case I: Non-integrated Management: Total production cost is given by

)7 T
P = p{J‘KidHIKidt}
0

Tai
=pi[Ki(ﬂ+T _TZi)]' -(13)
Total average profit is given by
P = _%_[Sei {Ki (,u+T =Ty )_ Dui}

- {pi Ki (,UJFT -T, )+ Hi+Si +3q }]’
The model can be presented as the following multi objective problem
maximize (Pl, PZ,...Pn)

subjectto » sp,Q; <. (17
i=1
Case II: Integrated Management:
The model can be presented as the following single objective problem

n
maximize » P,
i1

subjectto » sp,Q; <. ..(18)
i=1

(ii) Without Shortage:
When shortages are not allowed the inventory model has been shown in figure 2. We have to obtain the
optimal values of the variables to maximize the profit.
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Inventory Level
o

v 'f*_—r_ *Time
For ith product the governing differential equations are given by
%:Ki—(d0i+diqi), O<t<pu
dg,
d—t':—(dOi+diqi)—6'i(t,qi)qi, U<t<T,

The boundary conditions are ¢, (t)=0att=0,T,.

Solving the differential equation (19) and using the boundary condition, we get
K, —d,
q = ( i 5 0i )(1—e_dit).

Solving the differential equation (20) and using the boundary condition, we get

t
_ld,t+0.c.quCitFi t+0.c.qu " Cithi
q = _doie (dl,t+6,a,qu, t )J'ed,ue,a,qu, t dt

i
u

N t
= _dOiei(d“Hgiaiquiialtﬂl )I(1+ dt+6a;qu; 't/ +%d12it2+%(6?iaiqui5i )thﬂ‘ jdt
u

= _dOiei(dlit“'@iaiqui""itﬂi >|:t + dlitz N eiaiqu;‘sitﬂi+l
2 (8, +1)

t
1 1 2
Zdi———— (Qa.qud )4
+6 1i +2(2ﬂ1+1)( |a|qu| ) :|y

=—dy|t- _Bba
2 (B, +1)

1 -5 Y25+ dli -5 Vi2p+2
—_— 9 . ! t ! _ 9 i i t i
2(2,81+1)( b ) 2(2,81+1)( A )

+doidg; (l_dlit — G, qu; "t +%d12it2j

+1d12it3+
6

dliTli2 N eiaiquiﬂsi-rliﬁﬁl
2 (8, +1)

d: T +0 cqu i T
where a,, =€ T+ )[Tli +
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+ 1 d T} +

1 24,41
T
T * g, g e }
Since Q; (t) is continuous at t = & and Q; (,u) =Q, , we have from (21) and (22)

Q = (Ki ;doi)(l_e—diy)

=—d.. _ dlilu2 ﬁ10|a|qu75 A
2 (8.+1)

1 1 2 d,
_d2 3 0 _ _—5i 2B+ 1i 2p;+2
+6 l”u+2(2181+1)< |a|qu| ) /u (2,81+ )( i |qu ) :|

+d0ia0i(1_dli/u a;qu p’ + = d j

Equation (23) gives the relation between t;; and s .
The holding cost is given by

H, =h ﬁqi(t)dt +qui(t)dt}
:hiDj(Ki; oi ( —dt)dt

Ty 2 =8 ¢ fi+1
J‘_d0i|:t_ d;t®  BGaqu 't
u

2 (8, +1)

1 d..
_d2_t3 26,+1 1 2B+2 dt
Tl +2(2,6’1+ )( ey ) 2(2ﬂl+1)<' o qu; ) }

Ty
+ jdoiaoi(l_dlit —Qiaiqufdltﬁl +%d12it2jdt:|
Y7

_ h{(Ki d__dOi)(ﬂ+ (e —1)}

d,

4 (2 -p?) d,(12-4°) Boeau (17 - uh7?)
"2 6 (8, +1)8, +2)

1 2(p+1) (A1)
o7 g o) O e )}

b g0 T )

+ idlzi (T1:1 - /14)"‘

228, +1)28,+3

dy (7 =s?) o (O =) 1o
+d0ia0i((Tli _ﬂ)_% i |qu k 1(1—+1)+€d12i(-r1i3 ,u3) :

The deterioration cost is given by
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D, = dc, ﬁqi (t)dt}

=dc.|=d.. (T1I2 _;uz)_ dli (T1|3 _#3)_ ﬂleiaiqufgi (Tliﬂl+2 _luﬂlJrZ)
L 2 6 (B, +1)B,+2)

1 _ 1 =5 P (t2+) _ 20841
+ Y dy (Tﬁ1 ,u4)+ 2(2,31 +1)(ﬂ1 +1)(‘9iaiqui ) (Tli Y2 )}
d i -5 2 2pi+3 _ .+
) 2(2ﬁ1+13(2ﬂ1+3)(9ia‘qui5) - )}
dy (1 - ?) O ey Vsl I WY
+d0ia0i (Tli —ﬂ)—%—eﬂiquié l(ﬂ1—+]_)+gd12i(T1? /”3) : --(25)

Total production cost is given by
u
Pi=p _[Kidt:l
L 0

Y [Kiﬂ]- --(26)
Total average profit is given by
P =2 s. fku-D,.)
—{p,K,u+H, +S,}], i=1,2,...,n. .27)
Case I: Non-integrated Management:

The model can be presented as the following multiobjective problem
maximize (Pl, PZ,...Pn)

subjectto ) sp,Q; <. ..(28)

i=1
Case II: Integrated Management:
The model can be presented as the following single objective problem

n
maximize » P,
i1

subjectto » sp;Q; <. ..(29)
i=1

The multiobjective and single objective problems given by (17), (28) and (18), (29) respectively can be solved by
goal programming (GP) technique and generalized reduced gradient (GRG) method respectively.

4 MATHEMATICAL ANALYSIS:
The non-integrated production inventory problems can be solved by goal programming method as given below:
Step 1: The following single objective problem is solved by using any gradient based nonlinear programming
algorithm.

maximize P,
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subjectto » sp,Q; <.

i=1

Let the optimal value of P, be Pll. The same procedure is repeated for other objectives P,, i=2, 3, ..., n. Let the
corresponding optimal values are Pil, i=2, 3, ..., nrespectively.

Thus the ideal objective vector is given by (Pll, Py, Pnl).

Step 2: The following goal programming problem is formulated by using the ideal objective vector obtained in step
1.

%
minimum {Z((df)p +(di‘)p)} p,
subjectto P, +d” —d." =P*, (i=1,2, ..., n)
ispiQi <3,

dd"=0,d >0,d >0, (=1,2,...,n).
Step 3: Finally, the above single objective problem described in step 2 is solved by GRG method and a

*

compromise solution is obtained. Let the compromise solution be (Pl*, P, ,...P )
6 CONCLUDING REMARKS:
In this paper, a multi-objective multi items inventory model of perishable product with life time has been developed

in the cases of shortages and without shortage. The model has been discussed in non-integrated as well as integrated
cases.
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